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Abstract
In this dissertation, we systematically construct and study global F-theory compactifications with abelian
and discrete gauge groups. These constructions are of fundamental relevance for both conceptual and
phenomenological reasons.
In the case of abelian symmetries, we systematically engineer compactifications that support
U(1)$\times$U(1) and U(1)$\times$U(1)$\times$U(1) gauge groups. The engineered geometries are
elliptic fibrations with Mordell-Weil group rank two and three respectively. The bases of the fibrations are
arbitrary, but as proofs of concept, we explicit create examples with bases $\mathbb{P}^2$ and
$\mathbb{P}^3$. We study the low energy physics of these compactifications, we calculate the matter
spectrum and confirm that it is anomaly free. In 4D compactifications, the $G_4$ flux is designed and the
existence of Yukawa couplings is verified.
We consider F-theory compactifications on genus-one fibered Calabi-Yau manifolds with
their fibers realized as hypersurfaces in the toric varieties associated to the 16 reflexive 2D
polyhedra. We present a base-independent analysis of the codimension one, two and three
singularities of these fibrations. We
explore the network of Higgsings relating these theories. Such Higgsings geometrically correspond
to extremal transitions induced by blow-ups in the 2D toric varieties. The discrete gauge groups
$\mathbb{Z}_3$ and $\text{U(1)} \times \mathbb{Z}_2$ are naturally found when $\mathbb{P}^2$ and
$\mathbb{P}^1\times\mathbb{P}^1$ are used as fiber ambient spaces. We also find the first realization of
matter with U(1) charge three.
Finally, we study the discrete gauge group $\mathbb{Z}_3$ in detail. We find the three elements of the
Tate-Shafarevich (TS) group. We make use of the Higgs mechanism with the charge three hypermultiplets
and the Kaluza-Klein reduction from 6D to 5D. The results are interpreted from the F- M- theory duality
perspective. In F-theory, compactifications over any of the three elements of the TS groups yield the same
low energy physics, however, M-theory compactifications over the same elements give rise to different
gauge groups.
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ABSTRACT
ON ABELIAN AND DISCRETE SYMMETRIES
IN F-THEORY

Hernan Augusto Piragua
Mirjam Cvetič
In this dissertation, we systematically construct and study global F-theory compactifications with abelian and discrete gauge groups. These constructions are of fundamental
relevance for both conceptual and phenomenological reasons.
In the case of abelian symmetries, we systematically engineer compactifications that
support U(1)×U(1) and U(1)×U(1)×U(1) gauge groups. The engineered geometries are
elliptic fibrations with Mordell-Weil group rank two and three respectively. The bases of
the fibrations are arbitrary, but as proofs of concept, we explicit create examples with bases
P2 and P3 . We study the low energy physics of these compactifications, we calculate the
matter spectrum and confirm that it is anomaly free. In 4D compactifications, the G4 flux
is designed and the existence of Yukawa couplings is verified.
We consider F-theory compactifications on genus-one fibered Calabi-Yau manifolds
with their fibers realized as hypersurfaces in the toric varieties associated to the 16 reflexive 2D polyhedra. We present a base-independent analysis of the codimension one, two
and three singularities of these fibrations. We explore the network of Higgsings relating
these theories. Such Higgsings geometrically correspond to extremal transitions induced
by blow-ups in the 2D toric varieties. The discrete gauge groups Z3 and U(1) × Z2 are
naturally found when P2 and P1 × P1 are used as fiber ambient spaces. We also find the
first realization of matter with U(1) charge three.
Finally, we study the discrete gauge group Z3 in detail. We find the three elements of the
iv

Tate-Shafarevich (TS) group. We make use of the Higgs mechanism with the charge three
hypermultiplets and the Kaluza-Klein reduction from 6D to 5D. The results are interpreted
from the F- M- theory duality perspective. In F-theory, compactifications over any of the
three elements of the TS groups yield the same low energy physics, however, M-theory
compactifications over the same elements give rise to different gauge groups.
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holomorphic. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
5.1

Toric fan of Bl3 P3 and the 2D projections to the three coordinate planes,
each of which yielding the polytope of dP2 . . . . . . . . . . . . . . . . . . 143

6.1

The network of Higgsings between all F-theory compactifications on toric
hypersurface fibrations XFi . The axes show the rank of the MW-group and
the total rank of the gauge group of XFi . Each Calabi-Yau XFi is abbreviated
by Fi and its corresponding gauge group is shown. The arrows indicate the
existence of a Higgsing between two Calabi-Yau manifolds. . . . . . . . . . 191

6.2

The 16 two dimensional reflexive polyhedra [49]. The polyhedron Fi and
F17−i are dual for i = 1 . . . 6 and self-dual for i = 7 . . . 10. . . . . . . . . . . 207

6.3

Polyhedron F1 with choice of projective coordinates and its dual with corresponding monomials. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 212

6.4

Polyhedron F2 with choice of projective coordinates and its dual with corresponding monomials. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

6.5

Polyhedron F3 with a choice of projective coordinates and its dual F14 with
the corresponding monomials. We have set e1 = 1 for brevity of our notation. The zero section is indicated by the dot. . . . . . . . . . . . . . . . . 232

xiii

Chapter

1

Introduction and Overview
Compactifications of F-theory [114, 101, 102] are a very interesting and broad class of
string vacua. On the one hand, they are non-perturbative, controllable, and sitting at the
heart of the web of string dualities, and on the other hand, they realize promising particle
physics, allowing for the construction of phenomenologically appealing models.
Interest in F-theory compactifications, and string compactifications in general, can be
broadly grouped in two categories: theoretical, where conceptual questions are studied,
and phenomenological, where models are constructed. In particular, for phenomenological purposes, F-theory GUTs have drawn a lot of attention in the recent years, first in
context of local models [42, 8, 43] following and later also in compact Calabi-Yau manifolds [11, 90, 24]. Both of these approaches rely on the well-understood realization of
non-Abelian gauge symmetries that are engineered by constructing codimension one singularities of elliptic fibrations, for which the full classification is known in terms of the
Weierstrass or Tate model [81, 112]. On more theoretical grounds, there are important
open conceptual questions, for example the finiteness of the F-theory landscape and which
consistent 6D and 4D supergravity (SUGRA) theories can be realized in F-theory [97, 100].
There are also important topics that are relevant for both theory and phenomenology. In par-

1

ticular, the geometric origins of abelian, discrete symmetries and analogous field theoretic
mechanisms, are both interesting for conceptual reasons and crucial for the phenomenology
of F-theory models.
Abelian gauge symmetries are crucial ingredients for extensions both of the standard
model as well as of GUTs. However, the concrete construction of Abelian gauge symmetries as well as their matter content has only recently been addressed systematically in
global F-theory compactifications [58, 97, 17]. This is due to the fact that U(1) gauge symmetries in F-theory are not related to local codimension one singularities, but instead, to the
global properties of the elliptic fibration of the Calabi-Yau manifold. Concretely, the number of U(1)-factors in an F-theory compactification is given by the rank of the Mordell-Weil
group of the elliptic fibration.
Discrete symmetries play a key part for constructing extensions of the standard model
of particle physics. In particular, discrete symmetries are used to forbid terms in the
MSSM superpotential that would allow for fast proton decay or other processes which
are highly suppressed in the standard model. Some well known examples are provided
by R-parity, baryon triality and proton hexality. Thus, the understanding of the geometrical origin of discrete gauge symmetries in F-theory compactifications is of crucial interest. The origin of discrete gauge symmetries in F-theory arise from Calabi-Yau geometries which are only genus-one fibrations without section, in contrast to elliptic fibrations with sections. Recently, there has been progress in understanding the physics of such
compactifications,[18, 3, 99, 48, 93, 94]. A natural object which is attached to this kind of
compactifications is given by the Tate-Shafarevich (TS) group of the genus-one fibration
which is a discrete group that organizes inequivalent genus one geometries which share the
same associated Jacobian fibration.
Another line of research, on more theoretical grounds and keeping in mind finiteness
and 4D/6D SUGRA matching [83, 84], is the systematical extension of the set of Calabi2

Yau manifolds that can be used for F-theory compactifications. The different approaches
can be roughly sorted into two groups. The first group of approaches focuses on the classification and construction of all bases that are admissible for F-theory [98, 99]. The second
group, which we advance in this dissertation, focuses on generalizing the type of fiber and
the ways in which it can be fibered in a Calabi-Yau manifold. Questions about the number,
nature or even a parametrization of all possible CY spaces are still open and important.
The need of further research in these important topics is the main motivation for this
dissertation. Then, here we extend the boundaries of F-theory compactifications focusing
in abelian and discrete symmetries, in both 4D/6D compactifications.
This dissertation is organized as follows.
We start in chapter 2 introducing the foundations for the rest of this work. We briefly
talk about string compactifications, introduce F-theory, touching on non-abelian, abelian
and discrete symmetries and finish with the geometry of the elliptic compactifications.
The novel results start in chapter 3, where we explicitely construct geometries that
support U(1)× U(1) in 6 dimensions. In the elliptic fibrations, for concreteness first we use
the specific base P2 , then we generalize to arbitrary bases. We calculate the full spectrum
of the theory and check that it is anomaly free. The results of this chapter were published
in [34, 33, 37].
In chapter 4 we consruct 4D compactifications with U(1)× U(1) gauge groups. In order
to obtain chiral matter we add flux to the compactifications. We obtain base independent
results. We calculate the spectrum and the Yukawa couplings of the theory. The results
were published in [30].
Continuing our abelian symmetry journey, in chapter 5, geometries supporting U(1)×
U(1) × U(1) were explicitely engineered. As an interesting result, the ambient space of
the fiber in these compactifications are two dimensions higher than the fiber curve. The
analysis of these geometries required the use of different geometric tools, however, the
3

spectrum is rich and slightly un-expected, pointng to exceptional groups. We finalize the
chapter checking anomaly cancellation. The results of this chapter were published in [35].
In a slightly different research direction, in chapter 6, we focus on constructing genus
one fibrations of curves living in all two dimensional toric varieties. This chapter is full
of surprises. Gauge discrete symmetries appear naturally, an underlying E6 seems to be
looming, extremal transitions connect the different geometries and are naturally interpreted
as the Higgs mechanism and a charge 3 hypermultiplet is found. The results were published
in [80].
In chapter 7 we go deeper into the discrete gauge symmetry Z3 . We study the F- Mtheory duality using the higgs mechanism and construct the Tate-Shafarovich group explicitely. This short note was published in [37].
We conclude in chapter 8 summarizing the most important results of this dissertation.
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Chapter

2

String Compactifications, F-theory
and a little bit of Geometry
The title of this dissertation, ‘On Abelian and Discrete symmetries in F-theory’, might
sound extremely technical and arid. Thus, the purpose of this chapter is to alleviate this
problem, trying to get the reader acquainted with some of the topics of this dissertation.
All the subjects introduced here are mentioned only at the intuitive level, leaving most of
the technical details for the later chapters.
In this chapter we start discussing the motivations for string compactifications, the phenomenology program and the conceptual questions. We also mention how this dissertation
fits into this quest. We follow with a very brief introduction to F-theory, highlighting some
very interesting properties of the theory. We also mention abelian and discrete symmetries in F-theory and try to motivate the need for this dissertation. We conclude with some
selected topics of geometry that will help the reader get a better ‘picture’ of the string
compactification setups.

5

2.1

String Compactifications

In this section we will briefly mention some of the important motivations that fuel the research in string theory compatifications. We divide them into two categories, phenomenological and conceptual motivations.

2.1.1

Phenomenology

String theory, discovered over 40 years ago, has proved to be a fertile framework to unify all
forces of nature, including the elusive gravity. This property makes the theory a promising
candidate for the ‘theory of everything’ of our universe. Unification however is just a little
part of the puzzle. Among the many other required properties of the theory, and probably
the most important, is the realization of the Standard Model of particle physics. This defines
one of the main objective of String Phenomenology: the use of the string theory framework
to reproduce either the Standard Model or a generalization of it, and then, use this model
to make predictions at other scales and regimes.
This is not an easy task. Attempts have been made since the very early years of the
String discovery and although we have expanded our understanding of the theory to great
extend, to this date, a complete and precise Standard Model has not been obtained in String
Theory.
We could group the reasons of this ‘failure’ into two big categories: the lack of understanding of String theory and the particularity of the Standard model. In the rest of this
section we elaborate on these two points and then comment on the topics of this dissertation
in this context.
String Theory theory was developed over a simple idea: the quantization of a string.
However, it is known that consistency of this simple idea quickly develops into a theory
of many dynamic fields and objects interacting among each other. Furthermore, the fields
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Figure 2.1: Web of dualities in Sting Theory.
and objects are not uniquely defined, in fact they depend on the particular location of the
‘string landscape’. See figure 2.1. Much progress has been made in different corners of
this landscape, however a full description of the theory is lacking.
The Standard Model of particle physics is very particular. There is no doubt about
the success of the model. It has been evaluated for 50 years, passing all tests with flying
colors. It explains phenomena in a big range of scales with astonishing precision. However,
the model is far from being trivial or generic. The Standard Model has 19 unspecified
parameters and a seemingly arbitrary selection of Lie groups and representations among
other ‘particularities’.
A comprehensive list of the desired features of any string model was complied in [69].
Known as ‘The Ibañez Wish List’, it reads explicitly:
1. Chirality

compulsory).

2. Gauge group contains and can be bro-

4. Contains standard quark-lepton fami-

ken to SU(3) × SU(2) ×U(1).

lies.

3. N = 1 SUSY in d = 4 (convenient, not

5. Contains Weinberg-Salam doublets.
7

6. Three quark-lepton generations.

10. No flavor-changing neutral currents.
11. Light or so left handed neutrinos.

7. Proton is sufficiently stable (lifetime
> 1034 years).

12. Weak CP violation exists.
13. Potentially realistic Yukawa couplings

8. Correct prediction: sin2 θW ≈ 0.23,

(fermion masses).

MP ≈ 1018 GeV.

14. SU(2) ×U(1) breaking feasible.

9. No exotic gauge boson with mass ≤ 1
TeV.

15. Small supersymmetry breaking.

Just to reemphasize, this is a long non-trivial list. There are String models that can
reproduce some of these features, however, to this date not a single model has all characteristics previously mentioned.
Coming back to this dissertation, the purpose of this work is to expand our understanding of string theory, more specifically of F-theory. We hope that the results obtained in
this work will help our ultimate endeavor of finding the complete string model of our universe. However, and although some phenomenological models were constructed as proofs
of concepts, we have to be honest and admit that the main results of this dissertation are
theoretical. But the motivation of this research was phenomenologically inspired. In fact,
the areas we chose to explore, the abelian sector and discrete symmetries, are fundamental ingredients in the construction of any realistic string theory model. Just to remind the
reader, some examples where these symmetries appear in particle physics phenomenology
are: the the texture of Yukawa couplings, the avoidance of proton decay operators, R-parity,
Baryon triality, the µ problem and Z 0 bosons.
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2.1.2

Conceptual Motivations

Besides the phenomenological reasons mentioned in the previous section, there is a plethora
of ideas and lines of research that uses string theory as an inspiring muse. Let us comment
on some of them.
It is striking that the string landscape, i.e. the possible low energy vacua, is finite. Yes,
it is a big number, however it is finite, unlike the possible set of all field theories. The
parametrization and understaing of the properties of the full landscape is still in its infancy.
Some progress trough systematic studies have been achieved in some corners of the star,
however, there is not a full approach to this problem. A slightly related line of research
to this topic, is the well defined question: are all SUGRA theories in different dimensions
realized in string theory? With the use of F-theory substantial progress has been made in
6D in the last couple of years and some glimpses of hope have started to apper in 4D.
Taking a break from the standard model, string theory may also help us understand general relativity. Even after 100 years since its discovery, GR has many deep and perturbing
puzzles. The most natural questions are: the dynamics around curvature singularities, the
origin of macroscopic entropy and the non-renormalizability. String theory has provided
some hope and in some cases has solved these puzzles, unless in the supersymmetric cases.
We hope that the elegant solutions that the nature of extended object brings, can point to
similar mechanisms for the general questions i.e. non-supersymmetric cases.
From a completely different energy scale point of view, string theory compactifications
have shed light to the geometrization of some strongly coupled phases phases. Randall
Sundrum and ADS/CFT are probably the most obvious examples. Finite density QFT is
another region where string compactifications have helped us make some progress, the
poster child in this case is ADS/CMT.
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Figure 2.2: Web of dualities in Sting Theory with F-theory at its center.

2.2

F-theory

Why F-theory? Because F-theory [114, 101, 102] is powerful. It allows us to explore
regions of the string landscape that were not accessible before, with elegant simplicity. The
F(ather) theory was discovered in the mid 90’s during the second string revolution. It has
the appealing property of being local like brane constructions in type II theories, but at
the same time it has the capability of allowing exceptional groups, a property of heterotic
strings. In fact, it is believed that F-theory is the theory that allow us to explore the biggest
part of the landscape at this time.
It is well known that F-theory does not have a Lagrangian description, however there
are known limits of the theory that serve as tools to study it: the Sen limit to type IIB, the
semistable degeneration to heterotic E8 × E8 and SO(32) and the compactification over a
circle dual to M-theory. See figure 2.2. These limits help us understand the low energy
theory of the compactifications and we will use them heavily in this dissertation.
F-theory is geometry. Contrary to other string theory compactifications, where we have
to keep track of the geometry and other dynamic objects like branes or bundles, in F-theory
10

a big part of the data of the compactifications is encoded in the geometry of the space.
This is not only elegant but also convenient. Well, it is almost all geometry, there is one
additional important ingredient we have to add: the flux. This will be specially important
in chapter 4 where we work in 4D and we need to generate chirality.

2.2.1

F-theory Compactifications

Now we turn our attention to the compactifications. In figure 2.3 we show the schematic
setup of all our compactifications, and although the diagram is not precise, it gives a good
intuition about all the ‘moving parts’ involved.
The total geometric space is 12 real dimensional, decomposed into a Minkoski space,
that represent the observable physical dimensions, and a compact Calabi-Yau (CY) space.
When we refer to 4D/6D compactifications, we imply the dimension of the Minkowski
space. In those cases the compact geometries will be 8D/6D respectively.
The compact CY space has a very important property: it has to be elliptically fibered,
that is, locally it must look like an elliptic curve times another space that is referred as the
base. See figure 2.3. An elliptic curve is basically a two real dimensional torus that includes
a marked point. The point is shown schematically with a cross in the torus in figure 2.3.
All the marked point points in the torus should be ‘smoothly’ connected globally, forming
a section of the fibration.
Most of this dissertation is about engineering and understanding the connection between the compact CY geometries and the low energy physics. In the next subsections we
will start showing how to ‘read’ the low energy physics in F-theory from the geometry.
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Figure 2.3: Schematics of the geometry of F-theory compactifications.

2.2.2

Non-Abelian Gauge Groups, Matter and Yukawas

In F-theory, most of the low-energy physics is encoded in the of the geometry of the compactification. More specifically, the data is encoded in the singularities of the space, i.e.
the subspaces where the tangent space is locally not well defined. The most important information of the singularities are its dimension, its type and how many of them exist in the
compactification.
An schematic drawing of the data is shown in figure 2.4.
Codimension one singularities in the base, that is two dimensions less than the compact
space, tell us about the non-abelian gauge groups. The specific group supported at this
location is determined by the local behavior of the singularity. From the perspective of type
IIB string theory, the fiber encodes the string coupling, then, where a singularity appears it
signals strong coupling objects in the base, in fact it points to an underlying stack of branes.
An M-theory interpretation also exists. However to make sense of it, first a similar space
without singularities has to be found. This geometry is called the resolved CY and the price
that has to be paid is the addition of more surfaces and curves. The beautiful connection
12

Figure 2.4: Schematics of the compact geometry and the low energy physics in F-theory
compactifications.
is that if we look at the curves and their intersections, they form the dynkin diagram of the
Lie Group.
Matter representations are encoded at codimension two singularities in the base, see
figure 2.4. These are the places where the codimension one singularities get enhanced.
From the type IIB perspective, these are the places were two stack of branes intersect and
new light modes appear realized as open strings between them. From the M-theory point
of view, in the resolved geometry a new isolated curve will be added at these locations. M2
branes will wrap them and their excitations are the hypermultiplets.
Finally at codimension three singularities in the base, we find the Yukawa couplings
of the theory, see figure 2.4. This is a 4D phenomena. The 8 internal dimensions of the
compact space are arranged into three complex dimensions for the base and two for the
fiber. The Yukawa points then occur naturally at the triple intersection of three codimension
one singularities.
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Figure 2.5: Generic elliptic fiber with rank two Mordell-Weil group.

2.2.3

Abelian Symmetries

Surprsingly, abelian groups, that in principle are simpler, are much less understood in Ftheory. In fact, they have received less attention than the non-abelian groups. Interest in
the field has only recent been rekindled and now it is a very active field of research.
Abelian gauge groups are associated to the group of sections of the elliptic fibrations.
This is a little unexpected because it implies that the information about U(1)s is global, and
not localized in the base, as in the case of non-abelian groups. Now, the group of sections
should be observed in any fiber, as long as the elliptic curve is generic. An example of a
generic fiber is shown in figure 2.5 where the sections are the marked points in the torus.
These points form an abelian group in the elliptic fiber known as the Mordel-Weil group.
The generators of the group, constructed as the differences between the rational points
and a zero point, are associated to the abelian group of the low energy theory. The formal
procedure to extract the right generators is known as the Shioda map. The decision of which
point to use as the zero point is arbitrary and should not affect the low energy physics.
We should notice that abelian gauge groups do not make the space singular at codimension one in the base. However charged matter still appears as codimension two singularities
in the base and the Yukawa couplings still show up as codimension three singularities.
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2.2.4

Discrete Symmetries

Discrete gauge symmetries are even less studied in F-theory. However in the last couple of
years (2014 and 2015) there has been tremendous progress and interest in understanding
their origin. The workhorse of this progress has been the Higgsing mechanism of nonminimal charged hypermultiplets in abelian theories.
One fascinating aspect of the discrete symmetries is that they are not encoded in the
Mordell-Weil group, but instead in a more obscure (at least for physicists) object: the TateShafarevich group. The data of this group is not inside the geometry of a space, instead,
each element of the group is a different space on its own. In chapters 6 and 7 we will go
deeper in the understanding of the group and we will explicitly construct of some discrete
gauge groups.

2.3

Geometry

As mentioned in the previous sections, the big part of the construction of the compactifications in F-theory is the engineering of the compact space. Thus, in this section we will
mention our approach to the construction of geometries and the tools we use during the rest
of this dissertation.

2.3.1

Elliptic Fibration

We need to conscruct compact elliptic fibrations, that is geometries that locally look like a
base times an elliptic fiber. The approach we consistently take has two steps: first construct
the elliptic curve with the desired properties, then create the fibration, making the elliptic
fiber depend on the position of the the base.
The construction of the elliptic curve is also a two step procedure. First we find a
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Figure 2.6: Construction of the ellipticly fibered Calabi-Yau.
simpler higher dimensional space that is simple enough, and then we take an appropriate
hyper-surface. The higher dimensional space is called ambient space. See the left side of
figure 2.6. The points of the curve are then specified as the zeros of a set of equations that
we called p(u, v, w) in the figure.
Once we have constructed the elliptic fiber, we proceed to construct the fibration. We
need to make the coefficients of the equations, ai jk in the figure, depend on the coordinates
of the base, z1 and z2 . See the right hand side of figure 2.6. To find the right degrees of
the coefficients, we first put together the ambient space of the fiber and the base. Then the
Calabi-Yau condition forces the right degrees of the coefficients, ai jk (z1 , z2 ), in the hypersurface equation. In the following chapters we will be more precise about this procedure.

2.3.2

Geometry of the Elliptic Fibration

Now that we have finally constructed the geometry, we proceed to calculate things inside
it. The tool that we use is intersection theory. For an introduction to the topic we refer the

16

readers to [47]. The motivation behind it is simple, the idea is to formalize the familiar
concept of intersection of varieties that we are used to. Things like, the notion of two
generic lines intersected in R2 or the intersections of three generic planes in R3 are points.
One problem that arises is the definition of ‘generic’. We know that two parallel lines
do not intersect. The solution to this conundrum is to define classes of equivalent varieties,
instead of individual varieties. Then, even if the varieties we are trying to intersect are not
placed appropriately, there should exist other varieties in their corresponding classes that
should intersect well. As an example, in the case of two parallel line, we can always find
another rotated line that will work. All these rotated lines will then form an equivalence
class. In this dissertation the equivalence relations that we use are rational equivalences. In
terms of notation, the class of variety Y is denoted [Y ].
Another key inside of intersection theory, is to realize that if two varieties intersect
properly, the resulting variety should have a codimension equal to the sum of the codimensions of the original varieties. As examples, we can think about the lines int the plane, or
the planes in the 3D space.
Now let us define an intersection product, denoted by ‘·’. The idea is to define the
class of the intersection of two varieties as the product of the of the classes of the varieties.
Mathematically, it reads
[Y ] · [Z] = [Y ∩ Z] .

(2.1)

We also expect that the intersection varieties whose codimensions add up to the dimension
of the space, always intersect in a number of points. And if the sum of the codimensions
of the intersection of varieties are bigger than the dimension of the space then the result
should vanish. As and example, three lines should not intersect generically in a plane.
Coming back to our case of study, there are some natural codimension one varieties
in our elliptic fibrations. We will call these varieties divisors. In our cases we will have
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the following divisors: the sections, any divisor of the base together with the fiber (known
as vertical divisors) and divisors in the base with a curve in the fiber (known as cartan
divisors).
Finally, we need to construct higher codimension objects in our geomteries. In particular, we require surfaces for the explicit construction of G4 flux in 4D compactifications.
In this case we will use intersections of divisors to build a base for the surfaces. We will
discuss this at length in chapter 4.

2.3.3

Toric Varieties

Many of the ambient spaces we use are toric varieties. It is out of the reach of this dissertation to introduce such rich and beautiful topic. We refer the readers to [29] for a nice
introduction.
Le us just to mention a couple of words about them. Toric varieties are spaces that
contain a torus inside them. This torus acts on itself and almost generates the full variety.
Some of the properties that make these varieties so attractive are, first that they comprise a
rich and extensive set of compact spaces, and second, toric varieties can be fully determined
by its combinatorial structure (encoded in fans).
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Chapter

3

Engineering U(1)× U(1) in 6D
In this chapter we explicitly construct geometries that support F-theory compactifications
with low energy U(1)× U(1) gauge groups. We restrict the analysis to six dimensions, i.e.
the internal compact space is three-complex dimensional (threefold), and leave the richer
four dimensional case for the next chapter.
We take most of the content from the articles [34] and [33]. The author of this dissertation is a co-author of both articles.
The content of this chapter are organized in the following way. First, we establish
the machinery necessary for the analysis. Then, we construct the elliptic curve with three
marked points (two rational points) and discover that the natural ambient space for this
curve is the space P2 blown up at two points, also known as dP2 . With this insight at hand,
we proceed to construct the elliptic fibration, first over the base P2 and then the general case.
Voilà!, these are the geometries we were looking for. We proceed to find the spectrum of
the theories i.e. the number and charges of the hypermultiplets. This task proved to be
harder than expected, however, we confirmed the spectrum was anomaly free.
Let us highlight some fascinating results additional to the explicit construction of the
geometry. The zero section was non-holomorphic, that means that the section behaves
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badly at certain places in the geometry. This result was not fully appreciated previously
in the literature. Additionally, the calculation of the spectrum required the introduction of
some algebraic techniques. They are now known as the ‘resultant techniques’ and became
widely used tools in the community.
One final remark about the content.

The original articles included the addition

of a SU(5) gauge group, some explicit toric examples and the connection between
Bl(1,0,0) P2 (1, 2, 3) and Bl(0,1,0) P2 (1, 1, 2). We decided not to include these topics in this
dissertation but invite the curious readers to the articles for more details.

3.1

Basics of Abelian Gauge Sectors in F-theory

In this section we review the notion of the Mordell-Weil group as the group of rational
points on an elliptic curve in section 3.1.1. Then we discuss the geometry of Calabi-Yau
manifolds formed as elliptic fibrations with general fiber given by such an elliptic curve
in section 3.1.2. The rational points are lifted to rational sections of the elliptic fibration
and contribute additional cycles to the homology group of these manifolds. The Abelian
sector of an F-theory compactification on these elliptically fibered Calabi-Yau manifolds,
as explained in section 3.1.3, is determined by the structure of these rational sections. The
reader interested in the results of our analysis can skip this section and directly proceed
with section 3.2.1.

3.1.1

Elliptic Curves with Multiple Rational Points

To set the stage for our later discussion, we begin with the most concrete definition of
an elliptic curve E over a field K in terms of a Weierstrass model. The Tate form of the
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Weierstrass model reads

y2 + a1 xyz + a3 yz3 = x3 + a2 x2 z2 + a4 xz4 + a6 z6

(3.1)

with ai denoting numbers in a field K. In elliptic fibrations of E over a base B, K will
be identified with the function field of B. In the chosen projectivization (3.1) is a onedimensional Calabi-Yau hypersurface in the weighted projective space P2 (1, 2, 3) with homogeneous coordinates [z : x : y]. The Tate form can be brought into the reduced Weierstrass
form
ỹ2 = x̃3 + f x̃z4 + gz6

(3.2)

by the variable transformation

1
b2 z2 ,
x̃ = x + 12

ỹ = y + 12 a1 xz + 12 a3 z3

(3.3)

with the following definitions

1
f = − 48
(b22 − 24b4 ) ,

b2 = a21 + 4a2 ,

1
g = − 864
(−b32 + 36b2 b4 − 216b6 ) ,

b4 = a1 a3 + 2a4 ,

b6 = a23 + 4a6 ,

∆ = −16(4 f 3 + 27g2 ) = −8b34 + 41 b22 b24 + 9b2 b4 b6 − 14 b6 b32 − 27b6 .

(3.4)

Here the quantity ∆ defined in the last line of (3.4) is the discriminant of the Weierstrass
equation (3.2). If ∆ = 0 then the elliptic curve defined by (3.2) is singular.
Both the Tate form (3.1) as well as the reduced Weierstrass form (3.2) have one distinguished point P at [z : x : y] = [0 : 1 : 1], referred to as the zero point. In general, a rational
point on the elliptic curve E is defined as a point with coordinates in the designated field
K. The set of rational points on E form an Abelian group under addition that is naturally
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defined in the Weierstrass form (3.2). The group of rational points, with P as the zero, is
the Mordell-Weil group of the curve E. The Mordell-Weil group is finitely generated, i.e. it
is the sum of a torsion subgroup and Zr , and r is the Mordell-Weil rank. We introduce a
basis of the torsionless subgroup of the Mordell-Weil group as Qm , m = 1, . . . , r.
We note that the presence of a rational point can imply a factorization of the Weierstrass
form. A case of particular interest later in this work is a point Q of the form [z : x̃ : ỹ] = [1 :
A : B] for given numbers A, B in K. In this case, the Weierstrass equation (3.2) factorizes as

(ỹ − Bz3 )(ỹ + Bz3 ) = (x̃ − Az2 )(x̃2 + Ax̃z2 +Cz4 ) ,

(3.5)

as is easily checked by plugging in the point Q. This implies that the coefficients f , g in
(3.2) as well as the discriminant in (3.4) can be parametrized as

f = C − A2 ,

g = B2 − AC ,

∆ = 16(27B2 (2AC − B2 ) + (A2 − 4C)(2A2 +C)2 ) (3.6)

This parametrization will prove useful in the discussion of matter with only charge 1 under
the Abelian gauge field corresponding to the rational point Q [97], i.e. codimension two
singularities only due to the presence of the point Q in the fiber E alone. We add that
factorization properties of the Tate form (3.1) due to rational points of the form z = 0 have
been discussed in [91].

3.1.2

Elliptic Calabi-Yau Manifolds with Rational Sections

In this section we briefly discuss the geometry of an elliptically fibered Calabi-Yau threefold X, although we note that the following holds for general complex dimension of X.
By definition an elliptic fibration over a base B is defined by a holomorphic projection
π : X → B to the base B. We will be interested in fibrations with general fiber E = π −1 (pt)
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over a generic point pt in B given by elliptic curve with a zero point and a number of
rational points. As mentioned before we can always describe an elliptic fibration over B
by its Weierstrass model (3.2), where the field K is replaced by the function field of B.
Concretely, by the Calabi-Yau condition f , g are sections of the line bundles KB−4 respectively KB−6 , where KB denotes the canonical bundle of the base. If it exists globally we
can also construct the Tate form1 (3.1) where the coefficients ai take values in KB−i . The
holomorphic zero section in the Tate and Weierstrass form is given by z = 0.
However, when having global questions in mind, such as the global resolution of singularities of the elliptic fibration X or the construction of rational sections, it is of advantage
to consider elliptic fibrations X with the general elliptic fiber E given as the Calabi-Yau
hypersurface in one of the 16 two-dimensional toric varieties. It is always possible, as discussed at the end of section 3.1.1, to obtain the Weierstrass form of these fibrations by a
birational map. In this note we will focus on the elliptic fibration with general fiber in dP2 ,
cf. section 3.2.1.
When we fiber an elliptic curve E over a base B its zero point P becomes the zero
section ŝP and its rational points Qm lift to rational sections ŝm ≡ ŝQm of the elliptic fibration
π : X → B. All of these sections define injective maps ŝP , ŝm : B ,→ X and the group
generated by the ŝm is the Mordell-Weil group of the elliptic fibration X. A holomorphic
section, that is in the literature typically denoted by σ , defines a holomorphic injection
σ : B ,→ X on all of B. However, a rational section does in general not vary holomorphically
over the base B. Indeed, over codimension two or higher the rational section can be illdefined and wrap components of the reducible fiber over the singular loci [97, 20]. Thus,
rational sections ŝm can only be defined on the blow-up πB : B̂ → B of B along the singular
loci of ŝm with πB denoting the blow-down map. Consequently, a rational section defines
only a birational map ŝm : B̂ → B ,→ X of the base B into X.
1 See

[75] for a reconsideration of the validity of the Tate model in global F-theory compactifications.
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In sections 3.2.1 and 3.3, we study elliptic fibrations with general fiber given by an
elliptic curve E with two rational points Q, and R and a zero section P. As we see there,
in these cases even the zero section ŝP is not defined over codimension two and wraps fiber
components of the elliptic fiber. A Calabi-Yau elliptic fibration without a holomorphic zero
section still defines a valid F-theory background, although these most general fibrations
have only recently drawn attention in the F-theory literature. As we discuss in section 3.3,
the behavior of the three rational sections ŝP and ŝQ , ŝR leads to a rich structure of charged
matter.
The group of divisors, or its dual group H (1,1) (X̂), on the smooth elliptic Calabi-Yau
manifold X̂ → X arising from X by resolving all singularities, is generated by divisors DA
that fall into four different classes of divisors:
• the zero section ŝP of the fibration with homology class SP , which in the case of a
holomorphic section σ agrees with the class of the base B,
• the rational sections ŝm , m = 1, . . . , r, with divisor classes Sm generating the MordellWeil group of rational sections of the elliptic fibration of X,
• the vertical divisors Dα = π ∗ (Dbα ), α = 1, . . . , h(1,1) (B), of the fibration that are inherited from divisors Dbα in the base B,
• exceptional divisors DiI resolving singularities of X from singularities in its elliptic
fibration at irreducible components ∆I = 0 of the discriminant locus ∆ = 0 in B.
We summarize this basis of divisors on X̂ as

DA = (B, Sm , Dα , Di ) ,

A = 0, 1, . . . , h(1,1) (X̂) .

(3.7)

We conclude with some key intersection properties of the divisors DA . The exceptional
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divisors DiI over one common discriminant locus intersect as
(I)

DiI · DiJ · Dα = −CiI jI S(I) · B · Dα

(3.8)

(I)

where CiI jI denotes the Cartan matrix of an ADE-group G(I) in case of an ADE-singularity
in the fibration. In this case we denote the DiI as the Cartan divisors of the corresponding
b ) are related to the components of the disADE group. Here the divisors S(I) = π ∗ (S(I)
b are the loci in the base B wrapped by 7-branes supporting a gauge
criminant and the S(I)

group G(I) in F-theory. Upon intersecting the Cartan divisors DiI with a divisor D̃ in B that
intersects S(I) in a point, we obtain a rational curve that is localized over S(I) . The relation
(3.8) teaches us that this curve is to be identified with minus the root αiI of the Lie-algebra
of the ADE-group under consideration, i.e.

C−αiI := DiI · D̃

for

D̃ · S(I) · B = 1 .

(3.9)

Next we turn to the divisors SP and Sm of the sections. By construction the divisors corresponding to a section will intersect the general fiber F ∼
= E as

SP · F = Sm · F = 1 .

(3.10)

In addition we note that any section of X also has to obey [97]

B2 = −[c1 (B)] · B ,

2
Sm
· Dα = −[c1 (B)] · Sm · Dα ,

(3.11)

where the first relation holds in homology and c1 (B) is the first Chern class of the base.
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3.1.3

Abelian Gauge Sectors in F-Theory

In an F-theory compactification on X gauge fields Aa arise by expanding the M-theory
three-form C3 in the dual M-theory compactification2 along appropriate (1, 1)-forms ωa ,
C3 = ∑ Aa ωa .

(3.12)

a

These are gauge fields along the Cartan generators of all G(I) and along U(1) groups. The
U(1)-gauge fields correspond to rational sections ŝm and are constructed from the cohomology classes dual to the divisors Sm of the rational sections by the Shioda map.
The Shioda map roughly speaking describes an orthogonalization procedure in the
(co)homology group of X̂. It is defined as the map from the Mordell-Weil group to
H (1,1) (X̂) given by [97, 105, 31]
−1 iI jI
σ (ŝm ) := Sm − S̃P − (Sm · S̃P · Dα )η αβ Dβ + ∑(Sm · C−αiI )(C(I)
) D jI ,

(3.13)

I

−1
where the curves C−α have been defined in (3.9) and C(I)
is the inverse of the Cartan matrix

determined in (3.8). The divisor S̃P = SP + 12 π ∗ c1 (B) has been introduced for convenience,
and is of relevance for the match of the F- and M-theory dual effective actions [56, 12].
The matrix η αβ is the inverse of the intersection form of the divisors on the base,
ηαβ = Dbα · Dbβ .

(3.14)

The Shioda map (3.13) maps into the orthogonal complement3 in H (1,1) (X̂) generated by
the zero section SP , the vertical divisors Dα and the Cartan divisors DiI . Thus it ensures
that the gauge field associated to σ (ŝm ) by the reduction (3.12) along the (1, 1)-form ωm
2 See
3 The

[53] for a general discussion of this and a derivation of the full F-theory effective action.
inner product is the Néron-Tate height pairing [115].
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defined as the Poincare dual of σ (ŝm ) is a U(1)-gauge field.
Having defined the Shioda map (3.13) it is straightforward to calculate U(1)-charges of
matter fields in F-theory. The matter fields arise from M2-branes wrapping rational curves
c in the fiber of the elliptic fibration that are localized in codimension two in the base B.
Under the assumption of a holomorpic zero section with SP = B, the charge of the M2-brane
state under the U(1)-gauge field corresponding to the rational section σm is then calculated
as [97]
−1 iI jI
σ (ŝm ) · c = (Sm · c) + ∑(Sm · C−αiI )(C(I)
) (D jI · c) .

(3.15)

I

This follows readily using the definition of the Shioda map (3.13) and the fact, that the
isolated curves c neither intersect vertical divisors nor the holomorphic zero section.
We note that the intersection matrix between the σ (ŝm ) projected into the homology of
the base by π : X̂ → B is
−1 iI jI
b
π(σ (ŝm ) · σ (ŝn )) = π(Sm · Sn ) + [KB ] − π(Sm · B) − π(Sn · B) + (C(I)
) (Sm · C−αiI )(Sn · C−α jI )S(I)
.

(3.16)

Here, we introduced the definition

π(C) = (C · Dα )η αβ Dbα

(3.17)

of the Néron-Tate height pairing for a curve C and employed the normalized coroot matrix
of the I-th 7-brane gauge group
(I)

CiI jI =

2
(I)
CiI jI .
λI hαiI , α jI i

(3.18)

In this expression we denote the inner product on the Lie-algebra by h·, ·i and introduced
the length squared λI =

2
hα0 ,α0 i

of the maximal root α0 . The intersections (3.16) will be

relevant for the discussion of anomaly cancellation in section 3.4.
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We conclude by noting that if the zero section ŝP is only rational, the formula for the
U(1)-charge has to be modified. The reason for this is that we have to relax the condition
B · c = 0 and in general assume a non-trivial intersection

SP · c 6= 0 ,

(3.19)

where SP denotes the homology class of the rational zero section. Then (3.15) has to be
replaced by
−1 iI jI
) (D jI · c) .
σ (ŝm ) · c = (Sm · c) − (SP · c) + ∑(Sm · C−αiI )(C(I)

(3.20)

I

In contrast, the formula (3.16) for the intersections of sections does not have to be modified.
We note that (3.20) has also been used in [20].

3.2

Elliptic Fibrations with Two Rational Sections

In this section we determine an elliptic fibration with two rational sections and a zero
section, i.e. an elliptic curve with Mordell-Weil group of rank two. This curve serves as
the model for the general elliptic fiber in an elliptically fibered Calabi-Yau manifold. As
discussed in section 3.1 the F-theory compactification on such a Calabi-Yau admits two
U(1)-gauge groups.
We first find in section 3.2.1 that any elliptic curve E with three marked points (two
rational and the zero point) has a representation as a non-generic cubic in P2 . We argue
further that this elliptic curve should be properly viewed as the generic Calabi-Yau onefold
in the del Pezzo surface dP2 , which is the blow up of P2 at two generic points. However,
we first focus on the singular model of E by neglecting the blow-ups in P2 . This allows us
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to compute the Weierstrass model for E with respect to one of the three rational points on
it and derive the location of the two other rational points in Weierstrass coordinates.
Then, in section 3.2.2, we discuss the resolution geometry of E in dP2 that we obtain
by performing the two blow-ups in P2 . The understanding of the resolved geometry is
relevant to resolve elliptic fibrations with general fiber being the curve E. We conclude by
constructing elliptic fibrations with E and find that all elliptic fibrations with base B = P2
are classified by two integers n2 and n12 . We will consequently denote the families of
dP2 -fibrations over P2 we have found as dP2 (n2 , n12 ).
Our discussion partly follows and extends the techniques of appendix B of [97].

3.2.1

Constructing an Elliptic Curve with two Rational Points

Our discussion in this section is based on the following basic mathematical fact: Given
an algebraic variety X with a very ample line bundle4 M defined over it, we can find an
embedding of X into projective space. If this is the case, we will have enough independent
global sections a0 , · · · , an such that for every point x ∈ X there exists at least one section
not vanishing at this point. Thus, there is an immersion

f : X → Pn

x 7→ [a0 (x) : · · · : an (x)]

(3.21)

with M ∼
= f ∗ (O(1)).
The algebraic variety we are interested in is an elliptic curve E over a field K. We
find the embedding of the curve E into projective space, or more generally a toric variety,
explicitly as a hypersurface. For this purpose we consider the global sections of powers
of M k . For sufficiently large k, in our case k = 3, not all sections are independent and the
relation between them yield the desired hypersurface equation.
4A

very ample line bundle is a line bundle that has “enough” global sections so that its base variety is
embedable into projective space.
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As a warm-up we use this logic to derive the Tate form (3.1) of an elliptic curve E
with only the zero point P as follows. We introduce the degree one line bundle M = O(P)
over E and consider the homogeneous coordinates [z : x : y] on P2 (1, 2, 3) as sections of the
line bundles M, M 2 and M 3 , respectively. We recall that in the case of an elliptic curve
E the Riemann-Roch theorem tells us that the number of independent global holomorphic
sections of a line bundle M of degree d is h0 (X, M) = d. Then the bundle M 6 has six
independent holomorphic sections, however, we can construct seven sections from z, x, y.
Thus, there has to be a relation between these sections which yields precisely the Tate form
(3.1) in P2 (1, 2, 3).
The same strategy applies to finding the equation that describes an elliptic curve with
rational points Qm . Concretely, we first find the sections [z : x : y] of O(kP), k = 1, 2, 3, and
then determine the relation between sections of higher degree generated from [z : x : y]. We
perform this procedure in the following for an elliptic curve E with a zero point P and two
rational points denoted Q and R. In the same spirit as before we first start with a general
line bundle M of degree three that we then specialize to M = O(P + Q + R). The group
of holomorphic section H 0 (M) is generated by three sections denoted u, v, w. The space
H 0 (2M) has dimension six with sections u2 , v2 , w2 , uv, vw and wu. The space H 0 (3M)
must have nine independent sections, however we know ten of them. Consequently, there
has to be a linear relation of the form

s1 u3 + s2 u2 v + s3 uv2 + s4 v3 + s5 u2 w + s6 uvw + s7 v2 w + s8 uw2 + s9 vw2 + s10 w3 = 0 , (3.22)

with coefficients si in the field K. This equation can be interpreted as the cubic hypersurface in P2 . Even more it is a section of its anti-canonical bundle O(3H), see figure
3.1, where H denotes the hyperplane class in P2 . Thus the zero of this section defines the
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one-dimensional Calabi-Yau manifold, i.e. the torus5 .

Figure 3.1: Fan of P2 on the left and its dual polytope on the right.
Now we specialize to M = O(P + Q + R). Let us assume that the section u vanishes at
the three points P, Q and R, then equation (3.22) simplifies to

s4 v3 + s7 v2 w + s9 vw2 + s10 w3 = 0 .

(3.23)

Performing appropriate shifts of the coordinates v and w we can always get rid of the
coefficients s4 and s10 . However, these variable transformations involve square roots of
the coefficients si that are generically not defined over the field K. Thus, we specialize the
constraint (3.22) by setting the coefficients s4 and s10 to zero. This specialization can also
be viewed as changing the toric ambient variety such that the coefficients s4 and s10 are
automatically absent by means of the toric construction. This is achieved by going from P2
to dP2 , which is the blow-up of P2 at two generic points. In figure 3.2 we have depicted the
polytope of dP2 for the blow-up at [u : v : w] = [0 : 0 : 1] and [u : v : w] = [0 : 1 : 0]. We note
that the blow-ups introduces new exceptional divisors Ei with coordinates ei , i = 1, 2.
This latter perspective on the specialization of the constraint (3.22) as the Calabi-Yau
5 There

is a one-to-one correspondence between elliptic curves and two-tori.
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Figure 3.2: Fan of dP2 on the left and its dual polytope on the right.
hypersurface in dP2 is of particular relevance for the construction of smooth elliptic fibrations in F-theory. However, the blown-up geometry dP2 is of no importance for the determination of the Weierstrass model of the curve elliptic curve E with the rational points Q and
R, with which we proceed in the remainder of this section. Thus, we discuss the resolved
geometry of dP2 with all divisor classes including the exceptional divisors Ei separately in
section 3.2.2 and work for the following in the patch e1 = 1, e2 = 1.
The restricted hypersurface following from (3.22) with s4 = s10 = 0 takes now the form
p ≡ s1 u3 + s2 u2 v + s3 uv2 + s5 u2 w + s6 uvw + s7 v2 w + s8 uw2 + s9 vw2 = 0 .

(3.24)

Then, this hypersurface constraint specializes at u = 0 to

vw(s7 v + s9 w) = 0 ,

(3.25)

which vanishes at the three different points with coordinates

P = [0 : 0 : 1], Q = [0 : 1 : 0], R = [0 : s9 : −s7 ] .
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(3.26)

We emphasize that the points P and Q coincide with precisely those points at which we
blow up P2 into dP2 , see section 3.2.2 for a more detailed discussion.
We note that we could set even more coefficients si to zero or to one by using the
automorphisms of the ambient space, e.g. by shifting or rescaling variables and the equation, if we were interested in the properties of the elliptic curve alone. For example the
shift symmetry of w by an appropriate factor of u is still unbroken in the presence of the
rational points Q and R since these are left invariant. For example, we can perform the
transformation w → w0 − 2ss58 u to eliminate the term u2 w in (3.24)6 . However, we use later
in sections the elliptic curve defined by (3.24) as the general elliptic fiber in an elliptically
fibered Calabi-Yau manifold. Then the coefficients si are lifted to sections over the base of
the fibration. In this case the embedding of the fiber into the Calabi-Yau manifold will in
general forbid eliminating more si than those in (3.24). Therefore, we work with the most
general form (3.24) of an elliptic curve with two rational points.
To obtain the Weierstrass equation with respect to P, we need to find the three sections
of H 0 (kP) = H 0 (kM − kQ − kR) for k = 1, 2, 3. These sections are precisely the projective
coordinates z, x̃, ỹ of the Weierstrass model in P2 (1, 2, 3). For the purpose of constructing
these sections we determine sections of H 0 (kM) on the ambient space dP2 that simultaneously vanish k times both at Q and R7 when restricted to E.
The general derivation of this birational transformation from the cubic (3.24) to the
Tate model (3.1) and then the Weierstrass form (3.2) is quite lengthy. Therefore we first
6 The

coefficients will take the form
s01 = s1 −

s25
s5 s6 s25 s9
s5 s7
s5 s9
, s02 = s2 −
+ 2 , s03 = s3 −
, s06 = s6 −
,
4s8
2s8
2s8
s8
4s8

(3.27)

with the other coefficients unchanged.
7 We note that this somewhat counter-intuitive fact follows from the fact that we implicitly divide by a
function g vanishing at P + Q + R. Indeed, we recall the definition of the line bundle associated to a Cartier
divisor D, O(D) := { gf |div( gf ) + D ≥ 0} for local functions f , g, cf. [52]. Applying this for O(P + Q + R)
we obtain that g has three zeros precisely at P, Q, R, with f of degree three vanishing elsewhere. For O(P)
we obtain g has to vanish at P and f is of degree one. Then, sections of O(P) are a subset of sections of
O(P + Q + R) by demanding that f in the latter vanishes precisely at Q and R.
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summarize the results and present the proof in the remainder of the section for the interested
reader. The birational map from the projective coordinates [u : v : w] of dP2 to [z : x̃ : ỹ] in
the Weierstrass model (3.2) reads

z = u,
1 2
s6 − 13 s3 s8 − 13 s5 s7 + 23 s2 s9 )z2
x̃ = s3 s9 uv + (s6 s9 − s7 s8 )uw + s7 s9 vw + s29 w2 + ( 12

ỹ = 12 s3 (s6 s9 − 2s7 s8 )u2 v + (s26 s9 − s6 s7 s8 + 2s9 (−s5 s7 − s3 s8 + s2 s9 ))u2 w

+(s6 s7 s9 − 2s27 s8 + 2s3 s29 )uvw + (3s6 s29 − 4s7 s8 s9 )uw2 + s7 s29 vw2 + 2s39 w3

+(s2 s6 s9 − s2 s7 s8 − s3 s5 s9 − s1 s7 s9 )z3 .
(3.28)

The sections defined like this obey the Weierstrass constraint (3.2),

ỹ2 = x̃3 + f x̃z4 + gz6

(3.29)

with the parameters f and g determined via (3.4) in terms of the three polynomials

b2 = s26 − 4s5 s7 − 4s3 s8 + 8s2 s9 ,
b4 = 2s22 s29 + s1 s7 (2s7 s8 − s6 s9 ) + s2 (s26 s9 − s6 s7 s8 − 2s5 s7 s9 )
+s3 (2s5 s7 s8 − s5 s6 s9 − 2s2 s8 s9 + 2s1 s29 ) ,
b6 = (s2 s7 s8 + s3 s5 s9 − s2 s6 s9 + s1 s7 s9 )2
−4s1 s3 (s27 s28 + s29 (s3 s8 − s2 s9 ) + s7 s9 (s5 s9 − s6 s8 )) .

(3.30)

We have summarized the somewhat lengthy expressions for f , g along with the Tate coefficient ai and the discriminant in the appendix of [34].
Along similar lines outlined below, we obtain the coordinates for the generators of the
Mordell-Weil group of E given by the rational points Q and R in Weierstrass form. The
34

result reads

1 2
Q = [x̃Q : ỹQ : zQ ] = [ 12
(s6 − 4s5 s7 + 8s3 s8 − 4s2 s9 ), 12 (s3 s6 s8 − s2 s7 s8 − s3 s5 s9 + s1 s7 s9 ) : 1]

(3.31)
for Q and analogously for R = [x̃R : ỹR : zR ],

x̃R =

2 2
2 2
1
12 (12s7 s8 + s9 (s6 + 8s3 s8 − 4s2 s9 ) + 4s7 s9 (−3s6 s8 + 2s5 s9 )) ,

ỹR =

3 3
3
2
1
2 (2s7 s8 + s3 s9 (−s6 s8 + s5 s9 ) + s7 s8 s9 (−3s6 s8 + 2s5 s9 )

+s7 s29 (s26 s8 + 2s3 s28 − s5 s6 s9 − s2 s8 s9 + s1 s29 ) ,
zR = s9 .

(3.32)

In the remainder of the section we derive the final results (3.28) and (3.30). The reader
less interest in these details can safely skip to section 3.2.2. Beginning with H 0 (M), we
already know that the section u = 0, by assumption, vanishes at the three points P, Q and
R. Thus we set
z := u .

(3.33)

Next we need two find a section of H 0 (2M) with double zeros at Q and R on E. There
are two such sections, one of which is given by the section u2 = z2 . The other one is
constructed from an appropriate linear combination of the other elements of H 0 (2M). We
make the ansatz
x := av2 + buv + cw2 + dvw + euw .

(3.34)

The coefficients are fixed requiring that the section x vanishes at degree two on both points
Q and R. This gives us four equations. The other coefficient can be rescaled away using
the scaling of x.
A nice pictorial way to think about these conditions on the coefficients in x is to realize
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that x = 0 and p = 0 in (3.24) are two curves in the ambient space dP2 . Then the first
two of the four conditions on the coefficients enforce that x vanishes at the points P, Q,
which are also automatically the intersections of p = 0 and x = 0. The other two conditions
on the coefficients then make Q, R a double zero or equivalently let the curves intersect
tangentially.
A systematic way of finding the coefficients is to solve for one of the variables u, v, w
in one of the equations p = 0, x = 0 and then to use the other one to determine the unknown
coefficients in (3.34) in order to obtain the right order of vanishing. First we note that both
Q, and R can be described in the affine patch v = 1. To solve for one of the remaining
variables u, w instead of dealing with radicals we can approximate the curve E by a Taylor
expansion. We solve for w ≡ w(u) order by order in u by considering f (u, 1, w(u)) = 0 as
an implicit function for w in terms of u. Expanding the curve p = 0 first around Q, then
around R with coordinates (3.26) we obtain, omitting terms of third order and higher in u,
1
s3 s6 s23 s9  2
s3
u−
s2 −
+ 2 u ,
s7
s7
s7
s7
s
s7  s3 s7 s8 − s6 s9 
s3 s6 s23 s9 s7 s28 − s6 s8 s9 + s5 s29  2
2
R: w=− +
+
u
+
−
+ 3 −
u .
s9
s7
s7
s29
s 27
s7
s39

Q: w=−

(3.35)

Now we can pull back the section x to the curve E by simply plugging the solution for w(u)
into the ansatz (3.34) for x. Since we require an order of vanishing of two we have to set
the coefficients of u0 and u1 to zero. Employing the expansion (3.35) at Q yields

a = 0,

b−
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s3
d = 0.
s7

(3.36)

Proceeding similarly around R using (3.35), we obtain two further equations

a+

s27
s7
c
−
d = 0,
s9
s29

b+

s27 s8 − s6 s7 s9 + s3 s29
s6 s7 s9 − s27 s8 − s3 s29
s7
e = 0.
d
+
2
c
−
s9
s7 s29
s39
(3.37)

Solving these equations, setting c = 1 by rescaling and cleaning denominators in x, we
finally get the section

x = s3 s9 uv + (s6 s9 − s7 s8 )uw + s7 s9 vw + s29 w2 .

(3.38)

Next, we need three elements of H 0 (3M) with triple zeros at Q and R on the curve E.
We know ten sections of this bundle, only nine are independent and we already know two
combinations that vanish appropriately, namely u3 and ux. The other possible section has
to be a linear combination of the remaining seven sections and we make the ansatz

y := au2 v + bv3 + cw3 + dv2 w + euw2 + f vw2 + guvw .

(3.39)

Proceeding in the same way as before, we use the solutions (3.35) to pull the section y to
the curve E, but now require that it vanishes at order u3 both at Q and R. This yields three
conditions for each point, i.e. a total of six conditions, by demanding that the terms u0 , u1
and u2 are absent. Setting c = 1 by rescaling y and cleaning some denominators, we obtain

y=

s3 (s27 s28 − s6 s7 s8 s9 + s5 s7 s29 + s3 s8 s29 − s2 s39 ) 2
u v
s6 s9 − s7 s8
s3 s2 − s6 s27 s8 s9 + s5 s27 s29 + s3 s6 s39 − s2 s7 s39
+ 7 8
uvw + s7 s29 vw2
s6 s9 − s7 s8
s9 (2s27 s28 − 3s6 s7 s8 s9 + s26 s29 + s5 s7 s29 + s3 s8 s29 − s2 s39 ) 2 3 3
+
uw + s9 w .
s6 s9 − s7 s8

(3.40)

Now that we know the form of the sections x, y we can determine the Tate model (3.1)
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by plugging in the solutions (3.38), (3.40) and solving for the Tate coefficients ai . We
note that in order to find a solution we have to reduce the Tate form, which is a degree
six polynomial in u, v, w, in the ideal generated by the original cubic constraint (3.24).
We present the results for the ai in equation (A.2) in the appendix of [34], from which we
immediately calculate the coefficients b2 , b4 and b6 in (3.30). From the Tate model, the
Weierstrass form (3.2) can be obtained by the variable transformation (3.3) that takes the
form of (3.28) as claimed. We readily obtain the functions f and g in the Weierstrass model
and the discriminant.
Next, we focus on finding the rational points Q and R in Weierstrass form. Recalling
that there is an implicit multiplication by a meromorphic function with poles of degree k in
each case, we obtain the coordinates for Q (R) if we look for a section x0 of degree two that
vanishes three times at Q (R). We have to include all elements of H 0 (2M):
x0 := av2 + buv + cw2 + dvw + euw + f˜u2 , .

(3.41)

The new parameter f˜ is fixed by the additional constraint from the vanishing of the coefficient of u2 , while all the other coefficients take the same values as before. Noting that
z ≡ u, we then obtain
!

x0 = x − (s3 s8 − s2 s9 )z2 = 0

(3.42)

at Q which fixes the x-coordinate of Q. After scaling and going to the Weierstrass coordinates we obtain the generator as in (3.31), where the ỹ-coordinate of Q is obtained by
solving (3.29) for ỹ given x̃Q . Following the same procedure for the point R we confirm the
result (3.32).
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3.2.2

Resolved Elliptic Curve in dP2 and its Elliptic Fibrations

In this section we discuss the key geometric properties of the resolution of the elliptic curve
(3.24) in dP2 . To this end we have to take into account the exceptional divisors Ei and their
sections ei , i = 1, 2 that we have set to one in the previous discussion. Then, smoothness of
E is ensured by the toric construction since the curve (3.24) lifts to the generic Calabi-Yau
onefold in dP2 . The smoothness property even holds in elliptic fibrations X with general
fiber given by dP2 , if the most generic toric Calabi-Yau hypersurface is considered. Indeed,
as we discuss explicitly in section 3.3 the divisors E1 , E2 resolve the singularities of the
fibration at codimension two and higher. In particular, this allows us to determine the
matter spectrum in F-theory from the splitting of the elliptic curve in dP2 over codimension
two from the presence of the new projective coordinates ei .
We construct dP2 as follows. We blow up P2 at the two points [u : v : w] = [0 : 1 : 0] and
[u : v : w] = [0 : 0 : 1] by introducing two new projective coordinates e1 , e2 as
u = u0 e1 e2 ,

v = v0 e2 ,

w = w0 e1 .

(3.43)

This is the blow-down map π : dP2 → P2 , where e1 , e2 are holomorphic sections vanishing
at the exceptional divisors E1 , E2 . We see that the original codimension two loci u = w = 0,
respectively, u = v = 0 in P2 are replaced by e1 = 0, respectively, e2 = 0, i.e. by entire
divisors Ei with the geometry of P1 . We summarize the toric realization of dP2 encoded in
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its polytope ∆dP2 and its homogeneous coordinates as
vertices

divisor class

ν1

1

0

u0 H − E1 − E2

ν2

0

1

v0

H − E2

ν3 −1 −1

w0

H − E1

ν4

0 −1

e1

E1

ν5

1

e2

E2

1

.

(3.44)

Here we denote the vertices of ∆dP2 by νi in the first row and write them explicitly as
two-dimensional row-vectors in the second and third column as depicted in the polytope
in figure 3.2. The only integral internal point is the origin. In the third and fourth column
we summarize the homogeneous coordinates on dP2 and their divisor classes, where H is
the pullback of the hyperplane class on P2 and the Ei are the exceptional divisors. This
−1
in particular implies that the anti-canonical bundle KdP
of dP2 , which is computed as the
2
−1
negative of the sum of all toric divisors, has changed to KdP
= O(3H − E1 − E2 ), compared
2

to KP−1
2 = O(3H) before the blow-ups.
We note the intersections in the star triangulation of ∆dP2 with star given by the origin
as
H2 = 1 ,

H · Ei = 0 ,

Ei · E j = −δi j .

(3.45)

Here we made use of the exceptional set, the Stanley-Reissner ideal SR of all vertices not
sharing a two dimensional cone, reading
SR = {u0 v0 , u0 w0 , e1 e2 , e1 v0 , e2 w0 } .

(3.46)

We observe that the polytope of P2 is embedded by the first three points ν1 , ν2 and
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ν3 . The addition of the vertices ν4 , ν5 not only introduces the divisors Ei but also removes
the corners (−1, 2) and (−1, −1) of the dual polytope of P2 , compare figures 3.1 and 3.2.
These corners correspond precisely to the monomials s4 v3 and s10 w3 in P2 , that are no
longer admissible sections of the anti-canonical bundle on dP2 . As one can see by either
looking at dual polytope 3.2 or by writing down all sections of the anti-canonical bundle
O(3H − E1 − E2 ) of dP2 by hand with the charge assignments in (3.44), the generic CalabiYau hypersurface p0 on dP2 reads
p0=u0 (s1 u02 e21 e22 +s2 u0 v0 e1 e22 +s3 v02 e22 +s5 u0 w0 e21 e2 +s6 v0 w0 e1 e2 +s8 w02 e21 )+s7 v02 w0 e2 +s9 v0 w02 e1 .
(3.47)
Now we investigate the pullback under π of the points P, Q and R in (3.26) that we by
abuse of notation denote by the same symbols. We readily infer from the map (3.43) that
the section u ∈ O(P + Q + R) splits into three components as expected and we identify P as
e2 = 0, Q as e1 = 0 and the image of R as Du0 := {u0 = 0}. The value of all coordinates in the
notation [u0 : v0 : w0 : e1 : e2 ] is obtained by inserting these components into the hypersurface
equation (3.47) and setting all coordinates to 1 that do not intersect the component under
consideration due to the exceptional set (3.46). This yields

P : E2 ∩ p0 = [−s9 : s8 : 1 : 1 : 0] ,

Q : E1 ∩ p0 = [−s7 : 1 : s3 : 0 : 1] ,

R : Du0 ∩ p0 = [0 : 1 : 1 : −s7 : s9 ]

(3.48)

for the coordinates of the points P, Q and R on the resolved curve in dP2 .
We emphasize the dependence of the points P, Q, R on the si , in particular the situation
when certain si vanish. Note that it is manifest in the form (3.48), that the points P, Q
and R are ill-defined if si = s j = 0 simultaneously for the combinations (i, j) in (3.48) due
to the Stanley-Reissner ideal (3.46). In particular, when considering elliptic fibrations X̂
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with elliptic fiber given by (3.47) this translates to a special behavior of the corresponding
sections ŝP , ŝQ , ŝR at codimension two loci si = s j = 0. Note that the si lift to sections on
the base B of the fibration X̂, see the next paragraph, and can generically vanish. As we
discuss in detail in the next section 3.3 this behavior is the key to understand the matter
spectrum of an F-theory compactification on X̂.
We would like to conclude by discussing the general construction of an elliptic fibration
X̂ over a base B. For concreteness we focus on fibrations over B = P2 noting that the
following can readily be generalized to different bases. First, we construct all fibrations
of dP2 over P2 . The total space of this fibration of toric varieties is classified only by two
integers, that we denote by n2 and n12 for reasons that will become clear below. We denote
the total space as
dP2 → dP2 (n2 , n12 ) → P2 .

(3.49)

It is clear that the fibration dP2 (n2 , n12 ) is only specified by two integers because we can
associate each projective coordinates u0 , v0 , w0 , e1 , e2 to a different line bundle O(ki HB ),
i = 1, . . . , 5 on P2 , where HB is the hyperplane of the P2 -base. However, by means of the
three C∗ -actions on dP2 we can always eliminate three ki and denote remaining two degrees
as n2 , n12 . Then, a possible assignment is
u0 ∈ O((n2 − 3)HB ) ,

v0 ∈ O((n2 − n12 )HB ) ,

(3.50)

with all other coordinates taking values in the trivial bundle on P2 . Next, we note that the
anti-canonical bundle of dP2 (n2 , n12 ) is calculated by adjunction as
−1
KdP
(n
2

2 ,n12 )

= O(3H − E1 − E2 + (2n2 − n12 )HB ) .

(3.51)

From this and the Calabi-Yau constraint (3.47) we can finally read off the degrees of the
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coefficients si , that now lift to sections of P2 as well:
s1

s2

s3

s5

s6

s7

s8

s9

9 − n2 − n12

6 − n2

3 + n12 − n2

6 − n12

3

n12

3 + n2 − n12

n2

(3.52)

Here the second line denotes the first Chern class or in other words the degree of the section
si with respect to the hyperplane class HB on the base.
Finally, (3.52) illuminates the meaning of the integers n2 and n12 . The sections s7 and
s9 vanish at curves of degree n2 respectively n12 in P2 . But as we see from (3.48) these
are precisely the loci where the points Q and R, now lifted to rational sections ŝQ , ŝR ,
respectively the points P, also lifted to a section ŝP , and R coincide. In other words, these
integers calculate the following intersections, cf. (3.17),

n2 = π(SP · SR ) = SP · SR · HB ,

n12 = π(SQ · SR ) = SQ · SR · HB ,

(3.53)

where we denoted the divisor classes of the sections by capital letters following the conventions of section 3.1.2.

3.3

Matter Spectrum: Codimension Two Singularities

In this section we determine the generic matter spectrum of a six-dimensional F-theory
compactification on the elliptic threefold X̂ over B with the general elliptic fiber E in dP2
found in section 3.2.1. We mostly consider the case B = P2 , although our discussion is
readily generalizable to other geometries.
Determining the matter spectrum requires an analysis of the codimension two singularities of this three-section elliptic fibration8 . We see that the singularity structure that is
8 We

thank Antonella Grassi for helpful discussions on the general study of codimension two singularities
of elliptic fibrations and related properties of the discriminant.
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generic to these fibrations is completely governed by the behavior of the three sections.
This study of the behavior of the sections can be conveniently performed in the Weierstrass
model (3.29) of the elliptic curve E. We determine the charges in three steps in subsections
3.3.1, 3.3.2 and 3.3.3. The multiplicities of matter fields are found in 3.3.4. This analysis
requires a careful counting of the codimension two points since the loci in the base B supporting matter fields of different charges intersect. The right counting requires subtraction
of multiplicities of intersecting loci according to their mutual order of vanishing, which is
determined by the resultant of the polynomial systems determining the intersecting codimension two loci. Since the matter is a codimension two effect, the matter charges we
find immediately carry over to four-dimensional F-theory compactifications on Calabi-Yau
fourfolds. Our analysis extends the methods of [97] to elliptic fibrations with two-section
models.
The following discussion is organized by the three qualitatively different codimension
two singularities that can occur. The codimension two loci of the first two types are readily
found in the Weierstrass model, whereas the third type has to be addressed in the birationally related dP2 -model of section 3.2.2. The three types we distinguish correspond to
the following behavior of the sections:
• Away from the collision of a section ŝ with the zero section z = 0 in the Weierstrass
form, the existence of the section implies the factorization (3.5) of the Weierstrass
form. This factorization makes manifest the presence of conifold singularities in X.
Their resolution leads to matter of charge 1 under the U(1) associated to σ (ŝ). We
discuss the factorized Weierstrass form for the two sections ŝQ , ŝR in section 3.3.1.
• Two rational sections ŝ, ŝ0 both away from the zero section z = 0 can collide and
contribute charge (1, 1)-matter under the two associated U(1)× U(1)-symmetry. This
behavior is discussed in section 3.3.2.
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• A section ŝ can be ill-defined at codimension two. This is easily seen in the dP2 model of section 3.2.2. The section ŝ is ill-defined if its corresponding point (3.48)
in the fiber passes through the Stanley-Reissner ideal (3.46) of dP2 . This happens at
codimension two loci si = s j = 0 and we have to blow-up the base B at these loci. Our
discussion in section 3.3.3 is organized according to which of these combinations
vanish. Then the section wraps a P1 fiber component, which is precisely the toric
divisor in dP2 corresponding to the ray that subdivides the 2d-cone corresponding to
the two coordinates in the Stanley-Reissner ideal (3.46) .
All these singularities have in common that their resolved fiber is of I2 -type, i.e. an
SU(2)-fiber with the original singular curve and one isolated P1 . The matter hypermultiplets in six dimensions arise from the isolated rational curve P1 at the resolved codimension
two singularities of the Calabi-Yau manifold. The intersection structure of the resolved
fibers with the sections ŝP , ŝQ , ŝR determines the pattern of U(1)-charges of the matter. The
multiplicities of matter fields is computed by counting the number of solutions to the codimension two constraints as demonstrated in section 3.3.4. We summarize our findings in
table 3.1.
(q1 , q2 )

Multiplicity

(1, 0)
(0, 1)
(1, 1)
(−1, 1)
(0, 2)
(−1, −2)

54 − 15n2 + n22 + (12 + n2 ) n12 − 2n212

54 + 2 6n2 − n22 + 6n12 − n212
54 + 12n2 − 2n22 + (n2 − 15) n12 + n212
n12 (3 − n2 + n12 )
n2 n12
n2 (3 + n2 − n12 )

Table 3.1: Matter spectrum with U(1)×U(1)-charges (q1 , q2 ) in the first and multiplicities
in the second column. The integers n2 , n12 are defined in (3.53).

We begin our analysis by summarizing the basics of the construction of a (singular)
elliptic fibration X over B = P2 in Weierstrass form (3.2). We follow the general discussion
45

of section 3.1.2. The Weierstrass form of X is considered as the Calabi-Yau hypersurface
in the total space of projective bundle P2 (OB ⊕ L2 ⊕ L3 ) with coordinates [z : x : y]9 . By
the Calabi-Yau condition we identify L = KB−1 = OP2 (3) as the anti-canonical bundle and
OB = OP2 (0) as the trivial line bundle on P2 . The parameters f and g in (3.2) lift to
sections of OP2 (12) and OP2 (18). The zero section is located at [z : x : y] = [0 : 1 : 1]. The
two Mordell-Weil generators (3.31) and (3.32) are of the form

ŝ :

[x, y, z] = [g2n+6 , g3n+9 , gn ] ,

(3.54)

where the subscript indicates the degree of the polynomials on P2 . The intersection of the
section ŝ with the zero section z = 0 in the Weierstrass model is the integer n, and we denote
it by n1 , n2 for the sections ŝQ and ŝR respectively10 . The intersection of ŝQ , ŝR is denoted
as n12 , cf. (3.53).

3.3.1

Factorized Weierstrass Form: charges (1, 0) and (0, 1)

Charge one loci occur when the singular point of the degenerated fiber coincides with the
point marked by a section ŝ, see figure 3.3. This ensures, that on the resolution the exceptional P1 in the fiber intersects the section ŝ and render the hypermultiplet charged under
the U(1) corresponding to ŝ. In our case, each of the sections ŝQ , ŝR can pass separately
through the singular point and its resolving P1 , thus, giving rise to matter of charge (1, 0)
respectively (0, 1) under U(1)×U(1). See section 3.3.2 for the case when both sections go
through the singular point simultaneously.
We begin by spelling out the general strategy for the identification of these loci and
specialize to ŝQ , ŝR below. We emphasize that the structure of the Weierstrass model of the
fibration X with fiber E with two sections implies a particular factorization. This facilitates
9 In
10 n
1

contrast to section 3.1, we denote here the coordinates in Weierstrass form by (x, y) ≡ (x̃, ỹ).
= 0 in our class of models.
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Figure 3.3: On the left it is shown a regular fiber with rational sections at generic points.
In the center, a singular fiber is displayed with a section crossing the singularity where
charged matter sits. On the right, the curve is shown after resolution. The isolated curve
gives rise to an hypermultiplet charged under the corresponding Abelian gauge field.
the search for codimension two singularities in the fiber in X that coincide with the point
marked by the section ŝ. As we have seen in section 3.1.1 the presence of a rational point
on E with z = 1 implies the factorization (3.5). Noting the form (3.54) of a section in
Weierstrass form, we expect this factorization where gn 6= 0. Indeed, the C∗ -action on
[x : y : z] then allows us to cast the Mordell-Weil (MW) generator (3.54) as

ŝ : [x, y, z] = [g6 , g9 , 1] ,

where we set g6 =

g6+2n
, g9
g2n

=

g9+3n
.
g3n

(3.55)

Then, the Weierstrass model factors in the form

p1 := −(y2 − g29 ) + (x − g6 )(x2 + g6 x + g12 ) = 0 ,

(3.56)

with appropriate g12 , cf. (3.6).
This is a singular Weierstrass model with singularities located at the points satisfying
p1 = d p1 = 0, where d denotes the exterior derivative. The solutions to these equations are

y = 0,

x = g6 ,

g9 = 0 ,

ĝ12 = g12 + 2g26 = 0 .

(3.57)

We readily confirm that the discriminant (3.6) vanishes quadratically at g9 = ĝ12 = 0. The
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singularities are conifold singularities11 that are resolved by the birational transformation
(3.28). The original singularity at y = (x − g6 ) = 0 is replaced by a rational curve P1
and the whole fiber factors into two rational curves intersecting at two points, i.e. an I2 curve. The original singular fiber is identified as the rational curve intersected by the zero
section ŝP . Then the other curve has to be the isolated exceptional P1 . We can confirm this
identification by using the birational transformation to the Weierstrass form (3.56) and by
checking explicitly which curve is mapped to the singular point (3.57) at y = (x − g6 ) = 0.
Let us study this explicitly for the two sections ŝQ , ŝR of X.
Factorization at the ŝQ section
The MW-generator of this section has been worked out in equation (3.31). In this case,
the section is located at z = 1 and therefore z 6= 0 globally. The Weierstrass equation thus
factorizes with

 4
−s6 + 4s26 (2s5 s7 + 5s3 s8 + 2s2 s9 ) − 36s6 (s2 s7 s8 + s3 s5 s9 + s1 s7 s9 ) (3.58)

− 8(2s25 s27 − s23 s28 + s2 s3 s8 s9 + 2s22 s29 + s5 s7 (s3 s8 − 5s2 s9 ) − 9s1 (s27 s8 + s3 s29 ))

g12 =

1
72

and the singular loci (3.57) at codimension two are given by
1
!
(s3 s6 s8 − s2 s7 s8 − s3 s5 s9 + s1 s7 s9 ) = 0 ,
2
1 2 2
=
(2s s + s7 (−s2 s6 s8 + 2s1 s7 s8 + 2s2 s5 s9 − s1 s6 s9 )
2 3 8

gQ
9 =
ĝQ
12

!

+ s3 (s26 s8 − 2s5 s7 s8 − s5 s6 s9 − 2s2 s8 s9 + 2s1 s29 ) = 0 .

(3.59)

(3.60)

We can use these two constraints to solve for any two coefficients si , s j , as long as the
solutions are rational. Plugging these solutions into the resolved elliptic fiber (3.24) reveals
11 In

the case that gn = 1 these are the 108 points in the T0 theory found in [97].
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its I2 nature. In fact, solving and replacing s1 and s2 yields a split of the fiber class as
E = c1 + c2 for two rational curves c1 , c2 . The equations of the rational curves read

c1 :

s3 u + s7 w = 0 ,

(3.61)

c2 :

s5 s7 u2 − s3 s8 u2 + s6 s7 uv − s3 s9 uv + s27 v2 + s7 s8 uw + s7 s9 vw = 0 ,

(3.62)

from which it is clear that the curve c2 intersects the zero section, ŝP = [u = 0 : v = 0 : w = 1]
and the rational section ŝR = [u = 0 : v = s9 : w = −s7 ]. Thus c2 is identified with the
original singular fiber, which is also confirmed by the fact that it maps to the original
singular curve (3.56) by the birational map (3.28). The curve c1 does not intersect ŝP nor ŝR
and is the isolated rational curve, see figure 3.3 for a depiction of this situation. This is also
confirmed by noting that c1 is blown-down to the singular point (3.57) by the map (3.28). It
thus gives rise to a massless hypermultiplet. Since c1 clearly intersects the rational section
ŝQ = [u = 0 : v = 1 : w = 0] once, the hypermultiplet, according to (3.20) in the absence
of Cartan divisors DiI , has U(1)×U(1)-charges (q1 , q2 ) = (1, 0) as claimed. We note that
we could have performed the same analysis on the resolved geometry (3.47) with the same
result.

Factorization at the ŝR section
The coordinates of this section in Weierstrass form are given in (3.32). We have to take
into account that the z-coordinate of the section reads z = s9 and can vanish. When it is
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non-zero, the Weierstrass equation factorizes as (3.56) along the loci

gR9+3n2 =

1 3 3
[2s s + s3 s39 (−s6 s8 + s5 s9 ) + s27 s8 s9 (−3s6 s8 + 2s5 s9 )
2 7 8
!

(3.63)
+ s7 s29 (s26 s8 + 2s3 s28 − s5 s6 s9 − s2 s8 s9 + s1 s29 )] = 0 ,
1 4 4
ĝR12+4n2 =
6s7 s8 + 4s37 s28 s9 (2s5 s9 − 3s6 s8 ) + s3 s49 (s26 s8 + 2s3 s28 − s5 s6 s9 − 2s2 s8 s9 + 2s1 s29 )
2
− s7 s39 (s36 s8 − s5 s26 s9 + 2s5 s9 (−3s3 s8 + s2 s9 ) + s6 (8s3 s28 + s9 (−3s2 s8 + s1 s9 )))
!

+ s27 s29 (7s26 s28 − 8s5 s6 s8 s9 + 2(4s3 s38 + s9 (−2s2 s28 + s25 s9 + s1 s8 s9 ))) ] = 0 .

(3.64)

We find the rational solutions of these equations for s1 and s2 . By plugging this into (3.24),
we see that the fiber again splits into E = c1 + c2 with

c1 :

− s3 s29 u + s27 (−s8 u + s9 v) + s7 s9 (s6 u + s9 w) = 0 ,

c2 : s27 s28 u2 + s3 s29 u(s8 u + s9 v) + s7 s9 (−s6 s8 u2 + s9 (s5 u2 + s8 uw + s9 vw)) = 0 .

(3.65)
(3.66)

The curve c2 intersects the zero section, ŝP and also ŝQ , but not ŝR . It is the original singular
fiber as can also be checked using the birational map (3.28). The curve c1 intersects the
rational section ŝR at one point but does not intersect ŝP and ŝQ . It is blown-down to the
singular point (3.57) in the birational map (3.28). Thus it is an isolated rational curve and
contributes a hypermultiplet of charges (q1 , q2 ) = (0, 1) according to (3.20).

3.3.2

Doubly-Factorized Weierstrass Form: charge (1, 1)

Hypermultiplets charged under both sections can and should exist, both from a geometric
point of view and for anomaly cancellation, see section 3.4. Their location in the base
can be found by determining singular points of the elliptic fiber E due to a factorization
(3.56) of the Weierstrass form, where in addition both sections ŝQ , ŝR coincide. As we will
demonstrate next, this indeed is a codimension two phenomenon.
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From the perspective of the dP2 fiber, the collision of the two sections happens when
s7 = 0. In the Weierstrass form there are even more loci, where the two sections collide
and at which the Weierstrass model becomes automatically singular. We first summarize
the structure that we find at these loci, before going into specifics. In the appropriate patch,
z = s9 , we first require the coincidence condition ŝQ = ŝR , that reads
R
s29 gQ
6 − g6+2n2 = 0 .

(3.67)

R
If this is true, then also s39 gQ
9 = g9+3n2 because the y-coordinates of the sections ŝQ , ŝR have

been determined in section 3.2.1 by plugging in the x- and z-coordinates into the Weierstrass
R
3 Q
R
form and solving for y. But since s29 xQ := s29 gQ
6 = g6+2n2 =: xR , the equality s9 g9 = g9+3n2

is automatic. For the loci under consideration, it requires only a single further constraint to
make the Weierstrass model singular, which reads
!

R
g9 := s39 gQ
9 = g9+3n2 = 0 .

(3.68)

These two conditions (3.67) and (3.68) bring the Weierstrass equation (3.56), using the
R
notation g6 ≡ s29 gQ
6 = g6+2n2 , into the form

y2 = (x − g6 )2 (x − f6 ) ,

(3.69)

for f6 = −2g6 , where the double zero at x = g6 , y = 0 is manifest. We note that the polyno4 R
mial ĝQ
12+4n2 = s9 ĝ12 = 0 in (3.59) respectively (3.63) and we see that fiber is automatically

singular if the sections coincide and g9 = 0. Here we denote the third root in x by f6 ,
however the fiber is smooth x = f6 .
In our concrete situation, the difference between the polynomials can be read off from
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(3.31) and (3.32) and takes the form
R
2
δ g6 := s29 gQ
6 − g6+2n2 = 0 = s7 (s7 s8 + s9 (−s6 s8 + s5 s9 )) .

(3.70)

We see that s7 = 0 is a solution as expected, but also the vanishing of the polynomial in
parenthesis makes the sections collide. In the first case, s7 = 0, the fiber becomes singular
iff in addition either s3 = 0 or s9 = 0. However, these cases have to be treated differently,
as discussed in section 3.3.3, because the rational sections are ill-defined at these loci.
Thus, we assume s7 6= 0 in the following and explore the second possibility, the vanishing
of the expression in the parenthesis in (3.70). By solving δ g6 = 0 we see explicitly that
R
g9 ≡ s39 gQ
9 = g9+3n2 now take the same form. Solving δ g6 = 0 e.g. for s6 we determine

g9 = 21 s7 s29 (s3 s28 − s2 s8 s9 + s1 s29 ) .

(3.71)

Noting that s9 6= 0 by assumption, we drop now the coefficients of s7 and s9 in front of δ g6
and g9 . Then the codimension two loci for matter read
δ g06 := s7 s28 + s9 (−s6 s8 + s5 s9 ) = 0,

g09 := s3 s28 − s2 s8 s9 + s1 s29 = 0 .

(3.72)

To check the order of vanishing of the discriminant along the codimension two locus we
consider a small neighborhood around (3.67) and (3.68) defined as
δ g06 = ε ,

g09 = ε ,

s9 6= 0 ,

s7 6= 0 .

(3.73)

for a small ε > 0. Again by solving for two of the si coefficients we see that the discriminant
factors as
∆ = ε 2 ∆0 ,
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(3.74)

R
with ∆0 6= 0 in the limit ε → 0, which is equivalent to the observation ĝQ
12 ∼ ĝ12+4n2 = 0

if (3.73) is obeyed. This is an indication for an I2 singularity at ε = 0. Indeed, by solving
the conditions (3.73) for s3 and s6 and by plugging back into (3.24) on the resolution, we
obtain a split of the elliptic curve as E = c1 + c2 with

c1 :

s8 u + s9 v = 0 .

c2 :

s1 s8 s9 u2 + s2 s8 s9 uv − s1 s29 uv + s5 s8 s9 uw + s7 s28 vw + s28 s9 w2 = 0 . (3.76)

(3.75)

From this we see that the zero section ŝP = [0 : 0 : 1] intersects c1 at a point and does not
intersect c2 , while the other two sections, ŝQ = [0 : 1 : 0] and ŝR = [0 : s9 , −s7 ], intersect
c2 at a point but not c1 . This implies as before that the curve c1 is the proper transform
of the original singular curve under the birational map (3.28) while the curve c2 is blown
down to a point. It is the isolated rational curve and contributes a hypermultiplet of charges
(q1 , q2 ) = (1, 1) according to (3.20).

3.3.3

Singular Rational Sections: charges (-1, 1), (-1, -2), (0, 2)

There is another way of looking for singularities of the elliptic fibration, that contribute
charged matter in F-theory, which is the third type mentioned at the beginning of this section. Qualitatively, the strategy is as follows. For non-trivial sections s9 and s7 over B, the
section ŝR = [0 : −s9 : s7 ] can ’move’ on the fiber E when varying the point on the base B.
This implies that there are loci in B where two or more sections intersect in the fiber E. This
is achieved when s7 = 0 or s9 = 0 as can be seen from (3.26) in the P2 -model for E, see
figure 3.4. Plugging this ansatz into the discriminant ∆ admits a factorization. The results
of this analysis, that are precisely the loci not discussed in section 3.3.2, are summarized in
table 3.2.
We emphasize that at each of these loci one section ŝP , ŝQ , ŝR is ill-defined. This can be
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Figure 3.4: Fibers where two out of the three sections collide. The intersections occur when
s7 or/and s9 vanish on the base B.
Locus
s3 = s7 = 0
s7 = s9 = 0
s8 = s9 = 0

Isolated Curve
e1 = 0
u=0
c2

Charge (U(1)Q ,U(1)R )
(−1, 1)
(0, 2)
(−1, −2)

Table 3.2: Codimension two loci with singular behavior of the sections. The identifications
of the isolated curves are explained in (3.80), (3.83) and (3.87).
seen most easily on the resolved model of the elliptic curve E in dP2 introduced in section
3.2.2. For the convenience of the reader we recall the relevant properties of the resolved
geometry. After resolutions along u = w = 0 and u = v = 0 the sections take the values

ŝP = [−s9 : s8 : 1 : 1 : 0] ,

ŝQ = [−s7 : 1 : s3 : 0 : 1] ,

ŝR = [0 : 1 : 1 : −s7 : s9 ] , (3.77)

cf. (3.48). We also recall the Stanley-Reissner ideal, of the resolution12

SR = {uv, uw, e1 e2 , e1 v, e2 w} .

(3.78)

Indeed, at each locus in table 3.2 one of the sections (3.77) is ill-defined since it passes
through the Stanley-Reissner ideal (3.78). This requires additional blow-ups in the base
πB : B̂ → B as advertised in section 3.1.2 precisely along the loci where the sections are not
12 In

the following we denote the coordinates on dP2 as [u : v : w : e1 : e2 ] in contrast to section 3.2.2.
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well-defined. We emphasize that this implies that the birational map (3.28) is not enough
to completely understand and resolve the fibration X, in contrast to the codimension two
loci discussed in sections 3.3.1 and 3.3.2.
To understand what is happening when one of the sections ŝP , ŝQ , ŝR , collectively denoted as ŝ for the following paragraph, is singular, we first look at the sections at a location
in the base where the fiber is not singular. In this case, after performing the blowups in the
ambient space to dP2 , the exceptional P1 ’s intersect the Calabi-Yau polynomial at exactly
one point in the fiber with coordinates shown in (3.77). At any of the loci of table 3.2,
when two coefficients, si and s j vanish simultaneously, the two coordinates of the exceptional P1 vanish simultaneously and the coordinates stop making sense. This is another
way of saying that the section passes through the Stanley-Reissner ideal (3.78). To resolve
this problem we blow up the base at this locus by introducing coordinates [`1 : `2 ] ∈ P1 and
writing
`1 si − `2 s j = 0 .

(3.79)

The coordinates (3.77) of the section ŝ will be now given by the point [s j : si ] = [`1 : `2 ] in
P1 . When the two coordinates vanish simultaneously, si = s j = 0, the values of `1 and `2
in (3.79) become unrestricted and we obtain the entire P1 in the fiber.
Another way of seeing this is to notice that the section ŝ takes different values at the
singular locus si = s j = 0 depending on the direction (parametrized by [`1 : `2 ]) at which
we approach the locus in the base. Coming in all possible directions makes the section take
all possible values at the same locus: the section becomes the entire P1 of slopes.
Now that we understand that the sections can become entire P1 ’s, we demonstrate the
factorization of the equation (3.47) into two rational curves along all codimension two loci
in table 3.2. We discuss these loci successively and refer to figure 3.5 to keep track of
which of the three sections wraps a P1 in the resolved fiber.
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Figure 3.5: How the fiber degenerates at the three loci (-1,1), (0,2) and (-1,-2) respectively.
Singularity of ŝQ & blow-up at s3 = s7 = 0: charge (−1, 1)
As can be seen from (3.77) at the loci s3 = s7 = 0 the section ŝQ passes through the ideal
(3.78) and is ill-defined. It has to be blown-up and wraps an entire P1 -component of the
fiber, which is given by the divisor E1 := {e1 = 0} in dP2 . In addition, the polynomial
(3.47) factorizes into two rational curves, i.e. E = c1 + c2 , reading

c1 :

e1 = 0 ,

c2 :

s1 e1 e22 u3 + s2 e22 u2 v + s5 e1 e2 u2 w + s6 e2 uvw + s8 e1 uw2 + s9 vw2 = 0 . (3.81)

(3.80)

We notice using (3.77), (3.78) and the toric intersections (3.45) on dP2 the intersections of
the rational sections with the two curves as

SP · c1 = 0 ,

SP · c2 = 1 ,

SQ · c1 = −1 ,

SQ · c2 = 0 ,

SR · c1 = 1 ,

SR · c2 = 0 , (3.82)

where we denoted the homology classes of the sections by capital letters S• as before. Here
we note that the last two intersections follow, besides from the toric intersections (3.45),
also from the defining property of a section, 1 = SR ·E = SR · (c1 +c2 ), which with SR ·c2 = 0
immediately yields SR · c1 = 1.
We note that the intersections (3.82) imply that c2 is the original singular curve since
it intersects the zero section ŝP and c1 is the exceptional P1 contributing a hypermultiplet.
Thus it follows from (3.20) that the U(1)Q ×U(1)R -charges are (q1 , q2 ) = (−1, 1).
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Singularity of ŝR & blow-up at s7 = s9 = 0: charge (0, 2)
Proceeding in a similar way as before we see that the section ŝR is blown up in a P1 , which
we identify with the toric divisor Du := {u = 0} in dP2 . Furthermore, the polynomial (3.47)
factorizes at s7 = s9 = 0 into two rational curves given by

c1 :

u = 0,

c2 :

s1 e21 e22 u2 + s2 e1 e22 uv + s3 e22 v2 + s5 e21 e2 uw + s6 e1 e2 vw + s8 e21 w2 = 0 . (3.84)

(3.83)

The intersections of the sections are evaluated as before employing (3.77), (3.78) and the
toric intersections (3.45) on dP2 as

SP · c1 = 1 ,

SP · c2 = 0 ,

SQ · c1 = 1 ,

SQ · c2 = 0 ,

SR · c1 = −1 ,

SR · c2 = 2 . (3.85)

Here we have determined the intersections of SR by noting that due to the blow-up in the
base at s7 = s9 = 0, cf. (3.77), it wraps the entire P1 corresponding to the ray subdividing
the cone formed e1 , e2 . As we see by recalling figure 3.2 this is nothing else but the toric
divisor with Du section u. This then implies that SP · c2 = 2 because the equation for c2 has
two solutions with u = 0. From the defining property 1 = SP · E = SP · (c1 + c2 ) = SP · c1 + 2
we infer SP · c1 = −1 as claimed in (3.85).
From the location of the zero section we infer that c1 is the original singular fiber
and c2 the isolated rational curve contributing a hypermultiplet. Its charges are calculated
employing (3.20) as (q1 , q2 ) = (0, 2).
Singularity of ŝP & blow-up at s8 = s9 = 0: charge (−1, −2)
At this locus, the zero section ŝP is ill-defined and is blown up into a rational fiber component. It is identified with the toric divisor E2 := {e2 = 0} in dP2 . The constraint (3.47) of
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the elliptic curve implies a split E = c1 + c2 at these loci with

c1 :

e2 = 0 ,

c2 :

s1 e21 e2 u3 + s2 e1 e2 u2 v + s3 e2 uv2 + s5 e21 u2 w + s6 e1 uvw + s7 v2 w = 0 . (3.87)

(3.86)

As before the intersections of the sections are computed from (3.77), (3.78) and the toric
intersections (3.45) on dP2 as

SP · c1 = −1 ,

SP · c2 = 2 ,

SQ · c1 = 0 ,

SQ · c2 = 1 ,

SR · c1 = 1 ,

SR · c2 = 0 , (3.88)

where the intersection SP · c2 = 2 can be obtained by setting e2 = 0 in (3.87). Alternatively,
it can also be calculated using 1 = SP · E = SP · (c1 + c2 ) = −1 + SP · c2 .
Here we have used that the blow-up in the base along s8 = s9 = 0 has blown-up the zero
section with coordinates (3.77) into E2 , which is the toric divisor of the ray subdividing
the cone spanned by u and v. The curve c1 is part of the zero section c1 , thus it is the
original singular fiber, whereas c2 maps to the singular point of the original fiber. Thus c2
is the isolated curve and it contributes according to (3.20) a hypermultiplet of total charge
(q1 , q2 ) = (−1, −2). We note that this locus is special in the sense that it supports the
only matter multiplet where the second term in (3.20) contributes to the charge due to the
ill-defined zero section ŝP .

3.3.4

Calculating Matter Multiplicities

Now that we have determined the full matter representations and their codimension two
loci in the base B, we can count their multiplicities. The main complication that arises in
these calculations is due to the intersection of different codimension two loci. In order to
avoid double-counting we thus have to appropriately subtract the number of intersection
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points of a codimension two loci under consideration with other codimension two loci.
For this analysis, we first have to recall the counting of the multiplicity of a root in a
system of two polynomials with two independent variables. Given two polynomials

f (x, y) = 0,

g(x, y) = 0,

(3.89)

we define

h(y) := Resx ( f , g)

(3.90)

as the resultant of f , g with respect to x. The degree of a root (x0 , y0 ) of (3.89) is given by
the multiplicity of y0 as a zero of h(y)13 .
Now that we know how to count roots of a polynomial system, the strategy is simple:
take the degrees of the polynomials for the codimension two loci we are interested, multiply them and then subtract all intersecting loci we are not interested in with the appropriate
multiplicity. As a warm up and a demonstration of this technique we rederive the multiplicity of the charge one loci of the elliptic fibration over P2 with elliptic fiber Bl(0,1,0) P1,1,2
considered in [97].
Example: Charge one multiplicity of the Bl(0,1,0) P2 (1, 1, 2) model
The loci of the charge one hypermultiplets were given in equations (5.64) of [97]

3
f3+n
− 3 f6 f3+n b2n + b4n f9−n = 0 ,
4
2
− 6 f6 f3+n
b2n + 9 f62 b4n − f12−2n b6n = 0 ,
f3+n
13 The

(3.91)

degree can also be defined with respect to the variable x, however, yielding the same multiplicity.
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with bn 6= 0 and f3+n 6= 0 because those were identified as the charge two loci. We see that
f3+n = bn = 0 obviously solves the system.
Viewing now the equations (3.91) as polynomials in the variables f3+n and bn , the
resultant with respect to the variable f3+n is given by
4
2
2
2
2 3
h(bn ) = b16
n (bn f 12−2n − 9 f 12−2n f 6 + 6 f 12−2n f 6 f 9−n − f 9−n ),

(3.92)

from where it can be seen that f3+n = bn = 0 is a root of degree 16 of the system (3.91).
Now we can calculate the multiplicity of the charge one hypermultiplets. The degrees
of (3.91) are (9 + 3n) and (12 + 4n) respectively and there are n(3 + n) roots we are not
interested in and that have to be subtracted, each of which of degree 16. Thus we obtain

(9 + 3n)(12 + 4n) − 16n(3 + n) = 4(9 − n)(3 + n)

(3.93)

charge one hypermultiplets.

Matter multiplicities of the dP2 model
In this subsection we will finally apply the resultant technique to determine the multiplicity of all six codimension two matter loci found in sections 3.3.1, 3.3.2 and 3.3.3. We
denote the multiplicities by the same variables xi , i = 1, . . . , 6, as in (3.104) to facilitate a
straightforward comparison with results from anomaly cancellation.
The basis of our analysis are the degrees of the coefficients si calculated in (3.52) for the
base B = P2 . Let us recall that the degree of s9 is equal to the intersection number n2 of the
zero section ŝP and the section ŝR and the degree n12 of s7 equals the intersection number
of ŝQ and ŝR , cf. (3.53). With these degrees, the multiplicities of the hypermultiplets of
section 3.3.3 are straightforward: they are simply the multiplication of the degrees of the
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two coefficient that vanish, see table 3.3. For the other hypermultiplets we have to work a
little more.
Locus
s3 = s7 = 0
s7 = s9 = 0
s8 = s9 = 0

Charge (U(1)Q ,U(1)R )
(−1, 1)
(0, 2)
(−1, −2)

Multiplicity
x4 = (3 − n2 + n12 )n12
x5 = n12 n2
x6 = (3 + n2 − n12 )n2

Table 3.3: Matter multiplicities.

Charge (1,1)
The charge (1, 1) hypermultiplets are located at the roots of equations (3.72), that we recall
for convenience of the reader as
!

δ g06 = s7 s28 + s9 (−s6 s8 + s5 s9 ) = 0 ,

!

g09 = s3 s28 − s2 s8 s9 + s1 s29 = 0 .

They have degrees
deg(δ g06 ) = n12 + 2(3 + n2 − n12 ) = 6 + 2n2 − n12 ,
deg(g09 ) = (3 − n2 + n12 ) + 2(3 + n2 − n12 ) = 9 + n2 − n12 .

(3.94)

The loci s8 = s9 = 0 are obviously roots of these equations. The degree of this root is
four as we see by working out the resultant of these constraints with respect to s8 and s9 .
No other codimension two loci satisfy the equations (3.94). Thus, the multiplicity of the
hypermultiplets with charges (1, 1) is

x3 = (6+2n2 −n12 )(9+n2 −n12 )−4n2 (3+n2 −n12 ) = 54+12n2 −2n22 +(n2 −15)n12 +n212
(3.95)
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Charge (1,0)
We proceed with the calculation of the multiplicity of charge (1, 0) hypermultiplets. The
constraints of the corresponding codimension two loci is given by equation (3.59), that
takes the schematic form
gQ
9 = 0,

ĝQ
12 = 0 .

(3.96)

Recalling table 3.2 we notice that all hypermultiplets with charges (1, 1), (−1, 1) and
(−1, −2) satisfy these equations. The multiplicity is calculated from the resultant as one
in each case. Thus, the multiplicity of the loci supporting charge (1, 0) hypermultiplets is
then

x1 = 108 − (54 + 12n2 − 2n22 + (n2 − 15)n12 + n212 ) − n12 (3 − n2 + n12 ) − n2 (3 + n2 − n12 )
= 54 − 15n2 + n22 + 12n12 + n2 n12 − 2n212 .

(3.97)

Charge (0,1)
The defining equations for the loci supporting these hypermultiplets are given by the equations in (3.63), that schematically read as

gR9+3n2 = 0 ,

ĝR12+4n2 = 0 .

(3.98)

Again by looking at table 3.2 we see that all hypermultiplets with charge (1, 1), (−1, 1),
(0, 2) and (−1, −2) satisfy the equations with multiplicities. Their multiplicities are 1, 1, 16
and 16, respectively, and by subtracting from the degree of (3.98) we obtain the multiplicity
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as

x2 = (9 + 3n2 )(12 + 4n2 ) − x3 − x4 − 16x5 − 16x6
= 54 + 12n2 − 2n22 + 12n12 − 2n212 .

3.4

(3.99)

Anomaly Cancellation: a Consistency Check

In this section we check the consistency of the matter spectrum determined in the previous
section via constraints arising from anomaly cancellation. We demonstrate that anomaly
cancellation allows us to classify all F-theory compactifications with base B = P2 and the
two section elliptic fiber determined in section 3.2.1. This confirms the geometric analysis
of the previous section that has led to determination of the charges of matter fields. We also
see that the computed multiplicities agree with the ones predicted by anomaly cancellation.
This analysis ensure a consistent low-energy theory of F-theory in six dimensions with two
Abelian gauge fields.
Anomaly cancellation in six-dimensional F-theory vacua, based on general results on
6d anomaly cancellation [45, 66], has been discussed in [105, 97], whose notations and
conventions we follow here. See also the analysis in [31] of anomaly cancellation in four
dimensional F-theory compactifications. We note that the following discussion holds more
generally for any Abelian gauge theory.
We are interested in anomaly cancellation in an Abelian gauge theory with matter arising from F-theory compactifications. In this case, there are only the purely gravitational
anomaly, the mixed Abelian-gravitational and the pure Abelian gauge anomalies. We assume that there are H hypermultiplets, T tensor multiplets and V vector multiplets. The
gauge and mixed anomalies induced by the six-dimensional charged matter in hypermultiplets have to be canceled by a classical effect, the generalized Green-Schwarz mecha-
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nism [107]. These cancellation conditions are the anomaly equations. The mixed Abeliangravitational, purely Abelian and purely gravitational anomaly equations read

KB · bmn = −
bmn · bkl + bmk · bnl + bml · bnk =

1
xqm ,qn qm qn ,
6∑
q

∑ xqm,qn,qk ,ql qmqnqk ql ,
q

273 = H −V + 29T ,

KB · KB = 9 − T .

(3.100)

Here we have labeled the r U(1)-fields in our theory by Am , where r denotes the rank of the
Mordell-Weil group of the Calabi-Yau threefold X. On the right hand side of (3.100), the
sum runs over all hypermultiplets with charge vector q = (q1 , . . . , qr ). The integers xqm ,qn
respectively xqm ,qn ,qk ,ql denote the number of hypermultiplets with charges (qm , qn ) under
U(1)m ×U(1)n respectively charges (qm , qn , qk , ql ) under U(1)m ×U(1)n ×U(1)k ×U(1)l .
The left hand side of (3.100) is to be evaluated in the cohomology of the base B of the
fibration. KB denotes the canonical class of B, · is the intersection pairing on B and the
expressions bmn are defined as the curves

bmn = −π(σ (ŝm )· σ (ŝn ))
= −π(Sm · Sn ) − [KB ] + π(Sm · SP ) + π(Sn · SP ) .

(3.101)

We recall that Sm denotes the divisors class of a section ŝm and the homology class SP of
the zero section ŝP . Here the first line has been evaluated employing (3.16) in the presence
of only Abelian gauge fields. We note that the pure gravitational anomaly even without
further specification of the spectrum puts an upper bound on a theory with T = 0, which is
the case for B = P2 , as

∑ N f ≤ 275 .
f
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(3.102)

We now analyze the anomaly constraints (3.100) for the F-theory compactification on
the elliptic fibration over P2 with two U(1) gauge fields and the matter content determined
in section 3.3. We see that anomaly cancellation fixes the possible matter multiplicities in
terms of two integers. We first evaluate the anomaly coefficients bmn in (3.100). In the case
of P2 as the base, there is only one element generating H2 (B), the hyperplane class HB . The
anti-canonical line bundle is KP2 = −3HB . Then the coefficients are just numbers, namely
the coefficients of HB , and evaluated to

bkl =





2(nk + 3),

k=l

(3.103)


 3 + nk + nl − nkl , k 6= l,
where we defined nkl = π(Sk · Sl ) and nk = π(Sk · B). In addition, we have employed the
second relation in (3.11) to replace π(Sk · Sk ) = (Sk · Sk · HB )HB = K = 3HB . Then, we
evaluate the right hand side of (3.100) using the spectrum found in section 3.3 with arbitrary
multiplicities xi assigned as
(q1 , q2 )

(1, 0)

(0, 1)

(1, 1)

(−1, 1)

(0, 2)

(−1, −2)

multiplicity

x1

x2

x3

x4

x5

x6

(3.104)

Upon inserting this into the anomaly constraints (3.100) for two sections S1 ≡ SQ , S2 ≡ SR
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and the zero section SP we obtain a set of linear equations for the xi reading
36(3 + n1 ) = 12(3 + n1 )2 = x1 + x3 + x4 + x6 ,
18(3 + n1 − n12 + n2 ) = 6(3 + n1 )(3 + n1 − n12 + n2 ) = x3 − x4 + 2x6 ,
12(3 + n2 )2 = x2 + x3 + x4 + 16x5 + 16x6 ,
6(3 + n2 )(3 + n1 − n12 + n2 ) = x3 − x4 + 8x6 ,
36(3 + n2 ) = x2 + x3 + x4 + 4x5 + 4x6 ,
4(3 + n1 )(3 + n2 ) + 2(3 + n1 − n12 + n2 )2 = x3 + x4 + 4x6 .

(3.105)

We see that the first equation in this system immediately requires n1 = π(SQ · SP ) = 0.
This nicely agrees with the finding of (3.31) respectively (3.48) that the section SQ does not
intersect the zero section SP . The solutions of (3.105) then take the form
x1 = 54 − 15n2 + n22 + (12 + n2 ) n12 − 2n212 ,

x2 = 54 + 2 6n2 − n22 + 6n12 − n212 ,

x4 = n12 (3 − n2 + n12 ) ,

x3 = 54 + 12n2 − 2n22 + (n2 − 15) n12 + n212 ,

x6 = n2 (3 + n2 − n12 ) .(3.106)

x5 = n2 n12 ,

This provides a full classification of the possible matter multiplicities with two U(1)-gauge
fields in terms of the intersections

n2 = π(SQ · SP ) ,

n12 = π(SQ · SR )

(3.107)

of the two sections SQ , SR and of SP introduced in (3.17). It is satisfying that the matter
multiplicities found in section 3.3.4 are reproduced by (3.106).
We conclude by evaluating two special cases. First we consider n2 = n12 = 0 where we
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obtain
(q1 , q2 )

(1, 0)

(0, 1)

(1, 1)

(−1, 1)

(0, 2)

(−1, −2)

multiplicity

54

54

54

0

0

0

(3.108)

In this case, charge two loci are completely absent. A less trivial example can be constructed by setting n2 = n12 = 1 in which case we obtain
(q1 , q2 )

(1, 0)

(0, 1)

(1, 1)

(−1, 1)

(0, 2)

(−1, −2)

multiplicity

51

74

51

3

1

3

(3.109)

The global geometries of both examples are constructed in the example section. See [34]
for more details.

3.5

Compactifications for a General Base: U(1)×U(1)

In this Section we work out the spectrum of a general F-theory compactification to six
dimensions on elliptically fibered Calabi-Yau threefolds, π : X̂ → B, with arbitrary base.
The low energy theory realizes a rank two Abelian sector. Consistency of the theory is
shown at the level of anomaly cancellation.

3.5.1

Construction of the Fibration

The general elliptic fiber with a rank two Mordell-Weil group is given by the generic elliptic
curve E in dP2 , see section 3.2.1 and [74], which takes the following form:
p=u(s1 u2 e21 e22 + s2 uve1 e22 + s3 v2 e22 + s5 uwe21 e2 + s6 vwe1 e2 + s8 w2 e21 ) + s7 v2 we2 + s9 vw2 e1 ,
(3.47)

67

where [u : v : w : e1 : e2 ] are the homogeneous coordinates on dP2 and the si ’s are numbers
in C.
The elliptic fibrations of this curve over the base B = P2 have been constructed in this
chapter. In this Section, we extend the construction to an arbitrary base B. Here we closely
follow the derivation and the notation of [30]. These elliptic threefolds X̂ can be described
as a hypersurface in a four-dimensional ambient space.
We begin by constructing this ambient space. It is given by a dP2 -fibration over the
two-dimensional base B,
dP2

/

dP2B (S7 , S9 )

(3.110)



B
In this fibration the homogeneous coordinates of dP2 are lifted to sections of line bundles
over the base B. Using the three C∗ -actions on dP2 three of these coordinates can be chosen
to transform in the trivial line bundle on the base without loss of generality. We can choose
the following assignments of line bundles for the remaining two homogeneous coordinates:

u ∈ OB (S9 + [KB ]) ,

v ∈ OB (S9 − S7 ) ,

(3.111)

where [KB ] is the canonical bundle on B and S7 , S9 are arbitrary divisors on B. We note
that (3.110) is the natural generalization of eq. (3.30) in [34].
Next, we construct an elliptically fibered Calabi-Yau threefold with its general elliptic
fiber in dP2 . It is described as the hypersurface (3.47) in the ambient space (3.110). The
Calabi-Yau condition enforces that the coefficients si are lifted to sections of appropriate
line bundles on B. To see this, we calculate the total Chern class of the ambient space via
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adjunction,
c(dP2B ) = c(B)(1 + H − E1 − E2 + S9 − [KB−1 ])(1 + H − E2 + S9 − S7 )(1 + H − E1 )(1 + E1 )(1 + E2 ) ,
(3.112)

where H, E1 and E2 are the three divisor classes on dP2 , c.f., eq. (3.24) in [34] as well as
eq. (2.2) of [30]. This yields the following anti-canonical bundle:
−1
KdP
B = O(3H − E1 − E2 + 2S9 − S7 ) ,

(3.113)

2

where for brevity of notation we suppressed the dependence on S7 , S9 on the left side of
(3.112) and (3.113). Requiring that the hypersurface (3.47) is a section of the anti-canonical
bundle, we obtain the following assignment of line bundles for the coefficients si :

u
v

Section

Bundle

s1

O(3[KB−1 ] − S7 − S9 )

s2

O(2[KB−1 ] − S9 )

s3

O([KB−1 ] + S7 − S9 )

s5

O(2[KB−1 ] − S7 )

s6

O([KB−1 ])

s7

O(S7 )

s8

O([KB−1 ] + S9 − S7 )

s9

O(S9 )

Bundle

Section

O(H − E1 − E2 + S9 + [KB ])
O(H − E2 + S9 − S7 )

w
e1
e2

O(H − E1 )
O(E1 )
O(E2 )

(3.114)
Here, in the first column, we have also summarized the line bundles of the homogeneous
coordinates on dP2 .
The rational sections ŝP , ŝQ and ŝR are given by e2 = 0, e1 = 0 and u = 0 in X̂. From
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this it follows that their classes, denoted by capital letters, are given by:

SP = E2 ,

SQ = E1 ,

SR = H − E1 − E2 + S9 + [KB ] ,

(3.115)

as in [34]. We choose ŝP as the zero section of the elliptic fibration of X̂.
From the assignments (3.114) we see that the divisors S7 , S9 are precisely the vanishing
loci of the sections s7 , s9 in (3.110), which is the reason for the choice of their labels. As
mentioned before, these two divisors geometrically encode the intersections of the rational
sections. Indeed, we observe the following intersections:

S7 = π(SQ · SR ) ,

S9 = π(SP · SR ) ,

0 = π(SP · SQ ) ,

(3.116)

where π denotes the projection to the (co-)homology of the base B.
The assignment of sections for the base B = P2 can be recovered from (3.114) by making the replacements [KB−1 ] → 3HB , S9 → n2 HB and S7 → n12 HB , where HB is the hyperplane class of the base.

3.5.2

Hypermultiplet Matter Representations and Multiplicities

To find the matter content we track the codimension two singularities. Locally the fiber
degenerates in the same fashion as for the case B = P2 . Furthermore, the intersections of
the rational sections with the components of the reducible fiber do not depend on the global
geometry of B. This implies that the U(1)-charges of matter fields are independent of the
base B, as can be seen from the charge formula

qm = (Sm − SP ) · cmat ,
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(3.117)

where cmat is an isolated P1 in the fiber corresponding to a matter field and where we
collectively labeled the divisor classes Sm = (SQ , SR )m , with m = 1, 2.
Furthermore, the functional dependencies of the polynomials describing the codimension two loci supporting matter on the sections si are base-independent. However, the
multiplicities of matter do depend on B because the line bundles in which the si ’s take values are base dependent, see (3.114). Nevertheless, in the following we can still calculate
the matter multiplicities directly for an arbitrary base by applying the results in Section 4
of [34] and the intersection theory on B.
First, we calculate the multiplicities of the singlets in Section 4.3 of [34]. These arise at
codimension two singularities of the fibration due to the rational sections being ill-defined.
These codimension two loci are complete intersections in the base B and their multiplicities
are the number of intersection points given by
Loci

Representation

Multiplicity

s7 = s3 = 0

1(−1,1)

S7 · ([KB−1 ] + S7 − S9 )

s7 = s9 = 0

1(0,2)

S7 · S9

s9 = s8 = 0

1(−1,−2)

S9 · ([KB−1 ] + S9 − S7 )

(3.118)

where we used (3.114). Here · denotes the intersection product on B.
Second, we calculated the multiplicities of the singlets in Sections 3.3.1 and 3.3.2.
These arised at codimension two singularities where a rational section collides with a singularity in the Weierstrass fibration. We first calculate the line bundles of the polynomials
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of the complete intersections that contain the respective codimension two loci. They read
Polynomial

Bundle

Polynomial

Bundle

δ g06

O(2[KB−1 ] + 2S9 − S7 )

g09

O(3[KB−1 ] + S9 − S7 )

gQ
9

O(3[KB−1 ])

ĝQ
12

O(4[KB−1 ])

gR9+3n2

O(3[KB−1 ] + 3S9 )

ĝR12+4n2

O(4[KB−1 ] + 4S9 )

(3.119)

The polynomials δ g06 and g09 were defined in eq. 3.72. Their zero loci contain the loci
Q
of the representation 1(1,1) . Similarly, gQ
9 and ĝ12 were defined in eqs. 3.59. Their zero loci

contain the loci of the representation 1(1,0) . Finally, the loci of 1(0,1) are contained in the
zero loci of gR9+3n2 and ĝR12+4n2 defined in eqs. 3.63, respectively.
The polynomials (3.119) also have zeros at the loci corresponding to the fields in
(3.118) that have already been counted. We have to subtract these zeros with the appropriate order in order to obtain the multiplicities of 1(1,1) , 1(1,0) and 1(0,1) . Because the
functional dependencies of the polynomials in (3.119) on the si ’s are the same as for the
case B = P2 , the order of the zeroes determined in Section 3.3.4, using resultant techniques,
still holds. Invoking these results, the rest of the multiplicities are
Representation

Multiplicity

1(1,0)

6[KB−1 ]2 + [KB−1 ] · (4S7 − 5S9 ) − 2S72 + S7 · S9 + S92

1(0,1)

6[KB−1 ]2 + [KB−1 ] · (4S7 + 4S9 ) − 2S72 − 2S92

1(1,1)

6[KB−1 ]2 + [KB−1 ] · (−5S7 + 4S9 ) + S72 + S7 · S9 − 2S92

(3.120)

We note that the results for the special base B = P2 are recovered by making the identifications [KB−1 ] → 3HB , S7 → n12 HB , S9 → n2 HB and HB2 → 1, where again HB is the
hyperplane class of the base B.
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3.5.3

Anomaly Cancellation

With the hypermultiplet representations and their multiplicities at hand, six-dimensional
anomaly cancellation can be verified. For the convenience of the reader we summarize
below the expressions for the respective mixed Abelian-gravitational, pure Abelian and
pure gravitational anomaly cancellation:

KB · bmn = − 16 ∑q xqm ,qn qm qn ,
bmn · bkl + bmk · bnl + bml · bnk =

∑ xqm,qn,qk ,ql qmqnqk ql ,
q

273 = H −V + 29T ,

KB · KB = 9 − T .

(3.121)

Here xqm ,qn and xqm ,qn ,qk ,ql denote the number of matter hypermultiplets with charges
(qm , qn ) and (qm , qn , qk , ql ) under U(1)m × U(1)n , respectively, U(1)m × U(1)n × U(1)k ×
U(1)l . In addition, H, V and T denote the total number of hyper-, vector- and tensormultiplets, respectively. The bmn denote curves in the base B defined as


bmn = −π(σ (ŝm )· σ (ŝn )) = 


−2[KB ]

S9 − S7 − [KB ] 

S9 − S7 − [KB ] 2(S9 − [KB ])

.

(3.122)

mn

Here we have collectively denoted rational sections ŝm = (ŝQ , ŝR )m and their divisor classes
Sm = (SQ , SR )m , with m = 1, 2 as before. The Shioda map of rational sections ŝm to corresponding divisor classes σ (ŝm ) gives:
σ (ŝQ ) = SQ − SP − [KB−1 ] ,

σ (ŝR ) = SR − SP − [KB−1 ] − S9 .

(3.123)

In (3.122) we have further used (3.116).
Inserting (3.122) as well as the multiplicities (3.118) and (3.120) into the anomaly can73

cellation equations (3.121), we see that all equations are satisfied and thus all anomalies are
cancelled. This verifies the six-dimensional anomaly cancellation for the general F-theory
compactification with U(1)×U(1) gauge symmetry over an arbitrary base B.14

14 The

base B has to admit a generic elliptic fibration of the form (3.47), i.e. all line bundles in (3.114) have
to have generic sections si . See the discussion in Section 2 of [30].
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Chapter

4

Engineering U(1)× U(1) in 4D Adding G4 Flux
Encouraged by the results of the previous chapter, we push toward more realistic scenarios
and construct U(1)× U(1) F-theory compactifications in four dimensions. To achieve this
goal, we need to construct four-complex dimensional geometries (fourfolds). The appearance of Yukawa couplings at codimension three is expected. Finally, in order to obtain
chiral matter in 4D, G4 flux have to be engineered on top of the geometry.
In this chapter, most of the content have been taken from [30], where the author of this
dissertation is a co-author.
The content of this chapter is organized as follows. First, we leverage the knowledge
from the previous chapter and construct the four-complex dimensional fibration using the
dP2 ambient space for the fiber. As in the previous chapter, we proceed to find the spectrum
of the theory. We realize that the charges of the hypermultiplets under U(1)×U(1) remain
unchanged. The number of chiral matter, however, requires the specification of the flux and
the matter surfaces. As advertised, we find the Yukawa couplings at codimension three in
the base, located at the intersection of three matter curves.
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We continue with the construction of the G4 flux. Given that this flux is an element of
(2,2)

HV

, we require the cohomology ring of the fourfold. The calculation of chiralities can

then in principle be done with the integrating the flux over the matter surfaces. However,
one problem appears, we do not have the explicit description of all matter surfaces. In
order to achieve our goal we make use of the 4D/3D F- M-theory duality. The trick is to
read the chirality from the Chern-Simons terms of the 3D theory. There is an interesting
twist in the story here given that the section is not holomorphic. Finally we check anomaly
cancellation of the spectrum.
Let us point to some results beyond the construction of the geometry. In order to calculate the Yukawa points we again made use of algebraic techniques, in particular, we had to
describe the varieties as the zero locus of ideals. In order to obtain the varieties associated
to each charged curve, we have to decompose the ideals in its prime ideals using primary
decomposition. This techique has been adopted by the community and it has been dubbed
as the ‘ideal technique’. Additionally, the existence of a non-holomorphic zero section had
non-trivial implications in the F-theory M-theory duality. This was a very important result
and this is why it is explained at length in a full section.
In the original article [30], almost half of the paper is dedicated to the
SU(5)×U(1)×U(1) case. During the full study of thais non-abelian example we found
a non-flat fibration. The non-flat fiber can be wrapped by a M5 brane giving rise to stringy
excitations in the low energy theory. It was an interesting discovery, however, we decided
not to include this topic in this dissertation. We point the curious reader to the article for
more information.

76

4.1

The Elliptic Curve in dP2 And Its Fibrations

In this section we review the construction of the elliptic curve E in dP2 and its Calabi-Yau
elliptic fibrations over a general B. These Calabi-Yau manifolds have a rank two MordellWeil group, that gives rise to U(1)×U(1) gauge symmetry in F-theory.
In section 4.1.1 we construct resolved elliptically fibered Calabi-Yau manifolds π̂ : X̂ →
X over an arbitrary base B with this elliptic curve E as the general fiber. The singular CalabiYau manifold is denoted by X We show that these Calabi-Yau manifolds X̂ are classified
by the choice of two divisors S7 , S9 in the base B. In particular, we work out all the line
bundles that are relevant to formulate the Calabi-Yau constraint of X̂, which is the analog
of the Tate model for elliptic fibrations with dP2 -elliptic fiber.
The content of section 4.1.1 is a direct extension of the discussion in [34], where the
possibility of a full classification of all Calabi-Yau elliptic fibrations with general fiber E
was pointed out, but demonstrated explicitly only for B = P2 .

4.1.1

General Calabi-Yau Fibrations with dP2 -Elliptic Fiber

In this section we discuss the construction of resolved elliptically fibered Calabi-Yau manifolds X̂ with general elliptic fiber in dP2 . The following results hold for general complex
dimension of X̂, in particular for Calabi-Yau three- and fourfolds. We end this section with
the concrete example of B = P3 .
Classifying dP2 -fibrations and their Calabi-Yau hypersurfaces X̂
π

In general an elliptically fibered Calabi-Yau manifold E → X̂ → B with π denoting the
projection to the base B is constructed by first considering the defining equation for the
desired elliptic curve E alone and then by lifting the coefficients in this equation to sections
over the base B. In the case at hand, the elliptic curve is described by (3.47). Thus, all we
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have to do to obtain an elliptic fibration is to promote the coefficients si to sections of line
bundles on the base B. Finally, the Calabi-Yau condition for (3.47) fixes the respective line
bundles for the sections si .
The procedure of lifting the si to sections of B is described as follows. First, we have
to define the ambient space in which the elliptically fibered manifold X̂ → B is embedded.
Since the constraint (3.47) merely cuts the elliptic curve E out of dP2 , the ambient space is
simply a dP2 -fibration over the base B of X̂. It takes the form

dP2

/

dP2B (S7 , S9 )

(4.1)



B
which can be viewed as a generalization of a projective bundle. Here S7 and S9 are two
divisors on B associated to the vanishing loci of the sections s7 and s9 in (3.47). The total
space is denoted dP2B (S7 , S9 ) since it is uniquely determined by these divisors S7 and S9
if we demand that the constraint (3.47) defines a Calabi-Yau manifold X̂. In fact, we first
note that any the dP2 -fibration is specified by only two divisors on B. This can be seen by
noting that in a general such fibrations the homogeneous coordinates [u : v : w : e1 : e2 ] on
dP2 are sections of five different line bundles on the base B, respectively. However, we can
always use the three C∗ -actions to eliminate three of these line bundles, so that only two of
the five coordinates on dP2 take values in non-trivial line bundles. We use the assignment
of line bundles on B to the coordinates from the previous chapter,

u ∈ OB (S9 + [KB ]) ,

v ∈ OB (S9 − S7 ) ,

(3.111)

where KB denotes the canonical bundle on B and [KB ] the associated divisor. All other
coordinates on dP2 transform as the trivial bundle on B. We note that this parametrization
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of the two line bundles for u and v is completely general, because S7 and S9 are completely
general divisors on B at the moment.
Next, we use these results to readily calculate the total Chern class of dP2B (S7 , S9 ) from
adjunction from which we obtain its anti-canonical bundle, c.f. 3.113,
−1
KdP
B = O(3H − E1 − E2 + 2S9 − S7 ) ,

(4.2)

2

where we suppressed the dependence on S7 , S9 for brevity of our notation. Then the
−1
Calabi-Yau condition implies that the constraint (3.47) has to be a section of KdP
B . This
2

immediately fixes the line bundles of all the sections si on B. We summarize the sections
defining the elliptically fibered Calabi-Yau manifold X̂ as follows, c.f. 3.114,

section
u
v
w
e1
e2

section

bundle

s1

O(3[KB−1 ] − S7 − S9 )

s2

O(2[KB−1 ] − S9 )

s3

O([KB−1 ] + S7 − S9 )

s5

O(2[KB−1 ] − S7 )

s6

O([KB−1 ])

s7

O(S7 )

s8

O([KB−1 ] + S9 − S7 )

s9

O(S9 )

bundle
O(H − E1 − E2 + S9 + [KB ])
O(H − E2 + S9 − S7 )
O(H − E1 )
O(E1 )
O(E2 )

(4.3)

In particular we see that with the parametrization (3.111) the divisors S7 and S9 are indeed
associated to s7 and s9 as claimed at the beginning.
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Basic geometry of Calabi-Yau manifolds with dP2 -elliptic fiber
Having constructed the general elliptically fibered Calabi-Yau manifolds X̂ over B, we
discuss next the group of divisors on X̂. By construction, the basis of divisors on a generic1
X̂ is induced by a basis of divisors on the ambient space dP2B (S7 , S9 ), which consists of
divisors of the base B and the fiber dP2 . The divisors induced from a basis of divisors Dbα
of the base B are the vertical divisors Dα = π ∗ (Dbα ) of the elliptic fibration π : X̂ → B .
Similarly, the classes H, E1 , E2 of the fiber dP2 become divisors on X̂. Then, the points P,
Q and R in (3.48) lift to, in general, rational sections of the fibration of π : X̂ → B, denoted
ŝP , ŝQ and ŝR , with ŝP the zero section. We denote the homology classes of the associated
divisors by capital letters,

SP = E2 ,

SQ = E1 ,

SR = H − E1 − E2 + S9 + [KB ] .

(4.4)

In general, a rational section is a non-holomorphic map of the base B into X̂, such as
ŝP : B → X̂ for example. A rational section B → X̂ is ill-defined over codimension two loci
to the effect that it wraps entire fiber components over these loci. From a given rational
section, one can easily obtain a holomorphic section, i.e. a holomorphic map B̂ → X̂, by
a birational transformation, namely a blow-up B̂ → B at those codimension two loci of
B. Usually the zero section ŝP has been assumed to be holomorphic in F-theory. Only
lately, the possibility of a non-holomorphic zero section ŝP in F-theory has been studied
[20, 34, 60]. The group of sections excluding the zero section ŝP is the Mordell-Weil group
of rational sections on X̂, which in the case at hand is rank two and generated by ŝQ , ŝR .
For brevity of our notation, we will occasionally denote the generators of the Mordell-Weil
1 By generic we mean the absence of Cartan divisors D from resolutions of codimension one singularities
i
of the fibration of X̂. We will briefly discuss the geometry of X̂ in the presence of Di at the end of this section.
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group and their divisor classes collectively as

ŝm = (ŝQ , ŝR ) ,

Sm = (SQ , SR ) .

(4.5)

There are some characteristic intersections involving the divisors SP , SQ and SR in (4.4)
that immediately follow from the defining properties of a section. We list them in the
following and refer to [105, 97, 31, 34] for a more thorough discussion. We also give a
simple criterion to distinguish between rational and holomorphic sections. A more detailed
account on intersections in the presence of a rational zero section can be found in [60].
Here, we content ourselves with noting that ŝP is holomorphic if S9 = 0 or S8 = 0, ŝQ
is holomorphic if S3 = 0 or S7 = 0 and ŝR is holomorphic if S7 = 0 or S9 = 0, cf. the
paragraph following (3.48) and [34].
The following intersections and definitions will be crucial in the rest of this work:
Universal intersection:

Rational sections:

SP · F = Sm · F = 1 with general fiber F ∼
=E,

(4.6)

2 + [K −1 ] · S ) = 0 ,
π(SP2 + [KB−1 ] · SP ) = π(Sm
m
B

(4.7)

S7 = π(SP · SR ) ,
Holomorphic sections:

S9 = π(SQ · SR ) ,

2
SP2 + [KB−1 ] · SP = Sm
+ [KB−1 ] · Sm = 0 ,

σ (ŝQ ) = SQ − SP − [KB−1 ] ,

Shioda maps:

(4.8)

(4.9)

(4.10)

σ (ŝR ) = SR − SP − [KB−1 ] − S9 ,

Height pairing:





2[KB ]
[KB ] + S7 − S9
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[KB ] − S7 + S9 

2[KB ] − 2S9

mn

(4.11)

Let us briefly comment on these intersections in the order of their appearance. The intersection (4.6) is an immediate consequence of the definition of a section: its divisor class
intersects the general class of the fiber F ∼
= E at a point. The relation (4.7) can be shown by
an adjunction argument, see section 4.2.2 for direct cohomology computations. Here we
have defined the a projection onto the homology H 4 (B) of the base as

π(C) = (C · Σα )Dbα ,

Σαb · Dbβ = δβα

(4.12)

for every complex surface C in X̂. The intersection pairings on X̂, respectively, B are
denoted · and the Σα = π ∗ (Σαb ) arise from a basis of curves Σαb dual to the divisors Dbα on B
as indicated in the last equation in (4.12). We emphasize that in the case of a holomorphic
section, the relations (4.7) hold in the full homology of X̂ as indicated in (4.9). The divisors
S7 , S9 are the codimension one loci where the sections collide in the fiber E, as discussed
below (3.48). They are encoded in the intersections (4.8). Next, we introduce the divisors
σ (ŝQ ), σ (ŝR ) in (4.10). The map σ is the Shioda map that takes here the form

σ (ŝm ) := Sm − S̃P − π(Sm · S̃P ) ,

(4.13)

where we introduced the combination [56, 12]
1
S̃P = SP + [KB−1 ] .
2

(4.14)

We refer to [110, 105, 97, 31, 34] for more details on the Shioda map. We note that the
divisors (4.10) support U(1)-gauge fields in F-theory due to their vanishing intersections
with vertical divisors Dα and the zero-section, as well as potential Cartan divisors Di of
non-Abelian groups. Finally, we have calculated the intersection matrix of the Shioda map
of ŝQ , ŝR in (4.11).
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We finish this section by some concluding definitions and remarks on the general structure of the fibrations (4.1) and X̂. First, we summarize the basis of divisors on X̂ as

DA = (S̃P , Dα , Di , σ (ŝm )) ,

A = 0, 1, . . . , h(1,1) (B̂) + rk(G) + 3 ,

(4.15)

where we have collectively denoted the basis (4.10) as σ (ŝm ). We have also introduced
one set of Cartan divisors Di with i = 1, . . . , rk(G) in order to prepare for the presence of
a non-Abelian group G. These divisors Di are present for non-generic X̂ with a resolved
singularity of type G of the elliptic fibration over codimension one in B. The Di admit a
fibration
/

c−αi

Di

(4.16)



SGb
where the general fiber is a rational curve c−αi ∼
= P1 that corresponds to the simple root −αi
of G. The divisor SGb in B physically supports 7-branes that give rise to the non-Abelian
gauge symmetry G in F-theory [101, 102, 9].
Next, we expand the canonical bundle KB of the base B in terms of the vertical divisors
Dα as
[KB ] = K α Dα

(4.17)

with coefficients K α . Similarly, we expand the divisors

S7 = nα7 Dbα ,

S9 = nα9 Dbα ,

(4.18)

with general positive integral coefficients nα7 , nα9 , α = 1, . . . , h(1,1) (B). It is important to
emphasize that the coefficients nα7 , nα9 are in general further bounded from above by the
requirement that all sections si in (4.3) are generic, i.e. that the line bundle of si admits
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sufficiently many holomorphic sections. If this is not the case we expect additional singularities in X̂, potentially corresponding to a minimal (non-Abelian) gauge symmetry in
F-theory. For this reason, we will in the rest of this work assume that X̂ can be constructed
with generic si .
Despite these restrictions on the integers nα7 and nα9 we would like to point out that
the constructions of the fibration (4.1) and of X̂ hold in general for an arbitrary base B
and arbitrary complex dimension. In particular this analysis applies to an arbitrary choice
of divisors S7 and S9 within these bounds. In particular the general construction here
reproduce immediately the classification in [34] with B = P2 as a special case.
dP2 -fibrations over B = P3 with generic Calabi-Yau hypersurfaces X̂
We conclude with the discussion of the special case B = P3 , which will be considered in
later sections of this work. In this case, there is only one divisor in the base, the hyperplane
HB , so that the dP2 -fibration (4.1) is specified only by two integers n7 ≡ n17 , n9 ≡ n19 . In this
case we use the notation
dP2

/

dP2 (n7 , n9 )

(4.19)



P3
where we suppress the base B = P3 when denoting the total space (4.1) of the fibration if
the context is clear.
We note that KP−1
3 = OP (4). In this case all sections si exist iff all bundles in the second
table in (4.3) have non-negative degree. This puts the following conditions on the integers
n7 , n9 ,

0 ≤ n7 , n9 ≤ 8 ,

n7 + n9 ≤ 12 ,

0 ≤ 4 + n7 − n9 ,
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0 ≤ 4 + n9 − n7 .

(4.20)

The domain of allowed valued for n7 and n9 are displayed in figure 4.1. The general
strategy to build the corresponding reflexive polytopes is outlined in the appendix of [30].
It is satisfying, that in the toric context the conditions (4.20) are enforced by reflexivity of
the toric polytope, i.e. for values n7 , n9 exceeding the bounds (4.20) the toric polytope is
no longer reflexive.
8

n9

6

4
2

0

00

22

4 n7 6

8

Figure 4.1: Each dot corresponds to a dP2 -fibration over P3 with generic Calabi-Yau X̂.

4.2

Calabi-Yau Fourfolds with Rank Two Mordell-Weil

In this section we analyze F-theory compactifications to four dimensions on a generic elliptically fibered Calabi-Yau fourfold X̂ over a base B with general fiber E in dP2 . These
compactifications have a gauge theory with U(1)×U(1) gauge group and a number of chiral matter fields in representations 1(q1 ,q2 ) . The possible U(1)×U(1)-charges (q1 , q2 ) have
been determined recently in [74, 34] and the full 6D anomaly-free spectrum including matter multiplicities has been derived for B = P2 in [34].
Here we extend this geometric analysis to fourfolds. The main difference to the 6D case
is that matter is not localized anymore at points in B, but on in general rather complicated
matter curves. The determination of these matter curves and some of their associated matter
surfaces, along with the Yukawa points, is presented in section 4.2.1. Then, in section 4.2.2
we present a method to determine the cohomology ring of the fourfold X̂. We use these
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techniques to derive general expressions for the Euler number of X̂ and its second Chern
class. For the example of B = P3 we finally compute the full vertical cohomology group.
These calculations serve as a preparation for the computation of 4D chiralities in section
4.4, which requires both the knowledge of matter surfaces and the construction of G4 -flux.

4.2.1

Singularities of the Fibration: Matter Surfaces & Yukawa
Points

We organize this section into a detailed discussion of codimension two singularities in
section 4.2.1 and a very brief account on codimension three singularities in section 4.2.1.

Matter: Codimension Two
In general, the determination of the matter sector in F-theory vacua with general gauge
group requires a detailed analysis of singularities of the elliptic fibration of the Calabi-Yau
fourfold at codimension two in the base B, where the elliptic fiber E becomes reducible.
Then one has to identify the isolated rational curve cw in the fiber over these loci, since
these correspond in F-theory to matter in a representation R from wrapped M2-brane states.
These curves are in one-to-one correspondence to the weights w of the representations
R and accordingly labeled. In the case of elliptically fibered Calabi-Yau fourfolds, the
codimension two matter loci are Riemann surfaces of genus g, the so-called matter curves
ΣR in B conveniently labeled by the corresponding matter representation R. In addition,
for the determination of four-dimensional chirality, compare section 4.4, we have to know
the homology classes of the associated matter surfaces
/

cw

CRw


ΣR
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(4.21)

which are constructed as the fibration of the rational curve cw corresponding to a given
weight w of the representation R fibered over ΣR .
In this section we determine the matter curves ΣR and the matter surfaces CRw for the
six representations occurring in the Calabi-Yau fourfold X̂. As we demonstrate, their determination is complicated by the fact that three of the six the codimension two loci in
the base B where the elliptic fiber E becomes reducible are themselves reducible curves.
Their irreducible components are multiple different matter curves ΣR . Some of these matter curves, denoted ΣR0 , fail to be complete intersection and can only be described in terms
of their prime ideals. These prime ideals are straightforwardly constructed from the two
equations of the original reducible codimension two locus. However, the isolation of rational curves cw over those matter curves ΣR0 is very involved. Thus, in these cases we
can not determine the corresponding matter surfaces (4.21) explicitly. Fortunately, we can
obtain the other three matter surfaces straightforwardly, and are still able to determine the
full F-theory matter spectrum for the fourfold X̂, as outlined in section 4.4. It would be
desirable, however, to reproduce the results obtained there invoking M-/F-theory duality
by direct geometric computation based on a better understanding of the matter surfaces CR0
in general.
In any case, we can qualitatively describe all the matter surfaces CRw by recalling the
construction of the resolved fourfold X̂. The smooth fourfold X̂ is formed by two consecutive blow-ups of a singular Weierstrass model X. We depict this schematically as

X̂ ⊂ dP2B (S7 , S9 )

/

π̂

generic CY

X ⊂ (P2 (1, 2, 3) → B)
8

π2

%

π1

X̃ ⊂ (P2 → B)
non-generic cubic
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non-generic WSF

(4.22)

where the full blow-down map π̂ : X̂ → X is consequently a composition π̂ = π1 ◦ π2 .
On the left we have the smooth geometry with elliptic fiber constructed in section 4.1.
It can be understood as a toric blow-up π2 : X̂ → X̃ from a non- generic cubic in P2 , with
corresponding fourfold denoted by X̂. A final blow-down π1 yields the singular Weierstrass
form (WSF) X with P2 (1, 2, 3)-fiber. The birational map π1 is derived in detail in [34], see
its defining equations Eqs. (3.18) and (3.20) therein.
Having the diagram (4.22) in mind, the three matter surfaces CR which have a simple
description are those generated in the blow-up π2 . There are three simple codimension
two singularities in X̃, which are precisely the three simple matter curves ΣR . Their pullbacks under π2 are precisely the matter surfaces CR = π2∗ (ΣR ). Because of the simplicity
of both ΣR and the blow-up π2 , these surfaces have a description as a simple complete
intersection in the ambient space dP2 (S7 , S9 ). In contrast, the other three matter curves
ΣR0 are the loci of codimension two singularities in the WSF X, which are resolved by the
map π1 . However, these curves Σ0R have a description only in terms of prime ideals and
the map π1 is not a simple toric blow-up but a fully-fledged birational map [34]. These
two complications make an explicit determination of the surfaces CΣw0 hard. Nevertheless,
R

the matter surfaces are again abstractly given by CR0 =

π1∗ (Σ0R ),

which are ruled surfaces

over Σ0R . Thus, the determination of the exceptional loci of the map π1 might be a first step
towards an understanding of these matter surfaces.

Summary of Matter Representations & Their Matter Curves
Before going into technical calculations of matter curves and surfaces, let us briefly summarize the matter content as it has been determined in [74, 34].
There are six different matter representations R = 1(q1 ,q2 ) in the F-theory compactification on the fourfold X̂. The list of realized U(1)×U(1)-charges, together with the
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cohomology class of the corresponding matter curves ΣR determined below, reads
Matter

Homology class of ΣR in B

1(1,0)

6[KB−1 ]2 + 4[KB−1 ] · S7 − 5[KB−1 ] · S9 + S92 + S7 · S9 − 2S72

1(0,1)

6[KB−1 ]2 + 4[KB−1 ] · (S7 + S9 ) − 2S72 − 2S92

1(1,1)
1(−1,1)

6[KB−1 ]2 + 4[KB−1 ] · S9 − 5[KB−1 ] · S7 + S72 + S7 · S9 − 2S92

[KB−1 ] + S7 − S9 · S7

1(0,2)

S7 · S9

1(−1,−2)

S9 · [KB−1 ] + S9 − S7

(4.23)



Here we used as before the notation [KB−1 ] for the anti-canonical divisor of the base and
denoted the intersection on B as ’·’. These representations of matter fields are modelindependent and in particular do not depend on the choice of base B. The last three matter
representations arise from rational curves created in the blow-up π2−1 in (4.22). Their matter
curves are simply described by s3 = s7 = 0, s7 = s9 = 0 and s8 = s9 = 0 in the order of their
appearance in (4.23). The first three representations arise from rational curves from the
blow-up π1−1 in (4.22). The determination of their matter curves is more involved and
presented below.
All the matter representations in (4.22) arise from M2-branes on rational curves cw with
wight w = (q1 , q2 ). These charges are calculated by the intersection of the curve cw with
the Shioda maps σ (ŝQ ), σ (ŝR ) defined in (4.10) as

qm ≡ σ (ŝm ) · cw = (Sm · cw ) − (SP · cw ) ,

(4.24)

All curves cw are part of an I2 -fiber. Along the matter surfaces in (4.23) the general elliptic
fiber E splits into two rational curves c1 , c2 ∼
= P1 intersecting in two points with one curve,
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say c1 , the original singular fiber and the other curve c2 ≡ cw . We write this as

I2 -fiber :

E = c1 + c2 ,

c1 · c2 = 2 .

(4.25)

A cartoon of such a reducible fiber together with possible locations of the points P, Q and
R is depicted in figure 4.2. In terms of the Calabi-Yau constraint (3.47) the split of E into

Figure 4.2: I2 -fiber from resolving a codimension two singularity of the fibration of X̂.
an I2 -fiber is visible as a factorization at a point pt ∈ ΣR as

p| pt = p1 · p2 .

(4.26)

Here the two rational curves in (4.25) are described by one of these two factors, for example
c1 = {p1 = 0, pt ∈ ΣR } and c2 = {p2 = 0 , pt ∈ ΣR }.
Matter Surfaces C(−1,1) , C(0,2) , C(−1,−2) and their Homology Classes
Next, we determine the matter surfaces CRw for the last three representations in (4.23). As
we will see, this is straightforward since the matter curves ΣR in these cases are irreducible
varieties of the simple form si = s j = 0 for appropriate i, j. This implies that the factorization of the elliptic fiber E = c1 + c2 is manifest over the entire matter curve ΣR and the
matter surfaces CRw can be described by a complete intersection of three constraints in the
ambient space dP2B (S7 , S9 ). Then its homology class is given simply by the product of the
divisor classes of each of these constraints.
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The resulting homology classes of matter surfaces read
Matter surface

Homology class

C1(−1,1)

([KB−1 ] + S7 − S9 ) · S7 · E1

C1(0,2)

S7 · S9 · ([KB−1 ] + S9 − S7 + 2H)

C1(−1,−2)

([KB−1 ] + S9 − S7 ) · S9 · (3H − E1 − 2E2 + 2S9 − S7 )

(4.27)

Here we suppressed the weight w since it is identical to the charges (q1 , q2 ). We obtain the
homology class of the first matter surface C1(−1,1) by noting its description as the complete
intersection
C1(−1,1) = {s3 = s7 = 0 , e1 = 0}

(4.28)

in the ambient space dP2B (S7 , S9 ). Here the first two equations describe the matter curve
Σ1(−1,1) = {s3 = s7 = 0} over which the Calabi-Yau constraint (3.47) factorizes as p = p1 p2
with one factor given by e1 , cf. section 4.3 of [34]. Thus, the rational isolated curve is
described as c(−1,1) = {e1 = 0, pt ∈ Σ(−1,1) } over all the points of Σ(−1,1) . The homology
class in the first line of (4.27) for C1(−1,1) in the ambient space dP2B (S7 , S9 ) is then easily
obtained from (4.28) employing the assignments (4.3) of line bundles to s3 , s7 and e1 .
Similarly we obtain the homology classes of the matter surfaces C1(0,2) and C1(−1,−2) .
In the former case the matter curve is Σ1(0,2) = {s7 = s9 = 0} over which the Calabi-Yau
constraint (3.47) factorizes globally with the isolated rational curve given by [34]

c(0,2) = {s1 e21 e22 u2 + s2 e1 e22 uv + s3 e22 v2 + s5 e21 e2 uw + s6 e1 e2 vw + s8 e21 w2 = 0} .

(4.29)

Here it is understood that the sections si are evaluated on Σ1(0,2) . The homology class of this
complete intersection is the product of the class of c(0,2) and of Σ1(0,2) and we immediately
reproduce the second line in (4.27) using (4.3). Finally, the matter curve for 1(−1,−2) is
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given by Σ1(−1,−2) = {s8 = s9 = 0} and the isolated rational curve is [34]
c(−1,−2) = {s1 e21 e2 u3 + s2 e1 e2 u2 v + s3 e2 uv2 + s5 e21 u2 w + s6 e1 uvw + s7 v2 w = 0} , (4.30)

where as before the si are evaluated on Σ1(−1,−2) . Then, the matter surface is again a complete intersection in the ambient space (4.1) and its homology class, employing the line
bundles (4.3), is indeed given by the third line in (4.27).

Matter Curves Σ(1,0) , Σ(0,1) , Σ(1,1) and their Prime Ideals
As mentioned before, the three remaining matter curves ΣR0 are themselves no simple complete intersections, but contained in a reducible codimension two subvarieties in B that are
complete intersections. To isolate the component ΣR0 of interest we have to determine its
prime ideal. This prime ideal is generated by more than two constraints, but still describes
a codimension two variety in B. In addition, the factorization (4.26) describing the split
E = c1 + c2 of the elliptic curve does not occur globally over the matter curves ΣR0 , but is
manifest only at generic points of ΣR0 . These combined effects render the determination
of the homology class of the matter surfaces CR0 unfeasible. However, we can obtain the
homology class of the matter curves ΣR0 as shown next. For completeness we will also
present the prime ideal for one illustrative example. In general the prime ideals are needed
for a thorough analysis of codimension three singularities presented in section 4.2.1.
We begin with the determination of the homology classes of the matter curves ΣR0 .
They can be obtained by first determining the homology class of the two equations for
the reducible codimension two locus in B and by then subtracting the classes of those
components ΣR we are not interested in. As in the six-dimensional case [34] we have to
subtract the components ΣR with the right multiplicity, which is computed by the resultant2
2 In

general, the resultant gives the order of a root of two polynomials in two variables.
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of the two equations at the root corresponding to ΣR . The resulting homology classes of
this computations give the first three lines of (4.23). We work out these homology classes
in detail in the remainder of this section.
First we present the equations for the reducible codimension two loci in B that contain
the three matter curves ΣR that we are interested in as irreducible components. These
codimension two loci read [34]

loc1 = {s7 s28 + s9 (s5 s9 − s6 s8 ) = s3 s28 − s2 s8 s9 + s1 s29 = 0} ,

(4.31)

loc2 = {s3 s6 s8 − s2 s7 s8 − s3 s5 s9 + s1 s7 s9 = s23 s28 + s7 (s1 s7 s8 + s2 s5 s9 − s2 s6 s8 )

+s3 s26 s8 − s5 s7 s8 − s5 s6 s9 − s2 s8 s9 + s1 s29 = 0} ,
loc3 = {2s37 s38 + s3 s39 (s5 s9 − s6 s8 ) + s27 s8 s9 (2s5 s9 − 3s6 s8 ) − s7 s29 (s5 s6 s9 + s2 s8 s9 − s26 s8
−2s3 s28 − s1 s29 ) = s47 s48 + 2s37 s28 s9 (s5 s9 − s6 s8 ) + s7 s39 (2s3 s8 − s2 s9 )(s5 s9 − s6 s8 )
−s27 s29 (2s5 s6 s8 s9 + s2 s28 s9 −s26 s28 −2s3 s38 −s25 s29 ) + s3 s49 (s3 s28 + s9 (s1 s9 −s2 s8 )) = 0}
By calculating the associated prime ideals3 of loc1 we see that it has two irreducible
components. One is obviously the matter curve Σ1(−1,−2) = {s8 = s9 = 0} and the other
one is the matter curve Σ1(1,1) . Then we determine the homology class of the reducible
variety loc1 . We further recall from [34] that the order of the root (s8 , s9 ) = (0, 0) of the
two polynomials in loc1 is 4. Thus, decompose the class of loc1 as
[loc1 ] = (2[KB−1 ] + 2S9 − S7 ) · (3[KB−1 ] + S9 − S7 ) ∼
= Σ(1,1) + 4Σ(−1,−2)
⇒

Σ(1,1) ∼
= 6[KB−1 ]2 + 4[KB−1 ] · S9 − 5[KB−1 ] · S7 + S72 + S7 · S9 − 2S92 , (4.32)

where we used (4.3) and denote the equivalence relation in homology as ’∼
=’. Here we also
3 The ideal generated by loc

1 is the intersection of its associated primary ideals. An ideal I is primary ideal
if ab ∈ I implies a ∈ I or bn ∈ I for some n > 0. If n = 1, the ideal I is a prime ideal.
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used that the homology class of Σ1(−1,−2) as given in the third line of (4.27) by the first two
factors. Thus, we have obtained the homology class of Σ1(1,1) as in (4.23).
Similarly, we obtain the homology class of Σ1(1,0) . We calculate four associated prime
ideals of loc2 in (4.31) that correspond to four different irreducible components. These
components are the curves Σ1(−1,1) = {s3 = s7 = 0}, Σ1(−1,−2) = {s8 = s9 = 0}, Σ1(1,1) and
finally Σ1(1,0) . By calculating the resultants of loc2 at the relevant roots, we obtain multiplicities one for all irreducible components. Thus, we obtain the homology class of Σ(1,0)
from decomposition of the class of loc2 as
[loc2 ] = 12[KB−1 ]2 = Σ(−1,1) + Σ(−1,−2) + Σ(1,1) + Σ(1,0)
⇒

Σ(1,0) ∼
= 6[KB−1 ]2 + 4[KB−1 ] · S7 − 5[KB−1 ] · S9 + S92 + S7 · S9 − 2S72 , (4.33)

where we have used (4.3), the homology classes of matter curves in (4.27) as well as in
(4.32). This is the result in (4.23).
Finally, we determine the homology class of the matter curve Σ1(0,1) . The ideal loc3
in (4.31) has five prime ideals corresponding to the matter curves Σ1(−1,1) , Σ1(0,2) , Σ1(−1,−2) ,
Σ1(1,1) and the matter curve Σ1(0,1) we are interested in. The multiplicities of the irreducible
components we are not interested are calculated as one, 16, 16, one, respectively, by the
corresponding resultants of loc3 . Thus, we calculate the homology class of the curve Σ1(0,1)
from the homology class of loc3 as
loc3 = 12[KB−1 ]2 = Σ(−1,1) + 16 · Σ(0,2) + 16 · Σ(−1,−2) + Σ(1,1) + Σ(0,1)
⇒ Σ(0,1) = 6[KB−1 ]2 + 4[KB−1 ] · (S7 + S9 ) − 2S72 − 2S92 ,

(4.34)

where we used the homology class of the matter curves in (4.27) and (4.32). This is the
homology class in (4.23).
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We conclude this discussion by presenting the associated prime ideal of selected matter
surfaces as an instructive preparation of section 4.2.1. The prime ideal of Σ1(1,1) reads
P =

2 2


s3 s5 + s7 s22 s5 − s1 s2 s6 + s21 s7 + s3 −s2 s5 s6 + s1 s26 − 2s5 s7 ,

s3 s25 s9 + s2 s5 (s7 s8 − s6 s9 ) + s1 −s6 s7 s8 + s26 s9 − s5 s7 s9 ,
s3 s5 s8 − s1 s7 s8 − s2 s5 s9 + s1 s6 s9 , s3 s6 s8 − s2 s7 s8 − s3 s5 s9 + s1 s7 s9 ,
s3 s28 + s9 (−s2 s8 + s1 s9 ) , s7 s28 + s9 (−s6 s8 + s5 s9 ) .

(4.35)

The dimension of P is calculated to be six in the ring generated by the si which confirms
that the irreducible variety described by it is codimension two in B as expected. It is evident
from (4.35) that the two irreducible components Σ1(1,1) and Σ1(−1,−2) = {s8 = s9 = 0} of loc1
intersect at points in B. These points may correspond to Yukawa points in F-theory since
the fiber in the resolved space X̂ splits further into three components, as can be seen by a
prime ideal analysis. We also determine the prime ideal of the matter curve Σ1(1,0) as
P =

 2 2


−s2 s8 + s2 s5 s6 s8 − s25 s9 + 2s1 s8 s9 − s1 s26 s8 − s5 s6 s9 + s1 s29 ,
s2 s5 s7 − s1 s6 s7 − s2 s3 s8 + s1 s3 s9 , s3 s5 s7 − s1 s27 − s23 s8 ,
s3 s6 s7 − s2 s27 − s23 s9 , s3 s6 s8 − s2 s7 s8 − s3 s5 s9 + s1 s7 s9 .

(4.36)

From this ideal we see that Σ1(1,0) intersects the matter curve Σ1(−1,1) , where again there is
an additional split of the fiber.

Yukawa Couplings: Codimension Three
At codimension three the singularities of the fibration enhance further signaling the presence of a Yukawa point. In the case at hand we find an enhancement to an I3 -singularity,
which is resolved into three intersecting P1 ’s in X̂. The loci of I3 -fibers are determined by
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looking at zeros of higher order of the discriminant and by checking whether the fiber in
the resolution X̂ splits further. We find the following loci,
Loci

Yukawa

s8 = s9 = s7 = 0

1(−1,−2) × 1(0,2) × 1(1,0)

s3 = s7 = s9 = 0

1(0,2) × 1(1,−1) × 1(−1,−1)

Σ1(1,0) ∩ Σ1(1,0) ∩ Σ1(1,0)

1(−1,−1) × 1(1,0) × 1(0,1)

Σ1(1,0) ∩ {s3 = s7 = 0}

1(1,−1) × 1(−1,0) × 1(0,1)

Σ1(1,1) ∩ {s8 = s9 = 0}

1(1,1) × 1(−1,−2) × 1(0,1)

(4.37)

We note that the first three agree with earlier results, see [74]. The last two loci also
produce reducible fibers with three irreducible components that can be described in terms
of the prime ideals. The study of these new Yukawa points, along with a more thorough
discussion of the use of prime ideals, will be postponed to future work.

4.2.2

The Cohomology Ring and the Chern Classes of X̂

In this section we abstractly calculate the cohomology ring of the fourfold X̂. The central
result of these computations is the basis of surfaces or dual (2, 2)-forms in H (2,2) (X̂), which
is relevant for the construction of G4 -flux, see section 4.4.1. Furthermore, for the calculation of the D3-brane tadpole and the quantization of the G4 -flux, we use these techniques
to calculate the general expression for the Euler number and the second Chern class of X̂
for a general base B. In addition, we derive the full cohomology ring explicitly for B = P3 ,
leaving the straightforward generalization to other bases for future works.
We note that the presentation of the cohomology of X̂ used here has been employed in
the context of toric mirror symmetry for a long time and is in this sense not new. For an
F-theory context see e.g. [59, 79] and references therein. We refer also to [89] for cohomol-
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ogy calculations in the same spirit. However, we emphasize that, except for the language
that we borrow from toric geometry, the following discussion is based only on reasonable
assumptions on the intersections of X̂. Thus, we expect the following procedure to work
also in the non-toric case.

In particular, not all fourfolds considered here have, to our

knowledge, a description in terms of a reflexive polytope, which does, however, not keep
us from using them for F-theory and computing their full chiral 4D spectrum.
(∗,∗)

The basic idea to calculate the cohomology ring HV

(X̂) of a general elliptically

fibered Calabi-Yau fourfold X̂ over a base B with general fiber the elliptic curve in dP2
is to exploit the Stanley-Reissner (SR) ideal4 SR of the ambient space dP2B (S7 , S9 ) together
with the linear equivalences of divisors. After dividing out the linear equivalences, the
(∗,∗)

cohomology ring HV

(X̂) can be represented as the quotient ring R of the form5
(∗,∗)
HV (X̂) ∼
=

 
C[Dα , SP , SQ , SR ] · X̂
,
SR

(4.38)

where the basis (4.4) together with the vertical divisors Dα are the variables of the free
polynomial ring C[Dα , SP , SQ , SR ] and SR is considered as an ideal in this ring. For this
purpose, the ideal SR has to be translated into intersection relations of those divisors. Note
that we have to multiply by the homology class of X̂ in dP2B (S7 , S9 ) in (4.2) to restrict the
intersections on the ambient space dP2B (S7 , S9 ) to X̂.6 By the Calabi-Yau condition this
−1
class is precisely given as O(X̂) = KdP
B.
2

The quotient ring (4.38) is graded with each graded piece being finitely generated by
4 We merely borrow this term from toric geometry. In general, SR can be any ideal containing all vanishing
intersections of divisors on dP2B (S7 , S9 ), which not necessarily has to be a toric variety.
5 We note that this polynomial ring is only the primary vertical cohomology H (∗,∗) (X̂) [51]. This is the
V
subspace of H (∗,∗) (X̂) relevant for G4 -flux inducing chirality in F-theory. Its complement in H (2,2) (X̂) is the
(2,2)
horizontal cohomology HH (X̂) that encodes complex structure moduli of X̂. See e.g. [59] for an analysis
(2,2)
of G4 -flux in HH (X̂) in F-theory.
6 Generally, not all divisors on X̂ arise as restrictions of divisors on the ambient space. However, for
generic X̂ with elliptic fiber in dP2 , only divisors in B can potentially miss this assumption. We exclude those
B in the following. Note that non-generic X̂ can have additional divisors, see the footnote 7.
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monomials in the divisors Dα , SP and Sm of appropriate degree. We denote this ring by R.
The k-th graded piece is then identified with
(k,k)

HV

(X̂) = R(k) ,

(4.39)

−1
after restriction to X̂, i.e. after dropping the overall factor KdP
B in (4.38). More precisely, at
2

grade zero we obtain

H (0,0) (X̂)

= h1i, at grade one we have H (1,1) (X̂) = hDα , SP , SQ , SR i.

At higher grade we obtain naively as many generators as homogeneous monomials of
appropriate degree in the divisors in (4.38). However, due to equivalence relation in R
the number of independent monomials is in general smaller. In fact, by Poincaré duality the rings R(3) , and R(4) are fixed, i.e. the corresponding Hodge numbers are related as
!

!

h(3,3) (X̂) = h(1,1) (X̂) = 3 + h(1,1) (B) and h(4,4) (X̂) = h(0,0) (X̂) = 1. At degree k ≥ 5 we
trivially have R(k) = {0} by reasons of dimensionality. In this sense the only non-trivial
(2,2)
(2,2)
piece is R(2) ∼
= HV (X̂), and the corresponding Hodge-number hV (X̂). Furthermore,
(2,2)

it is precisely the elements HV

(X̂) of independent surfaces on X̂ into which the general

G4 -flux on X̂ has to be expanded, as discussed in section 4.4.1.
The main advantage of the representation (4.38) compared to concrete toric models is
that it allows us to determine the cohomology ring for all fibrations dP2B (S7 , S9 ) in (4.1)
over a given base B with general divisors S7 , S9 . Of course the relevant computations
depend on the geometry of the base B since the ideal SR in (4.38) in general is generated
by the SR-ideal (3.46) of the fiber dP2 and of the base B, which differs from case to case.
Nevertheless, as we demonstrate next, it is possible to calculate the total Chern class c(X̂)
and Euler number χ(X̂) of X̂ for any base B using minimal assumptions.
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Second Chern Class and Euler Number of X̂: General Formulas
For the purpose of finding the general expression for c(X̂) and, thus, the Euler number
χ(X̂), it suffices to know, that the intersections of more than three vertical divisors Dα
in both dP2B (S7 , S9 ) and X̂ are zero. The latter is true because of the properties of fibrations. Thus, we are working in the following with the ideal of vanishing intersections on
dP2B (S7 , S9 ) generated by the ideal of the fiber dP2 supplemented by the vanishing of quartic intersection of vertical divisors,
SR0 = {SR · (SR + SQ − S7 − [KB ]) , SR ·(SR + SP − S9 − [KB ]), SQ ·SP ,

(4.40)

SQ · (SR + SQ − S7 − [KB ]) , SP ·(SR + SP − S9 − [KB ]) , Dα ·Dβ ·Dγ ·Dδ .

Here we have employed (4.3) in combination with (4.4) to translate (3.46) into intersection
relations. The prime in SR0 reminds us that we are not working with the full SR-ideal
of the base B, but just assume vanishing quartic intersections. As before ’·’ denotes the
intersections product in dP2B (S7 , S9 ).
Next we can perform the calculation of the total Chern class of X̂. For this purpose we
first compute the formal expression of the Chern class c(X̂) by adjunction,

c(X̂) =

c(dP2B )
.
1 + c1 (O(X̂))

(4.41)

The numerator denotes the total Chern class of dP2B (S7 , S9 ) and the denominator is the
Chern class of its anti-canonical bundle (4.2), which is the class of X̂ as mentioned above.
Then, we reduce this expression in the quotient ring (4.38) with SR replaced by the
reduced ideal SR0 in (4.40). We refer to appendix in [30] for the detailed calculations
leading to the following results, as well as for the general expression of the total Chern
classes c(dP2B ) and c(X̂) for Calabi-Yau two-, three- and fourfolds. We obtain for the
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second Chern class c2 (X̂) of X̂ the expression
2
c2 (X̂) = 3c21 + c2 − 2SQ
− 3SP2 + c1 (2SQ + SP + 4SR − 2(S7 + S9 ))

+2S7 (SQ − SP ) + S9 (3SP − 2SQ − SR + S7 ) ,

(4.42)

where we have expressed all cohomology classes in terms of the basis of divisors (4.4) on
the fiber dP2 and the first and second Chern classes c1 ≡ c1 (B), respectively, c2 ≡ c2 (B) of
the base B. By abuse of notation we denote a divisor and its Poincaré dual (1, 1)-form by
the same symbol.
As a first sanity check we note that (4.42) is consistent with the formula for the second
Chern class of a fourfold with a generic E6 -elliptic fiber, i.e. with the elliptic curve in P2 .
In fact, in the limit S7 = S9 = 0, the total space dP2B (S7 , S9 ) formally turns into P(OB ⊕
KB−1 ⊕ KB−1 ), the sections SP , SQ and SR become indistinguishable and fuse into a single
holomorphic three-section σ , following conventions in the literature. Then the second line
in (4.42) vanishes and we use the relation (4.9) for σ 2 to rewrite the first line as
c2 (X̂) → c2 (XE6 ) = 3c21 + c2 + 12σ c1 ,

(4.43)

where we denote by XE6 the fourfold with E6 -elliptic fiber. This expression is in line with
the results obtained in [78].
Similarly, the Euler number of X̂ is calculated from the integration of the fourth Chern
class c4 (X̂) as

χ(X̂) = 3

Z 
B


24c31 + 4c1 c2 − 16c21 (S7 + S9 ) + c1 (8S72 + S7 S9 + 8S92 ) − S7 S9 (S7 + S9 ) .
(4.44)

Here the integral over X̂ has been reduced to an integral over the base B by first consecutive
application of the relation (4.7) and then by employing (4.6), which can be rewritten for
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Calabi-Yau fourfolds as the intersection relation

SP · Dα · Dβ · Dγ = Sm · Dα · Dβ · Dγ = (Dα · Dβ · Dγ )|B .

(4.45)

Here Sm collectively denotes the divisors SQ , SR of the sections ŝQ , ŝR and Dα , Dβ , Dγ
are general vertical divisors. We emphasize that our expression of the Euler number (4.44)
reproduces the Euler number of [78] as the special case S7 = S9 = 0. As before SP , SQ and
SR become homologous and we obtain
Z

χ(X̂E6 ) = 72

B

c31 + 12

Z
B

c1 c2 .

(4.46)

As another consistency check, and also for the sake of the discussion of general flux
quantization and the D3-brane tadpole in section 4.4.1, we calculate the arithmetic genus
χ0 (X̂) on X̂. It is calculated from the Todd class Td4 (X̂) by the Hirzebruch-Riemann-Roch
index theorem. Since X̂ is a simply-connected Calabi-Yau fourfold, its arithmetic genus
has to be two,
!

χ0 (X̂) := ∑(−1) p h(p,0) (X̂) = 2 .

(4.47)

p

This immediately follows from h(0,0) (X̂) = h(4,0) (X̂) = 1 and h(p,0) (X̂) = 0 otherwise.
From index theory, however, we obtain
1
χ0 (X̂) = Td4 (X̂) =
720
X̂
Z

 Z

1
2
(3c2 (X̂) − c4 (X̂)) =
3 c2 (X̂) − χ(X̂) . (4.48)
720
X̂
X̂

Z

2

Evaluating this integral using our expressions (4.42), (4.44) for the second Chern class and
Euler number on X̂ we obtain
1
χ0 (X̂) =
12

Z
B

!

c1 c2 = 2χ0 (B) = 2 .
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(4.49)

Here the first equality is due to a remarkable cancellation of all terms containing the divisors
S7 , S9 in the second Chern class and Euler number of X̂. In the second equality we used
the index theorem for the arithmetic genus of the base

χ0 (B) =

1
24

Z
B

c1 c2 ,

(4.50)

and the last equality follows from the constraint (4.47). Thus we see, that the arithmetic
genus χ0 (X̂) = 2 precisely iff χ0 (B) = 1. In general, one demands the stronger conditions
h(1,0) (B) = h(2,0) (B) = h(3,0) (B) = 0 since non-trivial (p, 0)-forms of the base B would
pull back to (p, 0)-forms on X̂ under the projection π : X̂ → B, which we excluded by
assumption.
We note that our result (4.49) for the arithmetic genus is in line with the computations
in [109, 77], whose analysis we followed. We also refer to [89] for an application of these
techniques to F-theory with SU(5) gauge group.
The Full Cohomology Ring of X̂: Base B = P3
As we demonstrate next, the representation (4.38) for a concrete base B allows us to calculate the full cohomology ring for a general Calabi-Yau fourfold X̂ in dP2B (S7 , S9 ) with
general divisors S7 , S9 . We exemplify this in the following for the base B = P3 , but note
that this analysis can be generalized to other bases. For all details of the intersection calculations as well as the quartic intersections, we refer the reader to appendix in [30].
In the case B = P3 the cohomology H (1,1) (X̂) is generated according to (4.15) by the
divisors DA . We choose the following basis,
H (1,1) (X̂) = hHB , SP , SQ , SR i ,

(4.51)

where HB is the only vertical divisor of the fibration, which is pullback of the hyperplane
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of P3 to X̂. The three other divisors are related to the in general rational sections ŝP , ŝQ and
sˆR . Employing (4.3) and (4.4), their associated divisor classes are

SP = E2 ,

SQ = E1 ,

SR = H − E1 − E2 + (n9 − 4)HB ,

(4.52)

where we have used c1 (KP3 ) = −c1 (P3 ) = −4HB . We recall that the divisors S7 , S9 on P3
are specified by integers n7 , n9 in the region in figure 4.1 specifying the total space (4.19)
of the dP2 -fibration over P3 .
We set up the construction of the cohomology ring of π : X̂ → P3 via (4.38) by specifying the ideal SR. We note that the SR-ideal in the case of B = P3 is generated by the
Stanley-Reissner ideal (3.46) of the fiber dP2 and the base, which is just HB4 = 0. Thus,
using the divisor classes (4.51), the resulting ideal is identical to (4.40) with all vertical
divisors equal to HB and with KP−1
3 = OP3 (4). Then, we need the anti-canonical bundle
−1
KdP
(n
2

7 ,n9 )

of dP2 (n7 , n9 ). It is given in general in (4.2) and easily specialized to B = P3 us-

ing S7 = n7 HB and S9 = n9 HB as well as expressed in the basis (4.52). Now we are equipped
with all the necessary quantities to construct the quotient ring representation (4.38) of the
(∗,∗)

cohomology ring HV

(X̂).

We begin by summarizing the Hodge numbers of the vertical cohomology of X̂ as

h(0,0) (X̂) = h(4,4) (X̂) = 1 ,

h(1,1) (X̂) = h(3,3) (X̂) = 4 ,

(2,2)

hV

(X̂) = 5 (4) ,

(4.53)

where the subscript V indicates that we are considering the vertical subspace, and the number in the bracket denotes the non-generic case with (n7 , n9 ) on the boundary7 of the al7 We note that for the two special values (n , n ) = (4, 8), (8, 4) there is one additional divisor on X̂ that
7 9
is not induced from the ambient space. For these special values we see from (4.3) that X̂ is not generic since
s1 , s2 , s3 , respectively, s1 , s5 , s8 are constants. Then, we can perform a variable transformation on the fiber
coordinates to achieve s1 = 0, i.e. the elliptic curve will have an additional section at u = 1, v = w = 0. The
elliptic fiber can then be embedded into dP3 with all sections toric. We thank Jan Keitel for pointing out the
existence of a non-toric divisor for non-generic X̂ → P3 .
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lowed region in figure 4.1. These are the lines n7 = 0, n9 = 0, n9 = 4 + n7 for n7 ≤ 4,
n9 = n7 − 4 and n9 = 12 − n7 , both of the latter two for 4 < n7 .
Indeed, we obtain these Hodge numbers as follows from the ring (4.38). At degree zero,
which is H (0,0) (X̂), the only generator is the trivial element 1. The graded piece R(1) ∼
=
(2,2)

H (1,1) (X̂) is generated by the four divisors DA . At degree two, i.e. HV

(X̂), there are ten

different combinations DA ·X̂ DB , of which, however, only five are generically inequivalent.
(2,2)

A choice of basis, denoted in general by Cr with r = 1, . . . , hV

(2,2)

(X̂), for HV

(X̂) is given

by
(2,2)

HV

(X̂) = hHB2 , HB · SP , HB · σ (ŝQ ), HB · σ (ŝR ), SP2 i .

(4.54)

Here σ (ŝQ ), respectively, σ (ŝR ) are the Shioda maps (4.10) of the sections ŝQ , ŝR . In the
case at hand these take the form

σ (ŝQ ) = SQ − SP − 4HB ,

σ (ŝR ) = SR − SP − (4 + n9 )HB

(4.55)

We can evaluate the 5 × 5-intersection matrix η (2) in the basis (4.54) using the quartic
intersections as


0

1

0

−4

0



 1 −4
0
0
16 + (n7 − n9 − 4) n9


η (2) = 
0
−8 n7 − n9 − 4
n9 (4 − n7 + n9 )
 0


(2)
2n9 (4 − n7 + n9 )
0 η34 −2 (4 + n9 )
 0

(2)
(2)
(2)
−4 η25 η35
η45
−64 − (8 + n7 − 2n9 ) (n7 − n9 − 4) n9







.





(4.56)

(2)

(2)

Here entries ηrs that are determined by symmetry are omitted and denoted by ηsr . We
note that for values of (n7 , n9 ) on the boundary of figure 4.1, there are only four inequivalent
such surfaces. A quick way to see this is by calculating the rank of the matrix (4.56) which
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is generically five, but decreases to four in these cases. In all these cases we can drop the
basis element SP2 in (4.54) since it becomes homologous to the other four basis elements.
The corresponding intersection matrix η (2) is then obtained from (4.56) by deleting the last
row and column. We note that both the knowledge of the basis (4.54) as well as of the
intersections (4.56) is essential for the construction of G4 -flux in section 4.4.1.
At degree three, there are 20 combinations of three divisors DA , however, there are only
four inequivalent ones, which is expected by duality of H (3,3) (X̂) and H (1,1) (X̂). Finally,
at degree four, which is H (4,4) (X̂), there are 35 different quartic monomials in the DA , of
which there is only one inequivalent combination. This combination is precisely the quartic
intersections on X̂. The higher graded pieces of H (k,k) (X̂), k > 4 vanish, which is intuitively
clear since there are at most quartic intersections on a Calabi-Yau fourfold.
We conclude by summarizing some key intersections on X̂ which are discussed in section 4.1.1 as general properties of the fibrations, that can, however, be proven explicitly
using the representation (4.38). Of the complete quartic intersections we highlight the following intersections,

SP ·SR ·HB2 = n9 S∗ ·HB3 ,

SQ ·SR ·HB2 = n7 S∗ ·HB3 ,

S∗ ·HB3 = 1 ,

S∗2 ·HB2 = −4 , (4.57)

where S∗ collectively denotes all the divisor classes SP , SQ and SR of the sections. Here
the first two relations are the versions of (4.8), respectively, on B = P3 . The third relation
implies that a section of the elliptic fibration of X̂ intersects the generic fiber F = π ∗ (pt) for
a generic point pt in B precisely at one point, cf. (4.6). Finally, the last relation is the analog
of (4.7) on B = P3 . We note that for a holomorphic section, this relation holds without
intersection with HB2 . Indeed, this is confirmed by the concrete cohomology calculation in
the appendix [30] for the zero-section SP .
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4.3

G4-Flux Conditions in F-Theory from CS-Terms:
Kaluza-Klein States on the 3D Coulomb Branch

In this section we discuss the construction of G4 -flux in F-theory compactifications on
general elliptically fibered Calabi-Yau fourfolds X̂ with a non-trivial Mordell-Weil group
and a non-holomorphic zero section.
We define G4 -flux in F-theory through the M-theory compactification on the resolved
fourfold X̂, that is dual to F-theory reduced on a circle to 3D. The general constraints on
G4 -flux in M-theory compactifications are reviewed in section 4.3.1. In addition to these
conditions, G4 -flux that is admissible for an F-theory compactification has to obey additional constraints. The form of G4 -flux that yields a consistent F-theory has been derived
first in [38] by requiring a Lorentz-invariant uplift to four dimensions. Here we discuss
a different logic to obtain constraints on the G4 -flux. As we point out in section 4.3.2,
these constraints are appropriately formulated as the requirement of the vanishing of certain Chern-Simons (CS) terms on the Coulomb branch of the effective three-dimensional
theory8 . In particular, consistent conditions on the G4 -flux are obtained only if one-loop
corrections of both massive states on the 3D Coulomb branch as well as Kaluza-Klein (KK)
states are taken into account. Most importantly, the presence of a non-holomorphic zero
section is linked to the existence of new CS-terms for the KK-vector, that are generated by
KK-states, whereas other CS-terms receive additional shifts.
We present for the first time a consistent set of conditions on G4 -flux in F-theory compactifications with a non-holomorphic zero section. We also evaluate explicitly the corrections of massive states to 3D CS-levels for the F-theory/M-theory compactification on the
fourfold X̂ with dP2 -elliptic fiber.
8 See

also [25, 26] for recent related studies of connections between CS-terms and contact terms in 3D
effective field theories with background fields in the context of F-maximization.
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The following discussion is an extension of [31], where KK-states have first been
discussed in the context of 4D anomaly cancellation, and inspired by the analogous sixdimensional analysis in [60]9 , see also [13] for the relevance of KK-states in the description
of self-dual two-forms in 6D/5D.

4.3.1

A Brief Portrait of G4 -Flux in M-Theory

Let X̂ denote an arbitrary smooth Calabi-Yau fourfold. In general, G4 -flux in M-theory can
only be defined on such a smooth manifold, that in the context of F-theory typically arises
from resolutions of both codimension one singularities from non-Abelian gauge groups or,
as in the case considered here, from higher codimension singularities in the presence of a
non-trivial Mordell-Weil group.
Then, G4 -flux in F-theory is defined as G4 -flux in M-theory with as set of additional Ftheoretic restrictions discussed in the next section 4.3.2. G4 -flux in M-theory is consistent
if it obeys two basic conditions. First, G4 has to be quantized as [116]

G4 +

c2 (X̂)
∈ H 4 (X̂, Z) ,
2

(4.58)

which depends on the second Chern class c2 (X̂) of X̂. In addition, the M2-brane tadpole
has to be cancelled [109, 62],10
1
χ(X̂)
= n3 +
24
2

Z
X̂

G4 ∧ G4 ,

(4.59)

where χ(X̂) is the Euler characteristic of X̂ and n3 the number of spacetime-filling M29 We

are grateful to Thomas W. Grimm for explanations and comments on the importance of Θ00 .
are working here in the carefully checked conventions of [10], where also comparison with other,
inconsistent sign choices in the literature can be found.
10 We
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branes. This tadpole lifts to the D3-brane tadpole in F-theory with n3 denoting the number
of D3-branes.
In addition, one can distinguish G4 -flux further by decomposing H 4 (X̂) into its primary
vertical and horizontal subspaces H 4 (X̂) = HV4 (X̂) ⊕ HH4 (X̂) [51]. As mentioned before,
only G4 -flux in the vertical homology induces 4D chirality as well as gaugings of axions in
(2,2)

F-theory and is considered here. A general G4 -flux in the vertical cohomology HV

(X̂)

than has an expansion as
G4 = mr Cr ,
(2,2)

where Cr with r = 1, . . . , hV

(4.60)
(2,2)

(X̂) denotes an integral basis of HV

(X̂) and mr are the

flux-quanta with integrality fixed by the quantization condition (4.58).11 Such a basis can
be constructed explicitly, as demonstrated in sections 4.2.2, for concrete examples.

4.3.2

Deriving Conditions on G4 -Flux in F-theory

The additional constraints on the G4 -flux in F-theory compactifications are most conveniently formulated in the three-dimensional theory obtained after compactification of the
4D N = 1 effective action of F-theory on S1 . Then we can use the basic duality between
three-dimensional F-theory on X̂ × S1 and M-theory on X̂. Consideration of the resolved
fourfold X̂ means in terms of the 3D N = 2 effective theory obtained in the circle reduction to go to the 3D Coulomb. The corresponding fields acquiring a VEV are the adjoint
valued scalars ζ A , A = 0, . . . , h(1,1) (B) + rk(G) + nU(1) , along the Cartan directions of the
4D gauge group G × U(1)nU(1) . The zeroth component denotes the scalar in the multiplet
of the KK-vector. Then the 3D gauge group is broken in an ordinary Higgs effect to the
(2,2)

11 In

general, c2 (X̂) has to be decomposed into the integral basis of HV (X̂). However, the determination
of this basis is very involved and requires more sophisticated techniques that would exceed the scope of this
work. We refer to [59] for the application of mirror symmetry to fix the integral basis. See also [73] for
a discussion of potential conflicts between the split of H 4 (X̂) into vertical and horizontal subspace and the
choice of an integral basis.
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(1,1) (B)+rk(G)+n
U(1) +1

maximal torus U(1)h

and in addition the charged fermions, in particular

those from the 4D massless matter multiplets, obtain a mass (shift) as m = qA · ζ A , where
qA denotes the full 3D charge vector.
This Coulomb branch then describes the IR dynamics of the dual M-theory compactification on the fourfold X̂ in the supergravity approximation. It is the key point of the
following analysis that the matching of the two dual descriptions works only on the level
of the quantum effective action after massive degrees of freedom have been integrated out
on the F-theory side. As we emphasize in the following, also corrections due to KK-states
have to be considered. In fact, consistent conditions on the G4 -flux in the presence of a
non-holomorphic zero section are only obtained if new CS-terms for the KK-vector are
taken into account.
The general approach of matching F- and M-theory in 3D initiated in [53] has been
exploited recently in [54, 61, 31, 20] to study various aspects of the F-theory effective
action. We refer to these references for the background of the following discussion.

F-Theory Conditions from KK-States Corrected CS-Terms
First we recall that G4 -flux in M-theory induces CS-terms for the U(1)-gauge fields AA on
the 3D Coulomb branch that read
(3)
SCS

1
=−
2

Z

A
B
ΘM
AB A ∧ F

ΘM
AB

1
=
2

Z
X̂

G4 ∧ ωA ∧ ωB .

(4.61)

This can be shown by reducing the M-theory three-form C3 along (1, 1)-forms ωA on the
fourfold X̂ that are dual to the basis of divisors DA , A = 0, 1, . . . , h(1,1) (X̂) − 1. We recall,
cf. (4.15) for the case nU(1) = 2, that this basis is given by h(1,1) (B) vertical divisors Dα ,
the divisor S̃P = SP + 12 [KB−1 ], see (4.14), associated to the zero section, the Shioda maps
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σ (ŝm ) for a rank nU(1) Mordell-Weil group and rk(G) Cartan divisors Di in the presence of
a four- dimensional non-Abelian gauge group G.
Now the strategy to formulate conditions on the G4 -flux for a valid F-theory compactification is as follows. We require that the CS-levels on the F-theory side, denoted ΘFAB ,
have to agree with the M-theory CS-levels, denoted ΘM
AB and given by the flux integral in
(4.61),
!

ΘFAB = ΘM
AB .

(4.62)

This means, whenever a non-vanishing CS-level ΘFAB is there on the F-theory side, as a
classical CS-level or generated by loops of massive matter on the 3D Coulomb branch, then
the same CS-level has to be there on the M-theory side, i.e. it has to be generated by the
G4 -flux. In contrast, when a CS-term is not there on the F-theory effective field theory side,
the corresponding flux integral in (4.61) for the same CS-term in M-theory has to vanish.
However, the critical point is to allow in the corresponding F-theory loop-computation also
for loops with an infinite tower of KK-states. If KK-states are not included, the G4 -flux is in
general over-constrained, in particular in the presence of a non-holomorphic zero section.
In addition, certain CS-levels get shifted by KK-states and a consistent match of CS-terms
in F- and M-theory is only possible if these corrections are included.
The general form for the correction to the classical CS-level on the F-theory side, denoted by ΘFcl, AB , has been worked out in [104, 106, 1]. The correction is one-loop exact
with all 3D massive fermions contributing in the loop. Assuming a fermion with charge
vector qA , the loop corrected CS-term takes the simple form
ΘFAB = ΘFcl, AB +

1
n(q)qA qB sign(qA ζ A ) ,
∑
2 q

(4.63)

where n(q) is the number of fermions with charge vector q and the sum runs over all these
charge vectors. We note that since real masses can be negative in 3D, the sign-function
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is non-trivial. We can rewrite this expression further by noting the general form of thee
charge vector
qA = (n, qα , qi , qm ) ,
(1,1) (B)+rk(G)+n
U(1) +1

where we recall the 3D gauge group U(1)h

(4.64)
on the Coulomb branch and

that the charge under the KK-vector A0 is just the KK-label of KK-states, q0 ≡ qKK = n.
Next, we assume that in a theory obtained by circle reduction from 4D, there are no
states with charge under the Aα , since these do not correspond to a 4D gauge symmetry,
i.e. we assume qα = 0.12 We consider in the following the massive charged states obtained
from the reduction of four-dimensional massless chiral matter to 3D, along with their KKstates. Denoting their charge vectors as qA = (n, 0, qi , qm ) with qi the Dynkin labels of their
non-Abelian representations R under G, we write the loop-correction (4.63) as

ΘF00 =

∞
1
χ(Rqm ) ∑ n2 sign(mCB + n · mKK ) ,
∑
∑
2 Rq q∈Rq
n=−∞
m

ΘF0Λ

m

∞
1
= ∑ ∑ qΛ χ(Rqm ) ∑ n sign(mCB + n · mKK ) ,
2 Rq q∈Rq
n=−∞
m

ΘFΣΛ =

m

∞
1
q
q
χ(R
)
∑ Σ Λ qm ∑ sign(mCB + n · mKK ) ,
2 R∑
n=−∞
q∈R
q
q
m

(4.65)

m

where we invoked the absence of classical CS-terms. Here we have suppressed a labeling
of the KK-charges n by the weights w of the representation Rqm and unified the labels i and
m as Λ = (i, m) and χ(Rqm ) denote the 4D chiralities of chiral matter fields. We have also
defined the Coulomb branch mass mCB = qΣ ζ Σ and the KK-mass mKK =

1
RKK

with RKK the

radius of the S1 . The terms (4.65) are, bearing our assumptions on the spectrum of massive
fermions in mind, the only CS-terms receiving loop-corrections via (4.63). Other CS-terms
are classically generated, either in 4D or in the 3D reduction.
12 One might wonder whether these states correspond,

on the M-theory side, to M2-branes wrapping curves
in the base B, e.g. generated from resolved conifolds in B.
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We summarize all CS-terms, the presence of classical terms, the potential correction
via loop-effects, their physical interpretation and a related reference in the following,
ΘFAB

ΘFcl, AB

loop-corr.

G4 -condition

interpretation

ΘF00

-

yes

-

4D chiralities

ΘF0α

yes

-

=0

S1 -circle fluxes [56]

ΘF0i

-

yes

-

4D chiralities

ΘF0m

-

yes

-

4D anomaly cancellation [31]

!

(for holomorphic ŝP )
!

ΘFαβ

- (?)

-

=0

ΘFαi

yes

-

=0

4D gaugings by GUT Cartans

ΘFαm

yes

-

-

4D gaugings by U(1)m

(4.66)

non-geometric flux?

!

(4D GS-mechanism)
ΘFΣΛ

-

yes

-

4D chiralities

Here we also mention in one column whether the corresponding CS-term is used to impose
a condition on the G4 -flux. Indeed, the effect of CS-terms ΘF0α is the induction of circle
fluxes along the S1 in compactification from 4D and, thus, not a physical effect in 4D.
Therefore, we impose these CS-terms to vanish. Then, the CS-terms ΘFαβ obstruct the lift
back to 4D [53], potentially by non-geometric effects, and are required to vanish. Finally,
the CS-terms Θαi correspond to 4D gaugings of axions via the maximal torus of the GUT
and are thus set to zero. Thus, using the M-/F-theory duality relation (4.62) we formulate
the F-theory conditions on the G4 -flux in terms of 3D CS-levels ΘAB as

G4 -flux conditions:

Θ0α = Θαβ = Θiα = 0

(4.67)

We note that these conditions on the G4 -flux look much weaker than the ones considered in
112

the literature before. We claim that these conditions are the appropriate ones, in particular
in cases with a non-holomorphic the zero section ŝP . In contrast, however, in compactifications with a holomorphic zero section, the vanishing of the CS-levels in (4.67) implies the
vanishing of other, dependent CS-levels. We discuss this in the following and contrast it to
the situation with a non-holomorphic ŝP .
KK-Corrected 3D CS-Terms: Field Theory Computations
In certain cases, the loop-corrections (4.65) can vanish, leading to additional vanishing
CS-terms. In particular, for a holomorphic zero-section, the CS-term ΘF00 in field theory
vanishes, and consistently also the geometric CS-term ΘM
00 in M-theory. The latter can be
seen easily using the conditions (4.67) in the relation
1
Θ00 = K α K β Θαβ ,
4

(4.68)

which is derived employing the definition (4.14), the intersection property (4.9), and K α
introduced in (4.17). In order to see the same from the field theory side and, in general, to
compute the loop-corrections to the CS-terms, we first have to evaluate the sign-function
in (4.65).
We calculate the sign-function geometrically, recalling from the discussion of section
4.2.1 that to every weight w of a representation Rqm realized in F-theory there is a corresponding curve cw , cf. (4.21). The sign-function in (4.65) is then determined by testing
whether the curve cw associated to a given weight w with Dynkin labels qΛ and KK-charge
n is in the Mori cone M(X̂) of effective curves on X̂. We define

sign(qA ζ A ) =





1,


 −1 ,
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cw ∈ M(X̂) ,
otherwise .

(4.69)

Here the KK-charge q0 = n of a curve cw is obtained geometrically as

n = cw · S̃P .

(4.70)

In general, a curve is in the Mori cone if it is described by holomorphic equations and an
analysis of the geometry allows in general to find all holomorphic curves corresponding to
matter, cf. section 4.2.1 as well as [34].13 In the toric context, the relevant parts of the Mori
cone can be constructed systematically as recently demonstrated in [60].
Now, in the presence of a holomorphic zero section the sign-function is centered around
0 because no curve cw has KK-charge. This follows from the simple geometric fact that
by definition any rational curve cw does not intersect SP , which always goes through the
original singular curve, cf. figure 4.2. This implies that the loop-corrections in (4.65) that
are odd in the KK-level n vanish since KK-states with charge −|n| cancel those with charge
|n|. In particular, ΘF00 = 0, confirming the geometric result (4.68). In addition, the sum over
KK-states in ΘFΛΣ reduces to
ΘFΛΣ =

1
∑ qΣ qΛ χ(Rqm ) sign(mCB) ,
2 R∑
q q∈Rq
m

(4.71)

m

which has been used in [54, 31].
In contrast, the CS-levels Θ0Λ receive an infinite loop-correction that has to be regularized by zeta-function regularization. In [31] this zeta function regularization has been
performed and it was shown that the field theory result for Θ0m agrees with the 4D mixed
13 In

general, the values of the sign-function on a given representation Rqm depend on the phase of X̂,
respectively, of the 3D gauge theory. See [65] for a detailed discussion of phases structure of Calabi-Yau
fourfolds and 3D SU(5) gauge theories. However, it can be shown by a similar argument as in [117] that 4D
observables like the chiralities χ(Rqm ) are not expected to depend on the phase.
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Abelian-gravitational anomaly,

ΘF0m = −

1
n(q)qm ,
12 ∑
q

(4.72)

with n(q) denoting the number of fermions in 4D with U(1)-charge vector q. In particular,
anomaly cancellation follows then using the M-/F-theory relation (4.62) and the geometric
result
1 α M
ΘM
0Λ = K ΘαΛ ,
2

(4.73)

where the right side is immediately identified with the 4D Green-Schwarz term for Λ = m,
cf. section 4.4.3. Here we used the general result SP ·DΛ = 0 for a holomorphic zero section.
We also infer from (4.73) that the CS-terms Θ0i are set to zero recalling (4.67).
In the presence of a non-holomorphic section ŝP the only thing that changes on the field
theory side is a shift of the sign function in (4.69). It is no longer centered symmetrically
around the origin of the sum over KK-labels n. This is geometrically clear because there are
now rational curves cw in the Mori cone that have non-zero intersection with the rational
zero section ŝP , i.e. that have non-zero KK-charge (4.70). These curves have to be located
precisely at the loci where the rational zero section is ill-defined and wraps a whole P1
in the fiber, which is the original singular curve. Everywhere else in the base B the zero
section is only a point on the original singular fiber and does not intersect curves cw .
The effect of the shift of the sign-function is dramatic because now KK-states with
positive and negative KK-label |n|, respectively, −|n| do no longer cancels in corrections
(4.65) that are odd in n. The infinite parts of the sums over KK-states still cancel, but with a
non-zero remainder. Thus, the CS-term ΘF00 that was zero for a holomorphic zero section is
now generated by a contribution of a finite number of KK-states. For example, assuming,
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with k denoting an integer, a sign-function of the form

sign(mCB + n · mKK ) =





1,

for n ≥ −k ,


 −1 ,

for n < −k ,

(4.74)

for only one weight of a single matter multiplet Rqm the loop induced CS-term in (4.65)
reads
ΘF00 =

k(k + 1)(2k + 1)
χ(Rqm ) .
6

(4.75)

See e.g. [60] for a formal derivation or the following for an intuitive understanding,
Integers

−k − 1

−k

−k + 1

...

0

1

∑ n2sign
n

n2 sign(n)

−(k + 1)2

−k2

−(k − 1)2

...

0

1

0

n2 sign(n + k)

−(k + 1)2

k2

(k − 1)2

...

0

1

k(k + 1)(2k + 1)
3

(4.76)

Here the unshifted sum was normalized to zero, then the shifted sum differs only by the
amount obtained as the finite sum over the differences between the first and second row in
(4.76) for each column.
Thus we see that ΘF00 in (4.75) is directly proportional to one chirality. Consequently,
imposing ΘM
00 = 0, as done in the literature with holomorphic zero sections, also in the
non-holomorphic case would unnecessarily set this chirality to zero. We will see that the
loop-correction to ΘF00 precisely takes the form (4.75) for dP2 -elliptic fibrations, cf. section
4.4.2, since only one singlet has a non-trivial KK-charge n = 2 and, thus, a shifted signfunction (4.74) with k = −2.
We conclude by mentioning that the CS-terms ΘΛΣ are shifted in a similar way, where
as in (4.76) the shift originates from a finite number of KK-states. We note that this shift
has to be taken into account when we determine certain 4D chiralitites via 3D CS-terms in
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sections 4.4.2. In addition, also the relation (4.72) is modified by a finite correction due to
KK-states. Assuming again that only one weight in the representation Rqm has a non-trivial
KK-charge with shifted sign-function (4.74), we obtain the corrected expression

ΘF0m = −

1
k(k + 1)
n(q)qm −
χ(Rqm )qm .
∑
12 q
2

(4.77)

Thus, we see that these CS-levels are no longer directly related to the 4D mixed Abeliangravitational anomaly as in (4.72) with a holomorphic zero section. Geometrically this is
also clear since in general SP · σ (ŝm ) 6= 0 in compactifications with rational zero sections.
Thus, (4.73) does not hold and the cancellation of 4D mixed Abelian-gravitational anomaly
is not geometrically implied. However, after subtracting the contribution of KK-states in
(4.77), 4D anomaly cancellation requires the remaining piece to again equal 21 K α Θαm . In
other words, we can formulate the relation
1
4

Z
X̂

SP · σ (ŝm ) · G4 =

k(k + 1)
qm χ(Rqm )
2

(4.78)

on the fourfold X̂ as a necessary and sufficient condition for 4D anomaly cancellation. It
would be nice to proof this relation purely geometrically. Finally, we note that also the
1 α M
CS-terms ΘF0i need no longer vanish, since geometrically ΘM
0i 6= 2 K Θαi .

4.4

G4-Flux & Chiralities on Fourfolds with Two U(1)s

In this section we analyze chirality-inducing G4 -flux in F-theory on the fourfolds X̂ with
dP2 -elliptic fiber and a non-holomorphic zero section. In section 4.4.1 we first construct the
general G4 -flux for the fourfold π : X̂ → P3 , where we also comment on the general D3brane tadpole. Then in section 4.4.2 we outline first our general strategy to obtain chiralities
on Calabi-Yau fourfolds with higher rank Mordell-Weil group and a rational zero section,
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before applying it again to the fourfold X̂ with B = P3 . Then in section 4.4.3 we first review
anomaly cancellation conditions in general 4D effective field theories. Then we show that
the general spectrum obtained for the Calabi-Yau fourfold X̂ is anomaly-free for the entire
allowed region of figure 4.1.

4.4.1

G4 -Flux on Fourfolds with Two Rational Sections

In this section we first show that on a general fourfold X̂ with dP2 -elliptic fiber the D3brane tadpole can always be solved by adding a sufficient amount of nD3 of integral D3brane charge. Then we construct viable G4 -flux for F-theory on a general fourfold X̂ with
base B = P3 . We show that for different elliptic fibrations, i.e. for different values of the
integers n7 , n9 , the number of independent G4 -flux quanta changes.
Integral D3-Tadpole on General Fourfolds with U(1)×U(1)
In the following we prove the necessary condition for D3-tadpole cancellation on X̂, namely
that the induced D3-brane charge from the combination of the Euler number and the quantized G4 -flux in the tadpole equation (4.59) is always integral. The following discussion is
an application of the arguments in [109, 116, 77], that immediately carry over to elliptic
fibrations X̂ with dP2 -elliptic curve.
To this end, we use the relation (4.48) between the arithmetic genus χ0 (X̂) and the Euler
number χ(X̂) to rewrite the tadpole (4.59) as
χ(X̂) 1
−
nD3 =
24
2

Z
X̂

G24

1
= −60 +
2

Z 
X̂


1
2
2
c2 (X̂) − G4 .
4

(4.79)

Here we have also employed that χ0 (X̂) = 2, cf. (4.49). Using the flux quantization condi-
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tion (4.58) this can be written as

nD3 = −60 −

1
2

Z
X̂


x2 − x ∧ c2 (X̂) ,

(4.80)

where we used x = G4 + 12 c2 (X̂). By flux quantization (4.58) we know that x is integral,
i.e. an element in H 4 (X̂, Z). This implies by Wu’s theorem that x2 ∼
= c2 (X̂) ∧ x mod 2 [116],
so that the integrand in (4.80) is divisible by two. Thus, the number nD3 of D3-branes is
integral for every elliptically Calabi-Yau fourfold X̂ with general elliptic fiber in dP2 .
The G4 -Flux on X̂ with B = P3
Next we explicitly determine the G4 -flux on X̂ for a general elliptic fibration over the base
B = P3 , i.e. for all integers n7 , n9 in the allowed region in figure 4.1.
(2,2)

We begin by expanding the G4 -flux according to (4.60) into the basis of HV

(X̂)

determined in (4.54),

G4 = a1 HB2 + a2 HB · SP + a3 HB · σ (ŝQ ) + a4 HB · σ (ŝR ) + a5 SP2 ,

(4.81)

for general coefficients ai , where as before the application of Poincaré duality is understood. Then we calculate the CS-levels (4.61) employing the intersection ring in the basis
of divisors (4.51), but with S̃P = SP + 2HB as defined in (4.14) replacing the zero section
SP . The generic solution is a three-parameter family of G4 -flux given by
G4 = a5 n9 (4 − n7 + n9 ) HB2 + 4a5 HB · SP + a3 HB · σ (ŝQ ) + a4 HB · σ (ŝR ) + a5 SP2 ,

(4.82)

which is valid for all values of n7 and n9 in the allowed region figure 4.1.
This generic three-parameter solution for the G4 -flux is expected since there are generically five different surfaces in (4.81) and two independent conditions (4.67), namely
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Θ0α = Θαβ = 0 with α, β = 1. However, the situation becomes more interesting at special values for (n7 , n9 ). First, we recall that for (n7 , n9 ) on the boundary of the region in
(2,2)

figure 4.1, the dimensionality of HV

(X̂) decreases to 4. The surface SP2 becomes linearly

dependent in homology on the four other surfaces, as noted below (4.56). At the same
time, the number of independent conditions on the G4 -flux remains two. Thus, we find two
independent G4 -fluxes on the boundary. We have depicted this situation in figure 4.2
8

hV(2,2) =4

hV(2,2)=5

n9

6

4
2

hv(2,2) =4
SP holom.

0

00

22

4 n7 6

8

Figure 4.3: The region of allowed values for (n7 , n9 ) from figure 4.1. On the entire region,
there are two conditions on the flux. In the interior of this region, (4.82) holds. On the
red and the blue boundary, there are only four independent (2, 2)-forms in the expansion
(4.81). On the blue boundary, ŝP is holomorphic.
In all these cases we can obtain the expression for the G4 -flux by specializing (4.82).
This ensures that all quantities, in particular the chiralities of 4D charged matter, that are
calculated from the most general G4 -flux specialize correctly for non-generic values of
(n7 , n9 ). We discuss this specialization at the end of this subsection, but note that the reader
may want to skip these details on a first read and proceed with the chirality formulas in
section 4.4.2.
Before delving into the details of this analysis, we evaluate the D3-brane tadpole (4.59)
for the Calabi-Yau fourfold X̂ → P3 and the G4 -flux (4.82). First, we calculate the individual terms in the D3-brane tadpole. We obtain the Euler number for X̂ with B = P3 from the
general formula (4.44) as



χ(X̂) = 4896 + 3 −256(n7 + n9 ) + 4(8n27 + n7 n9 + 8n29 ) − n7 n9 (n7 + n9 ) ,
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(4.83)

where we employed c1 (P3 ) = 4HB , c2 (P3 ) = 6HB2 . We note that this expression is manifestly positive due to the bounds on n7 and n9 in (4.20), respectively, figure 4.3. Then we
calculate the contribution of the G4 -flux (4.82) to the D3-tadpole as
Z
X̂

G24 = −8a23 + 2a3 a4 (n7 − n9 − 4) + a25 n9 (2n9 − n7 ) (n7 − n9 − 4) − 2a24 (4 + n9 )
+2a5 (a3 + 2a4 ) n9 (4 − n7 + n9 ) .

(4.84)

Finally, for the purpose of G4 -flux quantization via (4.58) we note the following expression
for the second Chern-class of X̂,

c2 (X̂) = (182 + 3n9 (n7 − n9 − 4))HB2 + 28HB · SP + 2(8 − n9 )HB · σ (ŝQ )
+(16 + 2n7 − 3n9 )HB · σ (ŝR ) − 5SP2 ,

(4.85)

where we expanded the general expression (4.42) for a better comparison with the G4 -flux
(4.82) in the basis (4.54) of the vertical cohomology. Also for completeness we calculate
the square of the second Chern-class from the general formula as
Z
X̂

c2 (X̂)2 = 2112 − 256(n7 + n9 ) + 4(8n27 + n7 n9 + 8n29 ) − n7 n9 (n7 + n9 ) .

(4.86)

Comparing this with the Euler number (4.83) we reconfirm the general relation (4.48) between the arithmetic genus and the Euler number of a Calabi-Yau fourfold.
Finally, we conclude by a discussion of (4.82) for non-generic values of (n7 , n9 ). Along
each component of the boundary we have to use the homology relations between SP2 and
(2,2)

the four remaining basis elements (4.54) of HV

(X̂). The relevant relations are worked

out in the appendix of [30]. In all these cases the general formula (4.82) for the G4 -flux can
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be shown to reduce to the two-parameter

G4 = ã3 HB · σ (ŝQ ) + ã4 HB · σ (ŝR ) .

(4.87)

Here the coefficients ã3 and ã4 are the following linear combination of a3 , a4 and a5 on the
three boundary components,

{n7 = 0} : ã3 = a3 , ã4 = a4 − n9 a5 ,

{n9 = n7 + 4} : ã3 = a3 − n7 a5 , ã4 = a4 − 4a5 ,

{n9 = 12 − n7 } : ã3 = a3 + (n7 − 8)a5 , ã4 = a4 + (n7 − 8)a5 ,
{n9 = n7 − 4} ∪ {n9 = 0} : ã3 = a3 , ã4 = a4 .

(4.88)

It is satisfying to see that the parameters ã3 , ã4 are continuous at the intersection points
of boundary components. We note that the blue boundaries in figure 4.3, n9 = 0 and n9 =
n7 − 4, are special because ŝP is holomorphic.
We conclude with one remark on the form of the G4 -flux obtained here. In some cases,
Type IIB seven-brane gauge fluxes F (1) , F (2) of two single D7-branes can be lifted into
F-theory by considering a G4 -flux of the type
G4 = F (1) · σ (ŝQ ) + F (2) · σ (ŝR ) .

(4.89)

We note that the flux (4.87) is precisely of this form. In contrast,t he interpretation of the
general G4 -flux in (4.82) in terms of Type IIB quantities, if possible, is less clear and would
be very interesting to investigate.
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4.4.2

4D Chiralities from Matter Surfaces & 3D CS-Terms

Finally we are prepared to calculate the chirality of matter in four-dimensional F-theory
compactifications on X̂ with U(1)×U(1) gauge group. We demonstrate that the chirality
of all six matter representations discussed in section 4.2 can be determined uniquely. Half
of the chiralities are determined by integration of the G4 -flux over matter surfaces CRw , the
other half from the 3D CS-terms ΘΣΛ . As we see explicitly, the 3D CS-terms ΘΛΣ are not
sufficient to fix all chiralities, in contrast to earlier works with a holomorphic zero section.
However, supplemented by new CS-terms present only for non-holomorphic zero sections,
see section 4.3.2, the chiralities can be obtained also exclusively via 3D CS-terms. We
emphasize that this analysis requires the inclusion of KK-charges for all curves cw . In the
fourfold X̂ only the representation 1(−1,−2) has non-trivial KK-charge qKK = 2.
We outline the general strategy to obtain 4D chiralities in section 4.4.2 before we determine them explicitly in section 4.4.2 The concrete calculations are performed for the
Calabi-Yau fourfold X̂ with base B = P3 for the entire allowed region in figure (4.1).
General Strategy to Determine 4D Chiralities
We begin our discussion by recalling how to extract the chiral index of 4D matter in a representation R under a gauge group G in a global F-theory compactification on an arbitrary
resolved elliptically fibered Calabi-Yau fourfold X̂.
As explained in section 4.2, each matter representation R possesses an associated ruled
surface, the matter surface CRw , where w denotes a weight of R. Then, the chiral index of
charged matter in this representation R is given by the flux integral14 [42, 64, 16, 89]

χ(R) = −

1
4

Z
w
CR

G4 ,

(4.90)

factor − 14 has been introduced to be consistency with the conventions of [31]. It can be reabsorbed
into the G4 -flux.
14 The
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where the G4 -flux is a quantized M-theory flux subject to the conditions (4.67). It is important to note that these conditions, more precisely the conditions Θiβ = 0, imply that the
integral (4.90) is independent on the choice of a particular weight w, since different weights
w, w0 of the same representation R are related by a root αi , w − w0 = αi .
In cases where all the matter surfaces CRw are known, the integral (4.90) is the most
direct and geometric way of calculating the chirality χ(R). However, for the fourfold X̂
at hand, the homology class of all matter surfaces CRw is not known. Fortunately, since we
know the expected matter spectrum from the geometric analysis there is to determine the
missing chiralities χ(R) indirectly via 3D CS-terms.
For this purpose we recall the three-dimensional M-/F-duality explained in section
4.3.2. There we have seen that the 3D CS-terms (4.61) for the U(1)-vector fields AΛ =
(Ai , Am ) on the Coulomb branch can be calculated in two independent ways. On the one
hand, after solving the G4 -flux condition (4.67), one can calculate all CS-terms ΘM
ΛΣ on
the M-theory side by evaluating the classical flux integrals in (4.61). On the other hand,
the CS-levels ΘFAB on the F-theory side are generated and corrected at one-loop from integrating out charged matter and, thus, contain, as shown in section 4.3.2, cf. (4.65), the 4D
chiral indices χ(Rqm ) of all 4D matter. Since we know which representations Rqm are there
from our geometric analysis in section 4.2.1, we can solve the matching condition (4.62)
for the chiralities χ(Rqm ).
We note that in the fourfold X̂ we know the homology classes for a number of matter
surfaces CRw , but not for all. For these matter surfaces, we can evaluate the index (4.90)
directly. The remaining chiralities can be fixed, as demonstrated in section 4.4.2 by the
matching of the CS-terms ΘΛΣ , that are given on the F-theory side by the loop-expression
given in (4.65). However, we can also obtain all 4D chiralities by taking into account
the CS-terms Θ00 and Θ0m in (4.65), respectively, in (4.75) and (4.77). As we will see
concretely, the obtained results agree with the direct computations via (4.90), confirming
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the validity of application of the M-/F-theory duality (4.62) to the determination of 4D
chiralities.
We conclude by noting that the matching (4.62) of CS-terms ΘΣΛ has been used in
[54, 31, 20] to calculate successfully the chiralities of F-theory compactifications with
SU(5) and SU(5)×U(1) gauge symmetry. In this work, however, we encounter the novel
situation that the conditions arising from ΘΣΛ are not sufficient to determine the chiralities
of the full spectrum with U(1)×U(1) gauge symmetry, as outlined in the following. The
reason for this is precisely the existence of a non-holomorphic zero section. However, either supplemented by the chiralities that can be directly determined by the flux integrals
(4.90) or by the CS-terms Θ00 and Θ0m , we obtain all chiralities. For an application of the
latter resolution, see also the analogous analysis of [60] in 6D.
One might wonder whether the CS-terms always provide enough conditions to solve
for the chiralities of a known F-theory spectrum. By a simple counting argument assuming
a rank nU(1) Mordell-Weil group, we enumerate the number of conditions arising from the
matching of these CS-terms as

#(CS-terms) =

(nU(1) + 2)(nU(1) + 1)
.
2

(4.91)

If all these conditions remain independent, the CS-terms might indeed be sufficient to determine the chiralities in F-theory compactifications with more U(1)-symmetries. This can
be seen by a similar estimate on the growth of the number of different representations as a
function of the rank nU(1) of the Mordell-Weil group.
Chiralities on X̂ with B = P3 : Matter Surfaces & CS-Terms
In the following we calculate for the first time 4D chiralities χ(R) of an F-theory compactification on a general elliptically fibered Calabi-Yau fourfold X̂ with rank two Mordell-Weil
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group and with the full matter spectrum analyzed in section 4.2. The following is a direct
extension of the six-dimensional analysis in [34] to a 4D chiral theory.
As mentioned before, the 4D chirality of a given representation R is computed by the
flux integrals (4.90) given the G4 -flux and the corresponding matter surfaces CRw . The
matter surfaces for the matter fields 1(q1 ,q2 ) with the three different U(1)2 -charges (q1 , q2 ) =
(−1, 1), (0, 2), (−1, −2) have been determined in (4.27). Using the general G4 -flux (4.82)
on X̂ → P3 we obtain the following chiralities
χ(1(−1,1) ) = − 41

Z

χ(1(0,2) ) = − 41

Z

χ(1(−1,−2) ) = − 41

Z

C(−1,1)
C(0,2)

G4 = 14 (a3 − a4 ) n7 (4 + n7 − n9 ) ,

G4 = 14 n7 n9 (−2a4 + a5 (4 − n7 + n9 )) ,

C(−1,−2)

G4 = 41 n9 (4 − n7 + n9 )(a3 + 2a4 + a5 (n7 − 2n9 )) .(4.92)

In order to evaluate the involved intersections we have made use of the topological metric
(2,2)

η (2) on the cohomology HV

(X̂) calculated in (4.56).

In order to obtain the chiralities for the matter fields 1(q1 ,q2 ) with charges (q1 , q2 ) =
(1, 0), (0, 1), (1, 1), we have to use the 3D CS-levels and the matching condition (4.62).
For this purpose we have to determine the KK-charges of all six matter representations on
X̂. As mentioned before, a non-trivial KK-charge is calculate by the intersection (4.70) of
the curve cw and the zero section S̃P . Such a non-trivial intersection can only occur at loci,
where the zero section is ill-defined and wraps fiber components. This is precisely the case
at the loci s8 = s9 = 0, where 1(−1,−2) is supported. Since the fiber is an I2 -fiber over all
matter loci, we obtain a KK-charge

qKK (1(−1,−2) ) = c(−1,−2) · S̃P = 2 ,

(4.93)

and zero for all other matter representations. We note that (4.93) implies that the sign126

function (4.69) is given by the shifted sign-function (4.74) with k = −2 whereas the other
matter fields retain a point-symmetric sign-function.
We can immediately cross-check this result using the field theory computations of sections 4.3.2. We first calculate the CS-level ΘF00 for the 3D KK-vector on the field theory
side. Using the general expression (4.75) for k = −2 we obtain

ΘF00 = −χ(1(−1,−2) ) ,

(4.94)

with the chirality χ(1(−1,−2) ) determined in (4.92). We readily calculate the corresponding
flux integral ΘM
00 via (4.61) and immediately reproduce (4.94). Next we check the relation
(4.77) for the CS-level Θ0m , respectively, (4.78). Again we start with the field theory result
for the right hand side of (4.78) which requires

1
4

Z
X̂

!

SP · σ (ŝQ ) · G4 = −χ(1(−1,−2) ) ,

1
4

Z
X̂

!

SP · σ (ŝR ) · G4 = −2χ(1(−1,−2) ).

(4.95)

We confirm this relation easily by calculating the intersections on the left hand side directly
from the G4 -flux (4.82). Thus, as we have just demonstrated the results for the chiralities
in (4.92) obtained from the matter surface integrals can be employed as an independently
check of the field theory expressions for the CS-levels in 4.3.2 and the M-/F-theory duality
relation (4.62).
Next we proceed with the computation of the other CS-levels Θmn , m, n = 1, 2, for
the two U(1) gauge fields Am corresponding to the divisors σ (ŝQ ), respectively, σ (ŝR ).
Beginning with the M-theory expressions, we obtain using the Shioda maps (4.55), (4.61)
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and the general G4 -flux (4.82),
1
[a3 (96 − n7 (4 + n7 ) + n9 (4 + n9 )) + a5 (4 − n7 + n9 )n9 (n7 − 12 − 2n9 ))
2

+a4 (n27 + 2(4 + n9 )(6 + n9 ) − n7 (8 + 3n9 )) ,

= 12 a3 (n27 + 2(4 + n9 )(6 + n9 ) − n7 (8 + 3n9 )) + (4 − n7 + n9 )(a5 (−12 + 3n7 − 5n9 )n9

ΘM
11 =

ΘM
12

+a4 (12 + 5n9 ))] ,
ΘM
22 =

1
[96a4 + a3 (4 − n7 + n9 )(12 + 5n9 ) + 2a4 n9 (32 − 4n7 + 5n9 )
2
−2a5 n9 (4 − n7 + n9 )(12 − 2n7 + 5n9 )] ,

(4.96)

M
with ΘM
21 = Θ12 .

Then we compute the one-loop CS-terms ΘFmn in (4.65) on the F-theory side. For the
matter spectrum at hand, cf. (4.23), we obtain

ΘF11 =

1
2 (χ(1(1,0) ) + χ(1(1,1) ) + χ(1(−1,1) ) − 3χ(1(−1,−2) ))) ,

ΘF12 =

1
2 (χ(1(1,1) ) − χ(1(−1,1) ) − 6χ(1(−1,−2) )) ,

Θ22 =

1
2 (χ(1(0,1) ) + χ(1(1,1) ) + χ(1(−1,1) ) + 4(χ(1(0,2) ) − 3χ(1(−1,−2) ))) . (4.97)

We note that the factor of −3 in front of χ(1(−1,−2) ) occurs due to the shifted sign-function
(4.74) with k = −2. Indeed, the relevant sum over KK-states in this case yields

∑ sign(n + k) = −3 .

(4.98)

n

We note that the matching of 3D CS-terms (4.62) only using the Θmn yields three conditions for the six a priori unknown chiralities in (4.97). Thus, it is impossible to determine
the full matter spectrum from these CS-terms alone, which is in contrast to earlier studies
in the literature with holomorphic zero sections. However, we can either use the results
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(4.92) from the integral of the G4 -flux over the matter surfaces or have to incorporate the
CS-terms Θ00 and Θ0m to obtain three further conditions and to fix all six chiralities.
Consequently, taking into account the results (4.92), we apply the matching condition
(4.62) for the dual CS-terms (4.96) and (4.97) we obtain the remaining three chiralities as

χ(1(1,0) ) =

1
4



a5 n7 n9 (4 − n7 + n9 ) + a3 2n27 − (12 − n9 ) (8 − n9 ) − n7 (16 + n9 ) ,

χ(1(0,1) ) =

1
2

[a5 n9 (4 − n7 + n9 ) (12 − n9 ) − a4 (n7 (8 − n7 ) + (12 − n9 ) (4 + n9 ))] ,

χ(1(1,1) ) =

1
4



2a5 n9 (4−n7 +n9 )(12−n9 )−(a3 +a4 )(n27 +n7 (n9 −20) + 2(12−n9 )(4+n9 )) .

We conclude by noting that the chiralities we obtain include factors of

1
2

(4.99)

and 14 . These

factors should disappear once the G4 -flux has been quantized appropriately according to
(4.58). The precise quantization will, however, depend on the values of n7 , n9 and has to be
done in a case by case analysis. In addition, for concrete n7 , n9 the factors in the numerator
(4.92) and (4.99) have different divisibility properties and can cancel the denominators.
Therefore, in order to not obscure these cancellation effects, we keep the normalization in
(4.92), (4.99) and the mild fractions of

1
2

and 41 . In concrete toric examples, they can be

cancelled appropriately.

4.4.3

4D Anomaly Cancellation: F-Theory with Multiple U(1)s

Finally, after having calculated the matter spectrum of an F-theory compactification, we
check consistency of the obtained low-energy effective physics. One check is anomaly
cancellation. In the following we introduce the necessary quantities to analyze anomalies
and refer to [31] for more details on anomalies in general and, in particular, in F-theory.
Then we use these techniques to show that the general spectrum found in section 4.4.2 for
F-theory compactifications on X̂ → P3 with gauge group U(1)2 is anomaly-free.
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4D Anomaly Cancellation: General Discussion
In the following we assume a 4D gauge group G with a single non-Abelian factors, see for
example [31] for the general case, and with a number nU(1) of Abelian factors. Charges are
summarized by a charge vector q = (qm ) and the number of left Weyl fermions in a matter
representation Rq are denoted in general by n(Rq ). The number of fermions in a representation R irrespective of their U(1)-charges is denoted by n(R), whereas n(q) indicates
the number of fermions with charges q regardless of their non-Abelian representation. All
these numbers can be expressed in terms of the chiralities χ(Rq ).
The conditions for 4D anomaly cancellation via the generalized Green-Schwarz (GS)
mechanism [50, 108] yield a system of linear equations involving the spectrum of the theory
as well as parameters encoding the GS-counter terms and the gaugings of axions. These
conditions for cancellation of 4D purely non-Abelian, purely Abelian, mixed Abelian-nonAbelian and mixed Abelian-gravitational anomalies read, in the same order,

purely non-Abelian anomaly :

∑ n(R)V (R) = 0 ,
R

U(1)k × U(1)l × U(1)m -anomaly :

1
1
n(q)q(m qn qk) = bα(mn Θk)α ,
∑
6 q
4

U(1)m -non-Abelian anomaly :

1 α
1
n(Rq )U(R)qm =
b Θαm ,
∑
∑
2 R q
4λ

U(1)m -gravitational anomaly :

1
1
n(q)qm = − aα Θmα .
∑
48 q
16

(4.100)

Here V (R) and U(R) denote group theoretical constants that arise when rewriting traces
in the representation R as traces in the fundamental representation f. Letting F denote the
non-Abelian field strength, we set

trR F 3 = V (R)trf F 3 ,

trR F 2 = U(R)trf F 2 .
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(4.101)

Similarly, we note that λ = 2cG /V (adj) with cG the dual Coxeter number of G and adj its
adjoint representation. Note that λ = 1 for G = SU(N), the case of interest here.
There are some remarks in order. The left hand sides of (4.100) are the actual one-loop
triangle anomalies of the field theory. These are determined entirely by the spectrum. The
right hand sided of (4.100) are the contribution of the anomalous tree-level GS-counter
terms. In an F-theory compactification on a Calabi-Yau fourfold X̂ over a base B they are
identified as follows [57, 31]

Θmα = ΘM
mα ,

b
bα = SG
· Σαb ,

bαmn = −π(σ (ŝm ) · σ (ŝn )) · Σαb ,

aα = K α .

(4.102)

Here the CS-terms ΘM
AB are defined in (4.61), the Néron-Tate height pairing has been introduced in (4.11) for two sections and can be straightforwardly generalized to an arbitrary
b is the divisor in the
number of sections, Σαb denotes a basis of curves defined in (4.12), SG

base B supporting the gauge symmetry G, cf. 4.16, and K α is the coefficient (4.17) in the
expansion of KB .
Anomaly Cancellation in 4D F-Theory with a U(1)2 -Sector: B = P3
The spectrum of the F-theory compactification to four dimensions on the fourfold X̂ → P3
has been calculated in (4.92) and (4.99). The various anomalies for this spectrum read
U(1)

U(1)

A 111 : 2[a3 (n9 − n7 − 12) + a5 n7 (4 − n7 + n9 )] ,
U(1) 1
6

A112 :
U(1)

A122 :

1
6




a5 n7 48 + n27 + n29 − 2n7 (4 + n9 ) + a3 n27 − 2n7 (n9 − 8) + (n9 − 12) (4 + n9 ) ,

a5 n7 (n7 − n9 − 4) (n9 − 12) + a3 −2n27 + n7 (4 + n9 ) + (n9 − 12) (4 + n9 ) ,

U(1)-grav

A1

A222 : n7 (a3 + a5 (4 − n9 )) (4 + n9 ) ,

U(1)-grav

: a3 (n9 −n7 − 12) + a5 n7 (4−n7 + n9 ) ,

A2

: 2n7 (a3 + a5 (4 − n9 )) ,

(4.103)

where we brought all numerical factors in (4.100) to the left hand sides. We denoted
U(1)

U(1)−grav

by Aklm the U(1)k × U(1)l × U(1)m - and by Ak
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the U(1)-gravitational anomalies.

Clearly, there are no non-Abelian anomalies due to the absence of a non-Abelian group
G. Thus, since the anomalies (4.103) are all non-vanishing, a non-trivial GS-mechanism is
required for consistency of the theory.
Therefore, all that is left to check cancellation to prove anomaly cancellation of these
F-theory compactifications is to calculate the quantities on the right of (4.102) that encode
the GS-mechanism. First, we obtain

Θαm =

1
1
4 [(−12 − n7 + n9 )a3 + n7 (4 − n7 + n9 )a5 ], 2 n7 [a3 + (4 − n9 )a5 ] m





bαmn = 

,


8
4 − n7 + n9

4 − n7 + n9 
,
8 + 2n9

aα = −4 .

(4.104)

where we evaluated the CS-terms (4.61) for the flux (4.82), computed the height pairing
(4.11) and (4.17) for KP3 = OP3 (−4). We note that the index α = 1 since the only vertical
divisor is the hyperplane HB and m = 1, 2 for the two rational sections ŝQ , ŝR . Equipped with
the coefficients in (4.104) we finally calculate the GS-terms on the right side of (4.100),
which precisely yield (4.103). Thus, we see that all anomalies are cancelled by the GSmechanism.
We conclude note that the spectrum calculated in section 4.4.2 is the uniquely determined anomaly-free spectrum if only one chirality χ(1(q1 ,q2 ) ) is calculated independently.
Anomaly cancellation is not sufficient to fix the spectrum completely, since the U(1)31 anomaly is proportional to the U(1)1 -gravitational anomaly as is evident from (4.103).
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Chapter

5

Engineering U(1)3 in 6D
In this chapter we return to six dimensions, but now we turn our attention to the exploration
higher rank abelian groups. In this chapter we explicitely construct geometries that support
F-theory compactifications with the gauge group U(1)×U(1)×U(1).
The article [35] is the source of the content of this chapter. The author of this dissertation is a co-author of such source.
This chapter is organized as follows. First, we construct the elliptic curve with four
marked points (three rational points). To our surprise we find that the natural ambient
space is the three dimensional space P3 blown up at three points. The elliptic curve is
given by the vanishing of two polynomials, i.e. it is a complete intersection. We also
discover that the curve can be embedded, in two different ways, into the familiar dP2 ,
i.e. the ambient space of the two rational points elliptic curve. The price we pay is non
generic coefficients. However this approach help us understand the singularity structure of
the geometry, pointing us to the charge and location of the matter spectrum. We continue
constructing the fibration, calculating the matter spectrum and checking the vanishing of
anomalies.
There is another unexpected and fascinating finding in this chapter: the appearance of
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matter charged under the three U(1)s. Geometrically, for this to happen, six polynomials
have to vanish simultaneously in the base. This is rare. In a two dimensional space it does
not happen generically. Also, from the field theory point of view, it is unexpected. Matter
charged under three U(1)s happens naturally after breaking exceptional groups, however
no such structure has been imposed in the construction of the geometry.

5.1

Three Ways to the Elliptic Curve with Three Rational
Points

In this section we construct explicitly the general elliptic curve E with a rank three MordellWeil group of rational points, denoted Q, R and S.
We find three different, but equivalent representations of E. First, in section 5.1.1 we
find that E is naturally embedded into P3 as the complete intersection of two non-generic
quadrics, i.e. two homogeneous equations of degree two. Equivalently, we embed E in section 5.1.2 as the generic complete intersection Calabi-Yau into the blow-up Bl3 P3 of P3 at
three generic points, which is effectively described via a nef-partition of the corresponding
3D toric polytope. In this representation the three rational points of E and the zero point P
descend from the four inequivalent divisors of the ambient space Bl3 P3 . Thus, the MordellWeil group of E is toric. Finally, we show in section 5.1.3 that E can also be represented
as a non-generic Calabi-Yau hypersurface in dP2 . In contrast to the generic elliptic curve
in dP2 that has a rank two Mordell-Weil group [74, 34] which is toric, the onefold in dP2
we find here exhibits a third rational point, say S, and has a rank three Mordell-Weil group.
This third rational point, however, is non-toric in the presentation of E in dP2 . We note that
there are three different maps of the quadric intersection in Bl3 P3 to an elliptic curve in dP2
corresponding to the different morphisms from Bl3 P3 to dP2 .
We emphasize that in the presentation of E as a complete intersection in Bl3 P3 the
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rank four Mordell-Weil group is toric. Thus, as we will demonstrate in section 5.2 this
representation is appropriate for the construction of resolved elliptic fibrations of E over a
base B.

5.1.1

The Elliptic Curve as Intersection of Two Quadrics in P3

In this section we derive the embedding of E with a zero point P and the rational points Q,
R and S into P3 as the intersection of two non-generic quadrics. We follow the methods
described in chapter 3 and in [97, 34] used for the derivation of the general elliptic curves
with rank one and two Mordell-Weil groups.
We note that the presence of the four points on E defines a degree four line bundle
O(P + Q + R + S) over E. Let us first consider a general degree four line bundle M over
E. Then the following holds, as we see by employing the Riemann-Roch theorem:
1. H 0 (E, M) is generated by four sections, that we denote by u0 , v0 , w0 , t 0 .
2. H 0 (E, M2 ) is generated by eight sections. However we know ten sections of M 2 , the
quadratic monomials in [u0 : v0 : w0 : t 0 ], i.e. u02 , v02 , w02 , t 02 , u0 v0 , u0 w0 , u0t 0 , v0 w0 , v0t 0 ,
w0t 0 .
The above first bullet point shows that [u0 : v0 : w0 : t 0 ] are of equal weight one and can be
viewed as homogeneous coordinates on P3 . The second bullet point implies that H 0 (2M)
is generated by sections we already know and that there have to be two relations between
the ten quadratic monomials in [u0 : v0 : w0 : t 0 ], that we write as

s1t 02 + s2 u02 + s3 v02 + s4 w02 + s5t 0 u0 + s6 u0 v0 + s7 u0 w0 + s8 v0 w0 = s9 v0t 0 + s10 w0t 0 , (5.1)
s11t 02 + s12 u02 + s13 v02 + s14 w02 + s15 u0t 0 + s16 u0 v0 + s17 u0 w0 + s18 v0 w0 = s19 v0t 0 + s20 w0t 0 ,
Now specialize to M = O(P+Q+R+S) and assume u0 to vanish at all points P, Q, R, S.
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By inserting u0 = 0 into (5.1) we should then get four rational solutions corresponding to
the four points, i.e. other words (5.1) should factorize accordingly. However, this is not true
for generic si taking values e.g. in the ring of functions of the base B of an elliptic fibration1
Thus, we have to set the following coefficients si to zero,

s1 = s3 = s4 = s11 = s13 = s14 = 0 .

(5.3)

As we see below in section 5.1.2, this can be achieved globally, by blowing up P3 at three
generic points.
For the moment, let us assume that (5.3) holds and determine P, Q, R, S. First we note
that the presentation (5.1) for the elliptic curve E now reads
s2 u02 + s5 u0t 0 + s6 u0 v0 + s7 u0 w0 = s9 v0t 0 + s10 w0t 0 − s8 v0 w0 ,

(5.4)

s12 u02 + s15 u0t 0 + s16 u0 v0 + s17 u0 w0 = s19 v0t 0 + s20 w0t 0 − s18 v0 w0 ,
which is an intersection of two non-generic quadrics in P3 . Setting u0 = 0 we obtain
0 = s9 v0t 0 + s10 w0t 0 − s8 v0 w0 ,

0 = s19 v0t 0 + s20 w0t 0 − s18 v0 w0 ,

(5.5)

1 In

contrast, if we were considering an elliptic curve over an algebraically closed field, we could set some
si = 0 by using the PGL(4) symmetries of P3 to eliminate some coefficients si . For example, s3 = 0 can be
achieved by making the transformation
u0 7→ u0 + kv0 ,

with k obeying

(s2 k2 + s6 k + s3 ) = 0 .

(5.2)

Solving this quadratic equation in k will, however, involve the square roots of si , which is only defined in
an algebraically closed field. In particular, when considering elliptic fibrations the coefficients si will be
represented by polynomials, of which a square root is not defined globally.
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which has in the coordinates [u0 : v0 : w0 : t 0 ] the four solutions

P = [0 : 0 : 0 : 1] ,

Q = [0 : 1 : 0 : 0] ,

R = [0 : 0 : 1 : 0] ,

S = [0 : |M1S ||M3S | : −|M1S ||M2S | : −|M3S ||M2S |] .

(5.6)

Here we introduced the determinants |MiS | of all three 2 × 2-minors MiS reading
|M1S | = s9 s20 − s10 s19 ,

|M2S | = s8 s19 − s9 s18 ,

|M3S | = s8 s20 − s10 s18 ,

(5.7)

that are obtained by deleting the (4 − i)-th column in the matrix




 s9 s10 −s8 
MS = 
,
s19 s20 −s18

(5.8)

where M S is the matrix of coefficients in (5.5).
It is important to realize that the coordinates of the rational point S are products of
determinants in (5.7), in particular when studying elliptic fibrations at higher codimension
in the base B, cf. section 5.3. On the one hand, the vanishing loci of the determinant of
a single determinant |MiS | with i = 1, 2, 3 indicates the collisions of S with P, Q and R,
respectively, i.e.

|M1S | = 0 : S = P ,

|M2S | = 0 : S = Q ,

|M3S | = 0 : S = R .

(5.9)

On the other hand the simultaneous vanishing of all |MiS | is equivalent to the two constraints
in (5.4) getting linearly dependent. Then, the elliptic curve E degenerates to an I2 -curve,
i.e. two P1 ’s intersecting at two points, see the discussion around (5.27), with the point S
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becoming the entire P1 = {u = s9 v0t 0 + s10 w0t 0 − s8 v0 w0 = 0}2 . We note that this behavior
of S indicates that in an elliptic fibration the point S will only give rise to a rational, not a
holomorphic section of the fibration.
In summary, we have found that the general elliptic curve E with three rational points
Q, R, S and a zero point P is embedded into P3 as the intersection of the two non-generic
quadrics (5.4).

Resolved Elliptic Curve as Complete Intersection in Bl3 P3

5.1.2

In this section we represent the elliptic curve E with a rank three Mordell-Weil group as a
generic complete intersection Calabi-Yau in the ambient space Bl3 P3 . As we demonstrate
here, the three blow-ups in Bl3 P3 remove globally the coefficients in (5.3). In addition, the
three blow-ups resolve all singularities of E, that can appear in elliptic fibrations. Finally,
we emphasize that the elliptic curve E is a complete intersection associated to the nefpartition of the polytope of Bl3 P3 , where we refer to the appendix in [35] for more details
on nef-partitions.
First, we recall the polytope of P3 and its nef-partition describing a complete intersection of quadrics. The polytope ∇P3 of P3 is the convex hull ∇P3 = hρ1 , ρ2 , ρ3 , ρ4 i of the
four vertices

ρ1 = (−1, −1, −1) ,

ρ2 = (1, 0, 0) ,

ρ3 = (0, 1, 0) ,

ρ4 = (0, 0, 1) ,

(5.10)

corresponding to the homogeneous coordinates u0 , v0 , w0 and t 0 , respectively. The anti3
canonical bundle of P3 is KP−1
3 = O(4H), where H denotes the hyperplane class of P . Two

generic degree two polynomials in the class O(2H) are obtained from the nef-partition of
2 This

P1 × P1

curve can be seen to define a P1 either using adjunction or employing the Segre embedding of
into P3 .
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the polytope of P3 into ∇1 , ∇2 reading

∇P3 = h∇1 ∪ ∇2 i ,

∇1 = hρ1 , ρ2 i ,

∇2 = hρ3 , ρ4 i ,

(5.11)

where ∪ denotes the union of sets of a vector space. This complete intersection defines the
elliptic curve in (5.1) with only the origin P.
Next, we describe the elliptic curve E as a generic complete intersection associated to
a nef-partition of Bl3 P3 , the blow-up of P3 at three generic points, that we choose to be P,
Q and R in (5.6). We first perform these blow-ups and determine the proper transform of E
by hand, before we employ toric techniques and nef-paritions.
The blow-up from P3 to Bl3 P3 is characterized by the blow-down map
u0 = e1 e2 e3 u ,

v0 = e2 e3 v ,

w0 = e1 e3 w ,

t 0 = e1 e2t .

(5.12)

It maps the coordinates [u : v : w : t : e1 : e2 : e3 ] on Bl3 P3 to the coordinates on [u : v : w : t]
on P3 . Here the ei = 0, i = 1, 2, 3, are the exceptional divisors Ei of the the blow-ups at
the points Q, R and P, respectively. We summarize the divisor classes of all homogeneous
coordinates on Bl3 P3 together with the corresponding C∗ -actions that follow immediately
from (5.12) as
C∗ -actions

divisor class
u

H − E1 − E2 − E3 1

1

1

1

v

H − E2 − E3

1

0

1

1

w

H − E1 − E3

1

1

0

1

t

H − E1 − E2

1

1

1

0

e1

E1

0 −1

0

0

e2

E2

0

0 −1

0

e3

E3

0

0
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0 −1

(5.13)

Here H denotes the pullback of the hyperplane class H on P3 . The coordinates [u : w : t],
[u : v : t] and [u : v : w] are the homogeneous coordinates on each Ei ∼
= P2 , respectively, and
can not vanish simultaneously. Together with the pullback of the Stanley-Reissner ideal of
P3 this implies the following Stanley Reisner ideal on Bl3 P3 ,

SR = {uvt, uwt, uvw, e1 v, e2 w, e3t, e1 e2 , e2 e3 , e1 e3 } .

(5.14)

This implies the following intersections of the four independent divisors on Bl3 P3 ,
H 3 = Ei3 = 1 ,

Ei · H = Ei · E j = 0 ,

i 6= j .

(5.15)

The proper transform under the map (5.12) of the constraints (5.4) describing E read

p1 := s2 e1 e2 e3 u2 + s5 e1 e2 ut + s6 e2 e3 uv + s7 e1 e3 uw − s9 e2 vt − s10 e1 wt + s8 e3 vw ,(5.16)
p2 := s12 e1 e2 e3 u2 + s15 e1 e2 ut + s16 e2 e3 uv + s17 e1 e3 uw − s19 e2 vt − s20 e1 wt + s18 e3 vw .
We immediately see that this complete intersection defines a Calabi-Yau onefold in Bl3 P3
employing (5.13), adjunction and noting that the anti-canonical bundle of Bl3 P3 reads

KBl3 P3 = O(4H − 2E1 − 2E2 − 2E3 ) .

(5.17)

From (5.6), (5.12) and (5.16) we readily obtain the points in P, Q, R and S on Bl3 P3 .
They are given by the intersection of (5.16) with the four inequivalent toric divisors on
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Bl3 P3 , the divisor Du := {u = 0} and the exceptional divisors Ei . Their coordinates read

E3 ∩ E :

P = [s10 s19 − s20 s9 : s10 s15 − s20 s5 : s19 s5 − s15 s9 : 1 : 1 : 1 : 0] ,

E1 ∩ E :

Q = [s19 s8 − s18 s9 : 1 : −s19 s6 + s16 s9 : −s18 s6 + s16 s8 : 0 : 1 : 1] ,

E2 ∩ E :

R = [s10 s18 − s20 s8 : −s10 s17 + s20 s7 : 1 : s18 s7 − s17 s8 : 1 : 0 : 1] ,

Du ∩ E :

S = [0 : 1 : 1 : 1 : s19 s8 − s18 s9 : s10 s18 − s20 s8 : s10 s19 − s20 s9 ] .
(5.18)

Here we made use of the Stanley-Reissner ideal (5.14) to set the coordinates to one that can
not vanish simultaneously with u = 0, respectively, ei = 0.
We emphasize that the coordinates (5.18) are again given by determinants of 2 × 2minors. Indeed, we can write (5.18) as
P = [−|M3P | : |M2P | : −|M1P | : 1 : 1 : 1 : 0] ,
R = [|M3R | : −|M2R | : 1 : |M1R | : 1 : 0 : 1] ,

Q = [−|M3Q | : 1 : |M2Q | : −|M1Q | : 0 : 1 : 1] ,
S = [0 : 1 : 1 : 1 : −|M3Q | : |M3R | : −|M3P |]

(5.19)

Here we defined the matrices




 −s5 s9 s10 
MP = 
,
−s15 s19 s20





 −s6 −s8 s9 
MQ = 
,
−s16 −s18 s19





 −s7 −s8 s10 
MR = 

−s17 −s18 s20
(5.20)

with their 2 × 2-minors MiP,Q,R defined by deleting the (4 − i)-th column. We emphasize
that the minors of the matrix M S in (5.7) can be expressed by the minors of the matrices in
(5.20) and, thus, M S does not appear in (5.19). The matrices M P,Q,R describe the two linear
equations that we obtain by setting e3 = 0, e2 = 0 and e1 = 0 in (5.16), respectively.
It is important to realize that the points P, Q and R are always distinct, as can be seen
from (5.19) and the Stanley-Reissner ideal (5.14) since the exceptional divisors do not
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mutually intersect. However, the point S can agree with all other points, if the appropriate
minors in (5.19) vanish. In fact, we see the following pattern,

|M3P | = 0 : S = P ,

|M3Q | = 0 : S = Q ,

|M3R | = 0 : S = R ,

(5.21)

which will be relevant to keep in mind for the study of elliptic fibrations.
We note that the elliptic curve E degenerates into an I2 -curve if, as explained before
below (5.8), the rank of one of the matrices in (5.8) and (5.20) is one3 . In addition, one
particular intersection in (5.18) no longer yields a point in E, but an entire P1 . As discussed
below in section 5.3 the points on E, thus, will only lift to rational sections of an elliptic
fibration of E.
Finally, we show that the presentation of E as the complete intersection (5.16) can be
obtained torically from a nef-partition of the Bl3 P3 . For this purpose we only have to
realize that the blow-ups (5.12) can be realized torically by adding the following rays to the
polytope of P3 in (5.10),

ρe1 = (−1, 0, 0) ,

ρe2 = (0, −1, 0) ,

ρe3 = (0, 0, −1) .

(5.22)

The rays of the polytope of Bl3 P3 are illustrated in the center of figure (5.1).
Here the ray ρei precisely corresponds to the exceptional divisor Ei = {ei = 0}. Then
we determine the nef-partitions of this polytope ∇Bl3 P3 of Bl3 P3 . We find that is admits a
single nef-partition into ∇1 , ∇2 reading

∇Bl3 P3 = h∇1 ∪ ∇2 i ,

∇1 = hρ1 , ρ4 , ρe1 , ρe2 i

∇2 = hρ2 , ρ3 , ρe3 i .

(5.23)

It is straightforward to check that the general formula, see equation (B.2) in the appendix
3 We

emphasize that the complete intersection (5.4) in P3 degenerates into only one P1 and becomes
singular if one matrices in (5.20) has rank one, in contrast to the smooth I2 -curve obtained from (5.16).
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Figure 5.1: Toric fan of Bl3 P3 and the 2D projections to the three coordinate planes, each
of which yielding the polytope of dP2 .
of [35], for the nef-partition at hand reproduces precisely the constraints (5.16).

5.1.3

Connection to the cubic in dP2

In this section we construct three equivalent maps of the elliptic curve E given as the intersection (5.16) in Bl3 P3 to the Calabi-Yau onefold in dP2 . The elliptic curve we obtain
will not be the generic elliptic curve in dP2 found in [74, 34] with rank two Mordell-Weil
group, but non-generic with a rank three Mordell-Weil group with one non-toric generator.
The map of the toric generator of the Mordell-Weil group in Bl3 P3 to a non-toric generator
in dP2 will be manifest.
The presentation of E as a non-generic hypersurface in dP2 with a non-toric MordellWeil group allows us to use the results of [34] from the analysis of the generic dP2 -curve.
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On the one hand, we can immediately obtain the birational map of E in (5.16) to the Weierstrass model by first using the map to dP2 and then by the map from dP2 to the Weierstrass
form. We present this map separately in section 5.1.4. On the other hand, the study of
codimension two singularities in section 5.3 will essentially reduce to the analysis of codimension two singularities in fibrations with elliptic fiber in dP2 . However, the additional
non-toric Mordell-Weil generator as well as the non-generic hypersurface equation in dP2
will give rise to a richer structure of codimension two singularities.
Mapping the Intersection of Two Quadrics in P3 to the Cubic in P2
As a preparation, we begin with a brief digression on the map of an elliptic curve with a
single point P0 given as a complete intersection of two quadrics in P3 to the cubic in P2 ,
where we closely follow [23, 27].
Let us assume that there is a rational point P0 on the complete intersection of two
quadrics with coordinates [x0 : x1 : x2 : x3 ] = [0 : 0 : 0 : 1] in P3 .4 This implies the quadrics
must have the form
Ax3 + B = 0 ,

Cx3 + D = 0 ,

(5.24)

where A, C are linear and B, D are quadratic polynomials in the variables x0 , x1 , x2 . Assuming that A, C are generic, we obtain a cubic equation in P2 with coordinates [x0 : x1 : x2 ]5
by solving (5.24) for x3 ,
AD − BC = 0 ,

(5.25)

Here we have to require that [x0 : x1 : x2 ] 6= [0, 0, 0], because x3 = − BA = − CD has to be welldefined. Then, the inverse map from the cubic in P2 to the complete intersection (5.24)
4 We

choose coordinates [x0 : x1 : x2 : x3 ] on P3 in order to keep our discussion here general. We will
identify the xi with the coordinates used in sections 5.1.1 and (5.1.2) in section 5.1.3.
5 We can think of this P2 as being obtained from P3 via a toric morphism defined by projection along one
toric ray. In the case at hand this is the ray corresponding to x3 = 0.
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reads
[x0 : x1 : x2 ] 7→ [x0 : x1 : x2 : x3 = − BA = − CD ] .

(5.26)

The original point P0 = [0 : 0 : 0 : 1] is mapped to the rational point given by the intersection
of the two lines A = 0, C = 0. This can be seen by noting that A = C = 0 in (5.24) implies
also B = D = 0 which is only solved if [x0 : x1 : x2 ] = [0 : 0 : 0].
We note that the case when A and C are co-linear, i.e. A ∼ C, is special because the
curve (5.24) describes no longer a smooth elliptic curve, but a P1 . Indeed, if A = aC for a
number a we can rewrite (5.24) as

B − aD = 0 ,

Cx3 + D = 0 ,

(5.27)

where we can solve the second constraint for x3 , given C 6= 0, so that we are left with the
quadratic constraint B − aD = 0 in P2 , which is a P1 . This type of degeneration of the
complete intersection (5.24) will be the prototype for the degenerations of the elliptic curve
(5.16), that we find in section 5.3.
Mapping the Intersection in Bl3 P3 to the Calabi-Yau Onefold in dP2
Next we apply the map of section 5.1.3 to the elliptic curve E with three rational points.
Since (5.4) is linear in all three coordinates v0 , w0 and t 0 we will obtain according to the
discussion below (5.24) three canonical maps to a cubic in P2 . In fact, these maps lift
to maps of the elliptic curve (5.16) in Bl3 P3 to elliptic curves presented as Calabi-Yau
hypersurfaces in dP2 , as we demonstrate in the following.
We construct the map from the complete intersection (5.16) to the elliptic curve in dP2
explicitly for the point R in (5.6), i.e. we identify P0 ≡ R and [x0 : x1 : x2 : x3 ] = [u0 : v0 : t 0 : w0 ]
in the coordinates on P3 before the blow-up for the discussion in section 5.1.3. Next, we
compare (5.24) to the complete intersection (5.16). After the blow-up (5.12), the point R
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is mapped to e2 = 0 as noted earlier in (5.18). This allows us to identify A, C in (5.24)
as those terms in (5.16) that do not vanish, respectively, B, D as the terms that vanish for
e2 = 0. Thus we effectively rewrite (5.16) in the form (5.24) with x3 ≡ w after the blow-up,
since w = 1 follows from (5.14) for e2 = 0, and obtain

A = s7 e1 e3 u + s8 e3 v − s10 e1t ,

C = s17 e1 e3 u + s18 e3 v − s20 e1t ,

(5.28)

B = e2 (s2 e1 e3 u2 + s5 e1 ut + s6 e3 uv − s9 vt) , D = e2 (s12 e1 e3 u2 + s15 e1 ut + s16 e3 uv − s19 vt) .

In particular, this identification implies that R = {e2 = 0} is mapped to A = C = 0 on dP2
as required. Then, we solve both equations for w and obtain the hypersurface equation of
the form

u(s̃1 u2 e21 e23 + s̃2 uve1 e23 + s̃3 v2 e23 + s̃5 ute21 e3 + s̃6 vte1 e3 + s̃8t 2 e21 ) + s̃7 v2te3 + s̃9 vt 2 e1 = 0 ,
(5.29)
where we have set e2 = 1 using one C∗ -action on Bl3 P3 as B, D ∼ e2 and e2 = 0 implies
w = − BA = − CD = 0 which is inconsistent with the SR-ideal (5.14) . The coefficients s̃i in
(5.29) read
coefficients in dP2 -curve projected along [w : e2 ]
s̃1

−s17 s2 + s12 s7

s̃2

−s18 s2 − s17 s6 + s16 s7 + s12 s8

s̃3

−|M1Q | = s16 s8 − s18 s6

s̃5

−s10 s12 + s2 s20 − s17 s5 + s15 s7

s̃6

−s10 s16 − s18 s5 + s20 s6 − s19 s7 + s15 s8 + s17 s9

s̃7

|M3Q | = s18 s9 − s19 s8

s̃8

−|M2P | = −s10 s15 + s20 s5

s̃9

−|M3P | = s10 s19 − s20 s9

146

(5.30)

Here we have used the minors introduced in (5.7) and in (5.19), (5.20).
We note that the ambient space of (5.29) is dP2 with homogeneous coordinates [u :
v : w : t : e1 : e3 ]. The relevant dP2 is obtained from Bl3 P3 by a toric morphism that is
defined by projecting the polytope of Bl3 P3 generated by (5.10), (5.22) onto the plane that
is perpendicular to the line through the rays ρ3 and ρe2 . The rays of the fan are shown
in the figure on the right of 5.1 that is obtained by the projection of the rays on the face
number two of the cube. This can also be seen from the unbroken C∗ -actions in (5.13) and
the SR-ideal (5.14) for e2 = 1 and w = 0, or e2 = 0 and w = 1. Then, the cubic (5.29) is a
section precisely of the anti-canonical bundle of this dP2 surface.
The general elliptic curve in dP2 was studied in [34, 74] and shown to have a rank two
Mordell-Weil group. However, the elliptic curve (5.29) has by construction a rank three
Mordell-Weil group. Indeed, we see that the coefficients s̃i are non-generic and precisely
allow for a fourth rational point. This fourth point, however, does not descend from a
divisor of the ambient space dP2 and is not toric. In fact, the mapping of the four rational
points (5.18) in the coordinates on dP2 reads
P = [−|M3P | : |M2P | : −|M1P | : 1 : 1 : 1 : 0] 7→ [|M3P | : −|M2P | : 1 : 1 : 0] ,

(5.31)

Q = [−|M3Q | : 1 : |M2Q | : −|M1Q | : 0 : 1 : 1] 7→ [−|M3Q | : 1 : −|M1Q | : 0 : 1] ,
R = [|M3R | : −|M2R | : 1 : |M1R | : 1 : 0 : 1]

7→ [|M3R | : −|M2R | : |M1R | : 1 : 1] ,

S = [0 : 1 : 1 : 1 : −|M3Q | : |M3R | : −|M3P |] 7→ [0 : 1 : 1 : −|M3Q | : −|M3P |] .
We see, that the points P, Q and S are mapped to the three toric points on the elliptic curve
in dP2 studied in [34], whereas the points R is mapped to a non-toric point.
The map from the complete intersection in Bl3 P3 to the elliptic curve (5.29) in dP2
implies that the results from the analysis of [34], where the generic elliptic curve in dP2 was
considered, immediately apply. More precisely, renaming the coordinates [u : v : t : e1 : e3 ]
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in (5.29) as [u : v : w : e1 : e2 ] we readily recover equation (3.4) of [34]. Furthermore, the
points P, Q and S in (5.31) immediately map to the origin and the two rational points of
the rank two elliptic curve in dP2 , that we denote in the following as P̃, Q̃ and R̃. In the
notation of [34] we thus rewrite (5.31) using (5.30) as

P 7→ P̃ := [−s̃9 : s̃8 : 1 : 1 : 0] ,

Q 7→ Q̃ := [−s̃7 : 1 : s̃3 : 0 : 1] ,

S 7→ R̃ := [0 : 1 : 1 : −s̃7 : s̃9 ] .

(5.32)

We emphasize that the origin P in the complete intersection in (5.16) is mapped to the
origin P̃, which implies that the Weierstrass form of the curve in dP2 will agree with the
Weierstrass form of the curve (5.16), cf. section 5.1.4.
As we mentioned before, the point R is mapped to a non-toric point in dP2 . This complicates the determination of the Weierstrass coordinates for R, for example. Fortunately,
there are two other maps of the elliptic curve (5.16) to a curve in dP2 in which the point R
is mapped to a toric point and another point, either Q or P, are realized non-torically. Thus,
we construct in the following a second map to an elliptic curve in dP2 , where R is toric.
Since the logic is completely analogous to the previous construction, we will be as brief as
possible.
We choose P0 ≡ Q for the map to dP2 . We recall from (5.18) that Q is realized as e1 = 0
on the elliptic curve in Bl3 P3 . Thus, we write (5.16) as

Av + B = 0 ,

Cv + D = 0 ,

(5.33)

where, as before, A and C are obtained by setting e1 = 0 and B, D are the terms proportional
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to e1 ,
A = −s9 e2t + s6 e2 e3 u + s8 e3 w ,

C = −s19 e2t + s16 e2 e3 u + s18 e3 w ,

(5.34)

B = e1 (s2 e2 e3 u2 + s5 e2 ut + s7 e3 uw − s10 wt) , D = e1 (s12 e2 e3 u2 + s15 e2 ut + s17 e3 uw − s20 wt) .

Thus, we obtain an elliptic curve in dP2 with homogeneous coordinates [u : w : t : e2 : e3 ]
by solving (5.33) for v and by setting e1 = 1 as required by the SR-ideal (5.14). The
hypersurface constraint (5.25) takes the form

u(ŝ1 u2 e22 e23 + ŝ2 uwe2 e23 + ŝ3 w2 e23 + ŝ5 ute22 e3 + ŝ6 wte2 e3 + ŝ8t 2 e22 ) + ŝ7 w2te3 + ŝ9 wt 2 e2 = 0 ,
(5.35)
with coefficients ŝi defined as
coefficients in dP2 -curve projected along [v : e1 ]
ŝ1

−s16 s2 + s12 s6

ŝ2

−s18 s2 + s17 s6 − s16 s7 + s12 s8

ŝ3

−|M1R | = −s18 s7 + s17 s8

ŝ5

s19 s2 − s16 s5 + s15 s6 − s12 s9

ŝ6

s10 s16 − s18 s5 − s20 s6 + s19 s7 + s15 s8 − s17 s9

ŝ7

|M3R | = s10 s18 − s20 s8

ŝ8

−|M1P | = s19 s5 − s15 s9

ŝ9

|M3P | = −s̃9 = −s10 s19 + s20 s9

(5.36)

where we have used (5.30). Analogously to the previous map, the ambient space of the
hypersurface (5.35) is the dP2 with homogeneous coordinates [u : w : t : e2 : e3 ] that is
obtained from Bl3 P3 by the toric morphism induced by projecting along the line through
the rays ρ2 and ρe1 . The rays of the fan are shown in the left figure of 5.1 that corresponds
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to the projection of the rays on the face number one. Then, the three rational points on E
and the origin get mapped, in the coordinates [u : w : t : e2 : e3 ] of dP2 , to
P = [−|M3P | : |M2P | : −|M1P | : 1 : 1 : 1 : 0] 7→ [−|M3P | : −|M1P | : 1 : 1 : 0] ,

(5.37)

Q = [−|M3Q | : 1 : |M2Q | : −|M1Q | : 0 : 1 : 1] 7→ [−|M3Q | : |M2Q | : −|M1Q | : 1 : 1] ,
R = [|M3R | : −|M2R | : 1 : |M1R | : 1 : 0 : 1]

7→ [|M3R | : 1 : |M1R | : 0 : 1] ,

S = [0 : 1 : 1 : 1 : −|M3Q | : |M3R | : −|M3P |] 7→ [0 : 1 : 1 : |M3R | : −|M3P |] .
As before, it is convenient to make contact to the notation of [34]. After the renaming
[u : w : t : e2 : e3 ] → [u : v : w : e1 : e2 ] we obtain the hypersurface constraint (5.35) takes the
standard form of eq. (3.4) in [34]. In addition, we see that the points P, R and S get mapped
to the toric points on dP2 , whereas Q maps to a non-toric point. Denoting the origin of the
dP2 -curve by P̂ and the two rational points by Q̂, R̂ in order to avoid confusion, we then
write (5.37) as

P 7→ P̂ := [−ŝ9 : ŝ8 : 1 : 1 : 0] ,

R 7→ Q̂ = [−ŝ7 : 1 : ŝ3 : 0 : 1] ,

S 7→ R̃ = [0 : 1 : 1 : ŝ7 : −ŝ9 ] .

(5.38)

We note that there is a third map from (5.16) to dP2 by solving for the variable t,
respectively, e3 (its fan would correspond to the upper figure in figure 5.1 that shows the
projection of the rays in the face number three). Although this map is formally completely
analogous to the above the maps, it is not very illuminating for our purposes since the
chosen zero point P on E maps to a non-toric point in dP2 . In particular, the Weierstrass
model with respect to P can not be obtained from this elliptic curve in dP2 by simply
applying the results of [34], where P by assumption has to be a toric point.
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5.1.4

Weierstrass Form with Three Rational Points

Finally, we are prepared to obtain the Weierstrass model for the elliptic curve E in (5.16)
with respect to the chosen origin P along with the coordinates in Weierstrass form for the
three rational points Q, R and S. We present three maps to a Weierstrass model in this
work, each of which yielding an identical Weierstrass form, i.e. identical f , g in y2 =
x3 + f xz4 + gz6 . The details of the relevant computations as well as the explicit results can
be found in the appendix of [35].
The simplest two ways to obtain this Weierstrass from is by first exploiting the two presentations of the elliptic curve E as the hypersurfaces (5.29) and (5.35) in dP2 constructed
in section 5.1.3 and by then using the birational map of [34] of the general elliptic curve
in dP2 to the Weierstrass form in P2 (1, 2, 3). In summary, we find the following schematic
coordinates for the coordinates in Weierstrass form of the rational points Q, R and S
Q
Q = [gQ
2 : g3 : 1] ,

R = [gR2 : gR3 : 1] ,

S = [gS2 : gS3 : (s10 s19 − s9 s20 )]

(5.39)

with the explicit expressions for g2Q,R,S and gQ,R,S
given in (A.11-A.15) in the appendix of
3
[35]. The explicit form for f and g, along with the discriminant follow from the formulas
in [34] in combination with (5.30), respectively, (5.36). In fact, we obtain (5.39) for Q and
S by using the presentation (5.29) along with the maps (5.32) of the rational points Q and
S onto the two toric points in the dP2 -elliptic curve, denoted by Q̃ and R̃ in this context.
Then, we apply Eqs. (3.11) and (3.12) of [34] for the coordinates in Weierstrass form of the
two toric rational points on the elliptic curve in dP2 . For concreteness, for the curve (5.29)
the coordinates in Weierstrass form of the two points read
Q
1
1 2
[gQ
2 : g3 : zQ ] = [ 12 (s̃6 − 4s̃5 s̃7 + 8s̃3 s̃8 − 4s̃2 s̃9 ), 2 (s̃3 s̃6 s̃8 − s̃2 s̃7 s̃8 − s̃3 s̃5 s̃9 + s̃1 s̃7 s̃9 ) : 1]

(5.40)
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for the point Q̃ = [−s̃7 : 1 : s̃3 : 0 : 1] and
gS2 =

2 2
2 2
1
12 (12s̃7 s̃8 + s̃9 (s̃6 + 8s̃3 s̃8 − 4s̃2 s̃9 ) + 4s̃7 s̃9 (−3s̃6 s̃8 + 2s̃5 s̃9 )) ,

gS3 =

2
3
3 3
1
2 (2s̃7 s̃8 + s̃3 s̃9 (−s̃6 s̃8 + s̃5 s̃9 ) + s̃7 s̃8 s̃9 (−3s̃6 s̃8 + 2s̃5 s̃9 )

+s̃7 s̃29 (s̃26 s̃8 + 2s̃3 s̃28 − s̃5 s̃6 s̃9 − s̃2 s̃8 s̃9 + s̃1 s̃29 ) ,
zS = s̃9

(5.41)

for the point R̃ = [0 : 1 : 1 − s̃7 : s̃9 ], where we apply (5.30). The explicit result in terms of
the coefficients si for both Q, S can be found in the appendix, see [35].
In order to obtain the Weierstrass coordinates for the point R in (5.39) we invoke the
map R 7→ Q̂ in (5.38) for the elliptic curve (5.35) in dP2 . Here, the coordinates of R 7→ Q̂
are again given by (5.40) after replacing s̃i → ŝi . The explicit form for these coordinates in
terms of the si is obtained using (5.36). We emphasize that the coordinates in Weierstrass
form for S can also be obtained from the map S 7→ R̂ in (5.38) in combination with (5.36).
They precisely agree with those deduced from the map S 7→ R̃ and (5.30).
Alternatively, one can directly construct the birational map from (5.16) to the Weierstrass form by extension of the techniques of [97, 34], where x and y in P2 (1, 2, 3) are
constructed as sections of appropriate line bundles that vanish with appropriate degrees at
Q, R and S. However, the corresponding calculations are lengthy and the resulting Weierstrass model is identical to the one obtained from dP2 . Thus, we have opted to relegate this
analysis to the appendix in the appendix of [35].

5.2

Elliptic Fibrations with Three Rational Sections
π

In this section we construct resolved elliptically fibered Calabi-Yau manifolds E → X̂ → B
over a base B with a rank three Mordell-Weil group. The map π denotes the projection to
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the base B and the general elliptic fiber E = π −1 (pt) over a generic point pt in B is the
elliptic curve with rank three Mordell-Weil group of section 5.1. An elliptic Calabi-Yau
manifold X̂ with all singularities at higher codimension resolved is obtained by fibering E
in the presentation (5.16). In addition, in this representation for E the generators of the
Mordell-Weil group are given by the restriction to X̂ of the toric divisors of the ambient
space Bl3 P3 of the fiber, i.e. the Mordell-Weil group of the generic X̂ is toric.
We begin in section 5.2.1 with the construction of Calabi-Yau elliptic fibrations X̂ with
rank three Mordell-Weil group over a general base B with the elliptic curve (5.16) as the
general elliptic fiber. We see that all these fibrations are classified by three divisors in
the base B. Then in section 5.2.2 we compute the universal intersections on X̂, that hold
generically and are valid for any base B. Finally, in section 5.2.3 we classify all generic
Calabi-Yau manifolds X̂ with elliptic fiber E in Bl3 P3 over any base B. Each such F-theory
vacua X̂ is labeled by one point in a particular polytope, that we determine.
The techniques and results in the following analysis are a direct extension to the ones
used in [34, 30, 33] for the case of a rank two Mordell-Weil group.

5.2.1

Constructing Calabi-Yau Elliptic Fibrations

Let us begin with the explicit construction of the Calabi-Yau manifold X̂. Abstractly, a
general elliptic fibration of the given elliptic curve E over a base B is given by defining
the complete intersection (5.16) over the function field of B. In other words, we lift all
coefficients si as well as the coordinates in (5.16) to sections of appropriate line bundles
over B.
To each of the homogeneous coordinates on Bl3 P3 we assign a different line bundle
on the base B. However, we can use the (C∗ )4 -action in (5.13) to assign without loss of
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generality the following non-trivial line bundles

u ∈ OB (Du ) ,

v ∈ OB (Dv ) ,

w ∈ OB (Dw ) ,

(5.42)

with all other coordinates [t : e1 : e2 : e3 ] transforming in the trivial bundle on B. Here
KB denotes the canonical bundle on B, [KB ] the associated divisor and Du , Dv and Dw are
three, at the moment, arbitrary divisors on B. They will be fixed later in this section by
the Calabi-Yau condition on the elliptic fibration. The assignment (5.42) can be described
globally by constructing the fiber bundle

Bl3 P3

/

Bl3 P3B (Du , Dv , Dw )

(5.43)



B
The total space of this fibration is the ambient space of the complete intersection (5.16),
that defines the elliptic fibration of E over B.
Next, we require the complete intersection (5.16) to define a Calabi-Yau manifold in
the ambient space (5.43). To this end, we first calculate the anti-canonical bundle of
Bl3 P3B (Du , Dv , Dw ) via adjunction. We obtain
−1
KBl
= 4H − 2E1 − 2E2 − 2E3 + [KB−1 ] + Du + Dv + Dw ,
P3
3 B

(5.44)

where we suppressed the dependence on the vertical divisors Du , Dv and Dw for brevity of
our notation and H as well as the Ei are the classes introduced in (5.13). For the complete
intersection (5.16) to define a Calabi-Yau manifold X̂ in (5.43) we infer again from adjunc−1
tion that the sum of the classes of the two constraints p1 , p2 has to be agree with [KBl
].
P3
3 B
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Thus, the Calabi-Yau condition reads
!

[p1 ] + [p2 ] = 4H − 2E1 − 2E2 − 2E3 + [KB−1 ] + Du + Dv + Dw .

(5.45)

We see from (5.13) that both constraints in (5.16) are automatically in the divisor class
2H − E1 − E2 − E3 w.r.t. the classes on the fiber Bl3 P3 . Thus, (5.45) effectively reduces to
a condition on the class of (5.16) in the homology of the base B. Denoting the part of the
homology classes of the [pi ] in the base B by [p1 ]b and [p2 ]b + Dv + Dw , we obtain
!

[p1 ]b + [p2 ]b = [KB−1 ] + Du .

(5.46)

Here we shifted the class [p2 ]b → Dv + Dw + [pb2 ] for reasons that will become clear in
section 5.2.3.
Using this information we fix the line bundles on B in which the coefficients si take
values. We infer from (5.16), (5.42) and the Calabi-Yau condition (5.46) the following
assignments of line bundles,
section

line-bundle

section

line-bundle

s2

O([KB−1 ] − Du − [p2 ]b )

s12

O(−2Du + Dv + Dw + [p2 ]b )

s5

O([KB−1 ] − [p2 ]b )

s15

O(−Du + Dv + Dw + [p2 ]b )

s6

O([KB−1 ] − [p2 ]b − Dv )

s16

O(−Du + Dw + [p2 ]b )

s7

O([KB−1 ] − [p2 ]b − Dw )

s17

O(−Du + Dv + [p2 ]b )

s8

O([KB−1 ] − [p2 ]b + Du − Dv − Dw )

s18

O([p2 ]b )

s9

O([KB−1 ] − [p2 ]b + Du − Dv )

s19

O(Dw + [p2 ]b )

s10

O([KB−1 ] − [p2 ]b + Du − Dw )

s20

O(Dv + [p2 ]b )
(5.47)

We also summarize the complete line bundles of the homogeneous coordinates on Bl3 P3
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by combining the classes in (5.13) and (5.42),
section

bundle

u

O(H − E1 − E2 − E3 + Du )

v

O(H − E2 − E3 + Dv )

w

O(H − E1 − E3 + Dw )

t

O(H − E1 − E2 )

e1

O(E1 )

e2

O(E2 )

e3

O(E3 )

(5.48)

For later reference, we point out that the divisors associated to the vanishing of the
coefficients s̃7 , ŝ7 and s̃9 = −ŝ9 , denoted as S̃7 , Ŝ7 respectively S9 , in the two presentations
(5.29) and (5.35) in dP2 of the elliptic curves E are given by
S̃7 := [−s19 s8 + s18 s9 ] = [KB−1 ] + Du − Dv , Ŝ7 := [s10 s18 − s20 s8 ] = [KB−1 ] + Du − Dw ,
S9 := [s̃9 ] = [ŝ9 ] = [−s10 s19 + s20 s9 ] = Du + [KB−1 ] .

(5.49)

Here we have used the definitions in (5.30), respectively, (5.36) together with (5.47) and
denoted the divisor classes of a section si by [·].
It is important to notice that the line bundles of the si admit an additional degree of
freedom due to the choice of the class [p2 ]b , the divisor class of the second constraint
p2 in the homology of B. This is due to the fact that the Calabi-Yau condition (5.46)
is a partition problem, that only fixes the sum of the classes [p1 ]b , [p2 ]b but leaves the
individual classes undetermined. For example, in complete intersections in a toric ambient
space (5.43) the freedom of the class [p2 ]b is fixed by finding all nef-partitions of the toric
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polytope associated to (5.43) that are consistent with the nef-partition (5.23) of the Bl3 P3 fiber. We discuss the freedom in [p2 ]b further in section 5.2.3.

5.2.2

Basic Geometry of Calabi-Yau Manifolds with Bl3 P3 -elliptic
Fiber

Let us next discuss the basic topological properties of the Calabi-Yau manifold X̂.
We begin by constructing a basis DA of the group of divisors H (1,1) (X̂) on X̂ that is
convenient for the study of F-theory on X̂. A basis of divisors on the generic complete
intersection X̂ is induced from the basis of divisors of the ambient space Bl3 P3 (S̃7 , Ŝ7 , S9 )
by restriction to X̂. There are the vertical divisors Dα that are obtained by pulling back
divisors Dbα on the base B as Dα = π ∗ (Dbα ) under the projection map π : X̂ → B. In
addition, each point P, Q, R and S on the elliptic fiber E in (5.16) lifts to an in general
rational section of the fibration π : X̂ → B, that we denote by ŝP , ŝQ , ŝR and ŝS , with ŝP the
zero section. The corresponding divisor classes, denoted SP , SQ , SR and SS , then follow
from (5.18) and (5.48) as

SP = E3 ,

SQ = E1 ,

SR = E2 ,

SS = H − E1 − E2 − E3 + S9 + [KB ] , (5.50)

where we denote, by abuse of notation, the lift of the classes H, E1 , E2 , E3 of the fiber Bl3 P3
in (5.13) to classes in X̂ by the same symbol. For convenience, we collectively denote the
generators of the Mordell-Weil group and their divisor classes as

ŝm = (ŝQ , ŝR , ŝS ) ,

Sm = (SQ , SR , SS )

m = 1, 2, 3 .

(5.51)

The vertical divisors Dα together with the classes (5.50) of the rational points form a
basis of H (1,1) (X̂). A basis that is better suited for applications to F-theory, however, is

157

given by
DA = (S̃P , Dα , σ (ŝm )) ,

A = 0, 1, . . . , h(1,1) (B) + 4 ,

(5.52)

where the Hodge number h(1,1) (B) of the base B counts the number of vertical divisors Dα
in X̂. Here we have introduced the class [56, 12]
1
S̃P = SP + [KB−1 ] ,
2

(5.53)

and have applied the Shioda map σ that maps the Mordell-Weil group of X̂ to a certain
subspace of H (1,1) (X̂). The map σ is defined as

σ (ŝm ) := Sm − S̃P − π(Sm · S̃P ) ,

(5.54)

where π, by abuse of notation, denotes the projection of H (2,2) (X̂) to the vertical homology
π ∗ H (1,1) (B) of the base B. For every C in H (2,2) (X̂) the map π is defined as

π(C) = (C · Σα )Dα ,

(5.55)

where we obtain the elements Σα = π ∗ (Σαb ) in H4 (X̂) as pullbacks from a dual basis Σαb to
the divisors Dbα in B, i.e. Σαb · Dbβ = δβα .
Next, we list the fundamental intersections involving the divisors SP , SQ and SR in
(5.50), that will be relevant throughout this work:
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SP · F = Sm · F = 1 with general fiber F ∼
= E , (5.56)

Universal intersection:

Rational sections:

2 + [K −1 ] · S ) = 0 ,
π(SP2 + [KB−1 ] · SP ) = π(Sm
m
B

S̃7 = π(SQ · SS ) ,
Holomorphic sections:

Ŝ7 = π(SR · SS ) ,

(5.57)

S9 = π(SP · SS ) ,

2
SP2 + [KB−1 ] · SP = Sm
+ [KB−1 ] · Sm = 0 ,

(5.58)

σ (ŝQ ) = SQ − SP − [KB−1 ] ,

Shioda maps:

σ (ŝR ) = SR − SP − [KB−1 ] ,

(5.59)

σ (ŝR ) = SS − SP − [KB−1 ] − S9 ,
The first line (5.56) and the second line (5.57) are the defining property of a section
of a fibration, whereas the fourth line only holds for a holomorphic section. The third
line holds because the collision pattern of the points in (5.21) directly translates into
intersections of their divisor classes Sm , where we made use of (5.30) and (5.36). In
other words, (5.57) states that divisors S̃7 , Ŝ7 , S9 are the codimension one loci where the
sections collide with each other in the fiber E. Finally, the result for the Shioda maps of
the sections follows from their definitions in (5.54) and the intersections in (5.57).
For later reference, we also compute the intersection matrix of the Shioda maps σ (ŝm ),
i.e. the height pairing, as






π(σ (ŝm )· σ (ŝn )) = 



−S9 + S̃7 + [KB ] 

[KB ]
2[KB ]
−S9 + Ŝ7 + [KB ] 


−S9 + Ŝ7 + [KB ] −S9 + Ŝ7 + [KB ] 2(−S9 + [KB ])
2[KB ]

[KB ]

mn
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.(5.60)

which readily follows from (5.59) and (5.57).
We note that all the above intersections (5.56) , (5.57), (5.58), (5.59) and (5.60) are in
completely analogous to the ones found in [31, 34, 30] for the case of an elliptic Calabi-Yau
manifold with rank two Mordell-Weil group, see also [105, 97, 20, 60] for a discussion of
intersections in the rank one case.

5.2.3

All Calabi-Yau manifolds X̂ with Bl3 P3 -elliptic fiber over B

Finally, we are equipped to classify the generic Calabi-Yau manifolds X̂ with elliptic fiber
in Bl3 P3 and base B. This task reduces to a classification of all possible assignments of
line bundles to the sections si in (5.47) so that the Calabi-Yau manifold X̂ is given by the
generic complete intersection (5.16). Otherwise we expect additional singularities in X̂,
potentially corresponding to a minimal gauge symmetry in F-theory, either from non-toric
non-Abelian singularities or from non-toric sections. We prove in the following that a
generic Calabi-Yau manifold X̂ over a base B corresponds to a point in a certain polytope,
that is related to the single nef-partition of the polytope of Bl3 P3 as explained below. The
following discussion is similar in spirit to the one in [30, 74], that can agree with the toric
classification of [19].
We begin with the basis expansion

Du = nαu Dα ,

Dv = nαv Dα ,

Dw = nαw Dα ,

(5.61)

into vertical divisors Dα , where the nαu , nαv and nαw are integer coefficients. For X̂ to be
generic these coefficients are bounded by the requirement that all the sections si in (5.47)
are generic, i.e. that the line bundles of which the si are holomorphic sections admit holomorphic sections. This is equivalent to all divisors in (5.47) being effective.
First, we notice that effectiveness of the sum [si ] + [si+10 ] ≥ 0 in (5.47) is guaranteed
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if the vector of integers nα = (nαu , nαv , nαw ) is an integral point in the rescaled polytope of
Bl3 P3 . Indeed, we can express the conditions of effectiveness of the divisors [si ] + [si+10 ]
as the following set of inequalities in R3 ,
1 α
n · νi ≥ −1 ,
−K α

i = 1, . . . , 7 ,

(5.62)

where we also expand the canonical bundle KB of the base B in terms of the vertical divisors
Dα as
[KB ] = K α Dα

(5.63)

with integer coefficients K α . The entries of the vectors νi are extracted by first summing
the rows of the two tables in (5.47), requiring the sum to be effective and then taking the
coefficients of the the divisors Du , Dv , Dw . The νi span the following polytope


           
−3 −1 −1 −1  1   1   1 
D
            E
           
∆3 := hνi i = 
 1  ,  1  , −1 ,  1  , −1 , −1  1  .
            
1
1
1
−1
−1
1
−1

(5.64)

This is precisely the dual of the polytope ∇Bl3 P3 of Bl3 P3 , where the latter polytope is the
convex hull of the following vertices,
D
E
∇Bl3 P3 = − ρ1 , ρe1 , ρ4 , ρ3 , ρe2 , ρe3 , ρ1 .

(5.65)

We note that these vertices are related to the vertices in (5.10) and (5.22) by an SL(3, Z)
transformation. Thus, we confirm that the solutions to (5.62), for which all divisors [si ] +
[si+10 ] are effective, are precisely given by vectors nα that take values for all α in the
polytope of Bl3 P3 rescaled by the factor −K α .
Next we determine the conditions inferred from each individual class [si ] in (5.47) being
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effective. We obtain the following two sets of conditions, whose solutions, given also below,
yield the set of all generic elliptic fibrations X̂ with a general rank three Mordell-Weil group
over a given base B:

0 ≤ ([p2 ]b )α ≤ −KBα ,

1)
nα · νi ≥ K α + ([p2 ]b )α ,

2)

νi ∈ ∇1 ,

nα · νi ≥ −([p2 ]b )α ,

(5.66)
νi ∈ ∇2 .

These conditions are solved by any nα being integral points in the following
Minkowski sum of the polyhedra ∇1 , ∇2 defined in (5.70),
nα ∈ −(K α + ([p2 ]b )α )∇1 + ([p2 ]b )α ∇2 ,

∀α = 1, . . . , h(1,1) (B) .

(5.67)

Here the two conditions for [p2 ]b in the first line of (5.66) follow from [s5 ], [s18 ] ≥ 0
and the first, respectively, second set of conditions in the second line follow from the first,
respectively, second table in (5.47). In addition, we have expanded the class [p2 ]b into a
basis Dα as
[p2 ]b = ([p2 ]b )α Dα

(5.68)

and have introduced the points νi that define two polytopes


∆1

∆2

          
−1  0   0   1   1   1 
D
           E
          
:= hνi i0≤i≤6 = 
 0  , −1 ,  0  , −1 , −1 ,  0  ,
           
0
0
−1
−1
0
−1
           
−2 −1 −1 −1 0 0
D
           E
          
(5.69)
:= hνi i7≤i≤12 = 
 1  ,  1  ,  0  ,  1  , 0  , 1  .
           
1
0
1
0
1
1

Next, we show how we have constructed the solutions (5.67) to (5.66). To this end, it
we only have to notice that the two polytopes ∆1 , ∆2 are the duals of the following two
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polytopes ∇1 , ∇2 ,
E
D
∇1 = − ρ1 , ρe1 , ρ4 , ρ3 ,

E
D
∇2 = ρe2 , ρe3 , ρ1 ,

(5.70)

where the vectors ρi , ρei were defined in (5.10), (5.22). These two polytopes correspond
to the unique nef-partition of (5.65). Now, we first fix the class [p2 ]b such that the first
conditions in (5.66) are met. Second, for each allowed class for [p2 ]b we solve the second
set of conditions in (5.66) for the vectors nα . However, these are just the duality relations
between the ∆i and ∇ j , rescaled by appropriate factors. Consequently, the solutions are
precisely given by the integral points in the Minkowski sum of the polyhedra in (5.67).
Here we emphasize again that both coefficients in (5.67) are positive integers by means of
the first condition in (5.66).
In summary, we have shown that for a given base B a generic elliptically fibered CalabiYau manifold X̂ with general elliptic fiber E given by (5.16) in Bl3 P3 corresponds to an
integral point nα in the polyhedron (5.67) for every α and for every class [p2 ]b obeying
0 ≤ [p2 ]b ≤ [KB−1 ]. The coordinates of the point nα are the coefficients of the divisors Du ,
Dv , Dw in the expansion (5.61) into vertical divisors Dα .

5.3

Matter in F-Theory Compactifications with a Rank
Three Mordell-Weil Group

In this section we analyze the codimension two singularities of the elliptic fibration of X̂
to determine the matter representations of corresponding F-theory compactifications to six
and four dimensions. We find 14 different singlet representations in sections 5.3.1 and
5.3.2. Then, we determine the explicit matter multiplicities of these 14 matter fields in
six-dimensional F-theory compactification on a Calabi-Yau threefold X̂3 with a general
163

two-dimensional base B in section 5.3.3. The following discussion is based on techniques
developed in [34, 30, 33] for the case of a rank two Mordell-Weil group, to which we refer
for more background on some technical details.
We begin with an outline of the general strategy to determine matter in an F-theory
compactification on a Calabi-Yau manifold with a higher rank Mordell-Weil group. First,
we recall that in general rational curves cmat obtained from resolving a singularity of the
elliptic fibration at codimension two in the base B give rise to matter in F-theory due to
the presence of light M2-brane states in the F-theory limit. In elliptically fibered CalabiYau manifolds with a non-Abelian gauge symmetry in F-theory, these codimension two
singularities are located on the divisor in the base B, which supports the 7-branes giving
rise to the non-Abelian gauge group. Technically, the discriminant of the elliptic fibration
takes the form ∆ = zn (k + O(z)), where z vanishes along the 7-brane divisor and k is a
polynomial independent of z. Then, the codimension two singularities are precisely given
by the intersections of z = 0 and k = 0.
This is in contrast to elliptic fibrations with only a non-trivial Mordell-Weil group,
i.e. only an Abelian gauge group, since the elliptic fibration over codimension one has
only I1 -singularities and the discriminant does not factorize in an obvious way. Thus, the
codimension two codimension singularities are not contained in a simple divisor in B and
have to be studied directly. In fact, the existence of a rational section, denoted by say ŝQ ,
means that there is a solution to the Weierstrass form (WSF) of the form [xQ : yQ : zQ ] =
Q
Q
Q
−2
−3
6
7
[gQ
2 : g3 : 1]. Here g2 and g3 are sections of KB and KB , respectively. . Thus, the
6 Sections

Q
with zQ = b for a section b of a line bundle O([b]) on the base B and with gQ
2 , g3 sections of
−3
respectively, KB ⊗ O(3[b]), can be studied similarly. We only have to assume that we are at

KB−2 ⊗ O(2[b]),

gQ

gQ

a locus with b 6= 0. Then we can employ the C∗ -action to set zQ = 1, xQ = b22 , yQ = b33 .
7 For concreteness and for comparison to [97, 34], in the special case of the base B = P2 , the sections
Q
g2 = g6 , gQ
3 = g9 are polynomials of degree 6, respectively, 9
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presence of ŝQ implies the factorization
Q 3
Q 2
Q 2
Q 4
3
2
(y − gQ
3 z )(y + g3 z ) = (x − g2 z )(x + g2 xz + g4 z )

(5.71)

for appropriate gQ
4 . Parametrizing the discriminant ∆ in terms of the polynomials in (5.71),
we see that it vanishes of order two at the codimension two loci in B reading
gQ
3 = 0,

Q
Q 2
ĝQ
4 := g4 + 2(g2 ) = 0 .

(5.72)

These two conditions lead to a factorization of both sides of (5.71), so that a conifold
2
singularity is developed at y = (x − gQ
2 z ) = 0.

It is evident that the section ŝQ passes automatically through the singular point of the
elliptic curve. Thus, in the resolved elliptic curve E where the singular point y = (x −
2
1 8
gQ
2 z ) = 0 is replaced by a Hirzebruch-Jung sphere tree of intersecting P ’s, the section ŝQ

automatically intersects at least one P1 . This implies that the loci (5.72) in the base contain
matter charged under U(1)Q associated to ŝQ , as can be seen from the charge formula

qQ = cmat · (SQ − SP ) .

(5.73)

Here SQ , SP denote the divisor classes of ŝQ and the zero section ŝP , respectively. In fact,
the locus (5.72) contains the codimension two loci supporting all matter charged under
U(1)Q , without distinguishing between matter with different U(1)Q -charges. The loci of
the different matter representations correspond to the irreducible components of (5.72), that
can in principle be obtained by finding all associated prime ideals of (5.72) of codimension
two in B. Unfortunately, in many concrete setups this is computationally unfeasible and we
have to pursue a different strategy to obtain the individual matter representations that has
8 In

F-theory compactifications with only Abelian groups the resolved elliptic fibers are expected to be
I2 -curves, i.e. two P1 ’s intersecting at two points.
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already been successful in the rank two case in [97, 34].
For the following analysis of codimension two singularities of X̂ we identify the irreducible components of (5.72) corresponding to different matter representations in two
qualitatively different ways:
1) One type of codimension two singularities corresponds to singularities of the sections
ŝm and ŝP . This analysis, see section 5.3.1, is performed in the presentation of E as
the complete intersection (5.16) in Bl3 P3 , where the rational sections are given by
(5.19). In fact, when a rational section ŝm or the zero section ŝP is ill-defined, the
resolved elliptic curve splits into an I2 -curve with one P1 representing the original
singular fiber and the other P1 representing the singular section.
2) The second type of codimension two singularities has to be found directly in the
Weierstrass model. The basic idea is isolate special solutions to (5.72) by supplementing the two equations (5.72) by further constraints that have to vanish in addition
in order for a certain matter representation to be present. We refer to section 5.3.2
for concrete examples. It is then possible to find the codimension two locus along
which all these constraints vanish simultaneously. We note that for the geometry X̂
there are three rational sections, thus, three factorizations of the form (5.71) and loci
(5.72), that have to be analyzed separately.
A complete analysis of codimension two singularities following the above two-step
strategy should achieve a complete decomposition of (5.72) for all sections of X̂ into irreducible components. It would be interesting to prove this mathematical for the codimension two singularities of X̂ we find in this section. As a consistency check of our analysis
of codimension two singularities we find, we determine the full spectrum, including multiplicities, of charged hypermultiplets of a six-dimensional F-theory compactification and
check that six-dimensional anomalies are cancelled, cf. section 5.3.3.
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5.3.1

Matter at the Singularity Loci of Rational Sections

Now that the strategy is clear, we will look for the first type of singularities in this subsection. These are the codimension two loci in the base where the rational sections are singular
in Bl3 P3 . This precisely happens when the coordinates (5.18), (5.19) of any of the rational
sections take values in the Stanley-Reisner ideal (5.14) of Bl3 P3 .
There are two reasons why codimension two loci with singular rational sections are
good candidates for I2 -fibers. First, the elliptic fibration of X̂ is smooth9 , thus, the indeterminacy of the coordinates of the sections in the fiber may imply that the section is not
a point, but an entire P1 . Second, as was remarked in [97] and [34], if we approach the
codimension two singularity of the section along a line in the base B the section has a well
defined coordinate given by the slope of the line. Thus, approaching the singularity along
lines of all possible slopes the section at the singular point is identified with the P1 formed
by all slopes. In fact, specializing the elliptic curve to each locus yielding a singularity of
a rational section we observe a splitting of the elliptic curve into an I2 -curve. We note that
it is crucial to work in Bl3 P3 , because only in this space the fiber is fully resolved space by
the exceptional divisors Ei , in contrast to the curve (5.4) in P3 .
The vanishing of two minors: special singularities of ŝS
In order to identify singularities of rational sections, let us take a close look at the StanleyReisner ideal (5.14). It contains monomials with two variables of the type ei e j and monomials with three variables of the type uXY , where X and Y are two variables out of the set
{v, w,t}. In this subsection we look for singular sections whose coordinates are forbidden
by the elements ei e j .
From the coordinates (5.19) of the rational sections we infer that this type of singular
9 This

is clear for toric bases B.
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behavior can only occur for the section ŝS , whose coordinates in the fiber E are

S = [0 : 1 : 1 : 1 : s19 s8 − s18 s9 : s10 s18 − s20 s8 : s10 s19 − s20 s9 ] .

(5.74)

There are three codimension two loci where S is singular, reading

{s8 = s18 = 0} ,

{s9 = s19 = 0} ,

{s10 = s20 = 0} .

(5.75)

It is important to note that the matrices (5.8), (5.20) retain rank two at these loci, since
only two of their 2 × 2-minors, being identified with the coordinates (5.19), have vanishing
determinant. Next, we inspect the constraint (5.16) of the elliptic curve at these loci.
At all these three codimension two loci, we see that the elliptic curve in (5.16) takes the
common form
Au + BY = 0 ,

Cu + DY = 0 .

(5.76)

Here Y is one of the variables {v, w,t} and the polynomials B, D are chosen to be independent of u and Y , which fixes the polynomials A, C uniquely. This complete intersection
describes a reducible curve. This can be seen by rewriting it as

(AD − BC)u = 0 ,

Au + BY = Cu + DY = 0 ,

(5.77)

which we obtained by solving for the variable Y in the first equation of (5.76) and requiring
consistency with the second equation.
Now, we directly see that one solution to (5.77) is given by {u = 0, Y = 0}. This is a
P1 as is clear from the remaining generators of the SR-ideal after setting the coordinates
that are not allowed to vanish to one using the C∗ -actions. The second solution, which also
describes a P1 , is given by the vanishing of the determinant in the first equation in (5.77),
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which implies that the two constraint in the second equation become dependent. Thus, the
two P1 ’s of the I2 -curve are given by

c1 = {u = 0, Y = 0} ,

c2 = {AD − BC = 0, Cu + DY = 0} .

(5.78)

As an example, let us look at the loci {s8 = s18 = 0} in (5.75) in detail. In this case the
elliptic curve E given in (5.16) takes the form

u(s2 e1 e2 e3 u + s5 e1 e2t + s6 e2 e3 v + s7 e1 e3 w) = t(s9 e2 v + s10 e1 w) ,

(5.79)

u(s12 e1 e2 e3 u + s15 e1 e2t + s16 e2 e3 v + s17 e1 e3 w) = t(s19 e2 v + s20 e1 w) .

This complete intersection is in the form (5.76) by identifying Y = t and setting

A = (s2 e1 e2 e3 u + s5 e1 e2t + s6 e2 e3 v + s7 e1 e3 w) ,
C = (s12 e1 e2 e3 u + s15 e1 e2t + s16 e2 e3 v + s17 e1 e3 w),

B = −(s9 e2 v + s10 e1 w) , (5.80)
D = −(s19 e2 v + s20 e1 w) .

Then the two P1 ’s of the I2 -curve are given by c1 , c2 in (5.78).
Equipped with the equations for the individual curves c1 , c2 we can now calculate the
intersections with the sections and the charge of the hypermultiplet that is supported there.
The intersections of the curve defined c1 can be readily obtained from the toric intersections
of Bl3 P3 . It has intersection −1 with the section SS , intersection one with the sections SQ ,
SR and zero with SP , where the last intersection is clear from the existence of the term
e3t in the Stanley-Reisner ideal (5.14). The intersections with c2 can be calculated either
directly from (5.78) or from the fact, that the intersections of a section with the total class
F = c1 + c2 have to be one.
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We summarize our findings as:
Loci

Curve

·SP

·SQ

·SR

·SS

s8 = s18 = 0

c1 = {u = t = 0}

0

1

1

−1

c2

1

0

0

2

c1 = {u = w = 0}

1

1

0

−1

c2

0

0

1

2

c1 = {u = v = 0}

1

0

1

−1

c2

0

1

0

2

s9 = s19 = 0

s10 = s20 = 0

(5.81)

Here we denoted the intersection pairing by ‘·’ and we also computed the intersections of
the sections with the I2 -curves at the other two codimension two loci in (5.75). In these
cases, we identified Y = w, respectively, Y = v.
We proceed with the calculation of the charges in each case employing the charge formula (5.73). We note that the isolated curve cmat is always the curve in the I2 -fiber that that
does not intersect the zero section SP . We obtain the charges:
Loci

qQ

qR

qS

s8 = s18 = 0

1

1

−1

s9 = s19 = 0

0

1

2

s10 = s20 = 0

1

0

2

(5.82)

The vanishing of three minors: singularities of all sections
The remaining singularities of the rational sections occur if the three of the determinants of
the minors of the matrices (5.8), (5.20) vanish. This implies that three coordinates (5.19)
of a section are forbidden by the SR-ideal (5.14), which happens also for the sections ŝP ,
ŝQ , ŝR , in addition to ŝS , due to the elements uXY with X, Y in {v, w,t}.
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Before analyzing these loci, we emphasize that the three vanishing conditions are a
codimension two phenomenon because the vanishing of the determinants of three minors
of the same matrix is not independent. In fact, these codimension two loci can be viewed as
determinantal varieties describing the loci where the rank of each of the matrices in (5.8),
(5.20) jump from two to one, which is clearly a codimension two phenomenon.
Concretely, for the section ŝP to be singular, the three minors that have to vanish are
|M3P | = |M2P | = |M1P | = 0, which implies the conditions
s5
s10
s9
=
=
.
s15 s20 s19

(5.83)

Similarly, for ŝQ to be singular, we impose |M3Q | = |M2Q | = |M1Q | = 0, which yields
s6
s8
s9
=
=
.
s16 s18 s19

(5.84)

For a singular section ŝR , we require |M3R | = |M2R | = |M1R | = 0, which is equivalent to
s8
s7
s10
=
=
.
s20 s18 s17

(5.85)

Finally, the section ŝS is singular at |M3Q | = |M3R | = |M3P | = 0, or equivalently at
s8
s9
s10
=
=
.
s20 s18 s19

(5.86)

We remark that the vanishing of the three minors in all these cases excludes the loci (5.75)
of the previous subsection.
All these singularities imply a reducible curve of a form similar to (5.27), however,
adapted to the ambient space Bl3 P3 . In fact, at each of the loci (5.83)-(5.86) the complete
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intersection (5.16) takes the form

AX + BY = 0 ,

CX + DY = 0 ,

(5.87)

for appropriate polynomials A, B, C, D with A and C collinear, that is A = aC, and the pair
of coordinates [X : Y ] forming a P1 .10 Then, we can multiply the second equation by a and
subtract from the first equation, to obtain

(B − aD)Y = 0 ,

AX + BY = 0 .

(5.88)

From this we see that the two solutions are given by

c1 = {Y = A = 0} ,

c2 = {B − aD = AX + BY = 0} ,

(5.89)

that describe two P1 ’s intersecting at two points. Thus the complete intersection (5.88) is
an I2 -curve.
One example in detail
Let us focus on the locus in (5.84) where the section ŝQ is singular. The complete intersection (5.16) then takes the form

v(−e2 s9t + e2 e3 s6 u + e3 s8 w) + e1 (e2 s5tu + e2 e3 s2 u2 − s10tw + s7 e3 uw) = 0 ,
v(−e2 s19t + e2 e3 s16 u + e3 s18 w) + e1 (e2 s15tu + e2 e3 s12 u2 − s20tw + e3 s17 uw) = 0 .
10 When

ŝS becomes singular, we identify Y = u and X = 1. However, A, C still become collinear and the
argument applies.
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This is of the form (5.87) as we see by identifying X = v and Y = e1 and by setting

A = −e2 s9t + e2 e3 s6 u + e3 s8 w ,
C = −e2 s19t + e2 e3 s16 u + e3 s18 w ,

B = e2 s5tu + e2 e3 s2 u2 − s10tw + s7 e3 uw , (5.90)
D = e2 s15tu + e2 e3 s12 u2 − s20tw + e3 s17 uw

with A = (s8 /s18 )C collinear at the locus (5.84) . Then, the two P1 ’s in this I2 -curve are
given by (5.89) with the identifications (5.90).
Next, we obtain the intersections of the curves c1 , c2 with the rational sections, that
follow directly from the toric intersections of Bl3 P3 . We find the intersections
Loci

Curve

·SP

·SQ

·SR

·SS

|M3Q | = |M2Q | = |M1Q | = 0

c1

0

−1

0

1

c2

1

2

1

0

(5.91)

As expected, the total fiber F = c1 + c2 has intersections Sm · F = 1 with all sections.
Repeating the procedure with the other codimension two loci (5.83), (5.85) and (5.86),
we obtain the intersections of the split elliptic curve with the sections as
Loci

Curve

·SP

·SQ

·SR

·SS

|M3R | = |M2R | = |M1R | = 0

c1

0

0

−1

1

c2

1

1

2

0

c1

−1

0

0

1

c2

2

1

1

0

c1

1

1

1

−1

c2

0

0

0

2

|M3P | = |M2P | = |M1P | = 0

|M3Q | = |M3R | = |M3P | = 0
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(5.92)

With these intersection numbers and the charge formula (5.73) we obtain the charges
Loci

qQ

qR

qS

|M3Q | = |M2Q | = |M1Q | = 0

−1

0

1

|M3R | = |M2R | = |M1R | = 0

0

−1

1

|M3P | = |M2P | = |M1P | = 0

−1

−1

−2

|M3Q | = |M3R | = |M3P | = 0

0

0

2

(5.93)

Relation to dP2
In section 5.1.3 we saw that the elliptic curve E can be mapped to two11 non-generic anticanonical hypersurfaces in dP2 . It is expected that some of the singularities we just found
map to the singularities in the dP2 -elliptic curve. We recall from [34, 74], that the CalabiYau hypersurfaces (5.29), (5.35) in dP2 have singular sections at the codimension two loci
given by s̃3 = s̃7 = 0 (ŝ3 = ŝ7 = 0), s̃8 = s̃9 = 0 (ŝ8 = ŝ9 = 0) and s̃7 = s̃9 = 0 (ŝ7 = ŝ9 = 0),
respectively.
In tables (5.30) and (5.36) we readily identified the minors of the matrices in (5.20)
with the some of the coefficients s̃i and ŝ j . This implies a relationship between the singular
codimension two loci of the elliptic curves in Bl3 P3 and in the two dP2 -varieties, that we
11 There

are actually three dP2 maps if we are willing to give up the zero point as a toric point. See section
5.1.3 for more details.
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summarize in the following table:
Bl3 P3 -singularity

Singularity of

Singularity of

curve in (5.29)

curve in (5.35)

|M3Q | = |M2Q | = |M1Q | = 0

s̃3 = s̃7 = 0

Q non-toric

|M3R | = |M2R | = |M1R | = 0

R non-toric

ŝ3 = ŝ7 = 0

|M3P | = |M2P | = |M1P | = 0

s̃8 = s̃9 = 0

ŝ8 = ŝ9 = 0

|M3Q | = |M3R | = |M3P | = 0

s̃7 = s̃9 = 0

ŝ7 = ŝ9 = 0

(5.94)

In each case, three out of the four singular loci (5.93) yield singularities of the toric sections
in the dP2 -elliptic curve. The other singular locus in the curve in Bl3 P3 is not simply
given by the vanishing of two coefficients s̃i , respectively ŝ j , because the non-toric rational
sections becomes singular. Nevertheless, the elliptic curve in dP2 admits a factorization
at the singular locus of the non-toric section, i.e. it splits into an I2 -curve, due to the nongenericity of the corresponding coefficients s̃i or ŝ j .

5.3.2

Matter from Singularities in the Weierstrass Model

As mentioned in the introduction of this subsection, all the loci of matter charged under a
m
section ŝm satisfy the equations gm
3 = 0 and ĝ4 = 0. Since we have three rational sections ŝm ,

the WSF admits three possible factorizations of the form (5.71), each of which implying a
singular elliptic fiber at the loci g3Q,R,S = ĝ4Q,R,S = 0 with ĝR,S
4 defined analogous to (5.72). In
this subsection we separate solutions to these equations by requiring additional constraints
to vanish.
We can isolate matter with simultaneous U(1)-charges. The idea is the following. If the
matter is charged under two sections, both sections have to pass through the singularity in
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m2
12
1
the WSF. This requires the x-coordinates gm
2 , g2 of the sections to agree ,

!

m2
1 ,m2
1
δ gm
:= gm
2
2 − g2 = 0,

(5.95)

for any two sections ŝm1 and ŝm2 . The polynomial (5.95) has a smaller degree than the other
two conditions (5.72) and in fact it will be one of the two polynomials of the complete
intersection describing the codimension two locus. The other constraint will be gm
3 = 0 for
m either m1 or m2 .
If we solve for two coefficients in these two polynomials and insert the solution back
into the elliptic curve (5.16) we observe a reducible curve of the form (5.88). In this I2 curve, one P1 is automatically intersected once by both sections ŝm1 and ŝm2 . This means
that a generic solution of equations (5.72), (5.95) support matter with charges one under
U(1)m1 ×U(1)m2 .
Let us be more specific for matter charged under the sections ŝQ and ŝR , that is matter
transforming under U(1)Q ×U(1)R . The conditions (5.72) and (5.95) read
!

Q
R
δ gQR
2 := g2 − g2 = 0 ,

gQ
3 = 0,

ĝQ
4 = 0,

(5.96)

Q
and the codimension to locus is given by the complete intersection δ gQR
2 = g3 = 0. In fact
QR Q
R
the constraint ĝQ
4 , ĝ4 are in the ideal generate by hδ g2 , g3 i.

We proceed to look for matter charged under U(1)Q ×U(1)S . In this case, because of
the section ŝS having a non-trivial z-component, the right patch of the WSF is z ≡ z̃S =
s10 s19 − s20 s9 , c.f. (5.39). Thus, the constrains (5.72) and (5.95) take the form
!

S
S 2 Q
δ gQS
2 := g2 − (z̃ ) g2 = 0 ,
12 Here

gS3 = 0 ,

ĝS4 = 0 .

we assume that the z−-coordinates of both sections are z = 1, for simplicity.
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(5.97)

Instead of using these polynomials, we will use two slightly modified polynomials that
generate the same ideal. They were defined in [34] where they were denoted by δ g06 and g09
and defined as
2
0
2
(gQS
3 ) := s̃3 s̃8 − s̃2 s̃8 s̃9 + s̃1 s̃9 = 0 , (5.98)

0
2
δ (gQS
2 ) := s̃7 s̃8 + s̃9 (−s̃6 s̃8 + s̃5 s̃9 ) = 0,

Here we have to use the map (5.30) to obtain these polynomials in terms of the coefficients
si . We will see in section 5.3.3 that these polynomials are crucial to obtain the matter
multiplicities of this type of charged matter fields.
Similarly, for matter charged under U(1)R ×U(1)S we demand
!

S
S 2 R
δ gRS
2 := g2 − (z̃ ) g2 = 0 ,

gS3 = 0 ,

ĝS4 = 0 .

(5.99)

0
RS 0
For this type of locus we will also use the modified polynomials δ (gRS
2 ) and δ (g3 ) that

can be obtained from (5.98) by replacing all the coefficients s̃i → ŝi and by using (5.36).
Next, we look for matter charged under all U(1) factors U(1)Q ×U(1)R ×U(1)S . This
requires the three sections to collide and pass through the singular point y = 0 in the WSF,
at codimension two. The four polynomials that are required to vanish simultaneously are
δ gQS
2 = 0,

(z̃S )2 δ gRS
2 = 0,

gS3 = 0 ,

ĝS4 = 0 ,

(5.100)

where the first two conditions enforce a collision of the three sections in the elliptic fiber.
In order for a codimension two locus to satisfy all these constraints simultaneously, all the
polynomials (5.100) should factor as

p = h1 p1 + h2 p2 ,
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(5.101)

where h1 and h2 are the polynomials whose zero-locus defines the codimension two locus
in question. To obtain the polynomials we use the Euclidean algorithm twice. We first
divide all polynomials in (5.100) by the lowest order polynomial available, which is δ gQR
2
and take the biggest common factor from all residues. This is the polynomial h1 and it
reads

h1 = (s210 s15 s16 s19 + s210 s12 s219 + s10 s15 s18 s19 s5 + s10 s17 s219 s5 − s10 s16 s19 s20 s5
−s18 s19 s20 s25 − s10 s215 s18 s9 − s10 s15 s17 s19 s9 − s10 s15 s16 s20 s9 − 2s10 s12 s19 s20 s9
+s15 s18 s20 s5 s9 − s17 s19 s20 s5 s9 + s16 s220 s5 s9 + s15 s17 s20 s29 + s12 s220 s29 ) .

(5.102)

The knowledge of h1 allows us to repeat the Euclidean algorithm. We reduce the polynomials (5.100) by (5.102) and again obtain the second common factor from the residues of
all polynomials reading


h2 = s210 s19 (s15 s16 + s12 s19 ) − s10 s215 s18 s9 + s19 (−s17 s19 s5 + s16 s20 s5 + 2s12 s20 s9 )


+s15 (−s18 s19 s5 + s17 s19 s9 + s16 s20 s9 ) + s20 s18 s5 (−s19 s5 + s15 s9 )

+s9 (−s17 s19 s5 + s16 s20 s5 + s15 s17 s9 + s12 s20 s9 ) .
(5.103)

To confirm that these polynomials define the codimension two locus we were looking for,
we check that all the constraints (5.100) are in the ideal generated by hh1 , h2 i.
m
Finally, if there are no more smaller ideals, i.e. special solutions, of gm
3 = ĝ4 = 0 we

expect its remaining solutions to be generic and to support matter charged under only the
section ŝm , i.e. matter with charges qm = 1, and qn = 0 for n 6= m. In summary, we find that
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matter at a generic point of the following loci has the following charges,
Generic point in locus

qQ

qR

qS

Q
gQR
2 = g3 = 0

1

1

0

0
S 0
(gQS
2 ) = (g3 ) = 0

1

0

1

0
S 0
(gRS
2 ) = (g3 ) = 0

1

0

1

h1 = h2 = 0

1

1

1

Q
gQ
3 = ĝ4 = 0

1

0

0

gR3 = ĝR4 = 0

0

1

0

gS3 = ĝS4 = 0

0

0

1

(5.104)

In each of these six cases we checked explicitly the factorization of the complete intersection (5.27) for E into an I2 -curve, then computed the intersections of the sections ŝP , ŝm ,
m = Q, R, S and obtained the charges by applying the charge formula (5.73).

5.3.3

6D Matter Muliplicities and Anomaly Cancellation

In this section we specialize to six-dimensional F-theory compactifications on an elliptically fibered Calabi-Yau threefolds X̂3 over a general two-dimensional base B with generic
elliptic fiber given by (5.16). We work out the spectrum of charged hypermultiplets, that
transform in the 14 different singlet representations found in sections 5.3.1 and 5.3.2. To
this end, we compute the explicit expressions for the multiplicities of these 14 hypermultiplets. We show consistency of this charged spectrum by checking anomaly-freedom.
The matter multiplicities are given by the homology class of the irreducible locus that
supports a given matter representation. As discussed above, some of these irreducible matter loci can only be expressed as prime ideals, of which we can not directly compute the
homology classes. Thus, we have to compute matter multiplicities successively, starting
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from the complete intersections LocCI in (5.104) that support multiple matter fields of different type. We found, that at the generic point of the complete intersection LocCI one type
of matter is supported, but at special points Locis different matter fields are located. We
summarize this as
∪i Locis ⊂ LocCI .

(5.105)

Thus, first we calculate all multiplicities of matter located at all these special loci Locis and
then subtract them from the complete intersection LocCI in which they are contained with a
certain degree. This degree is given by the order of vanishing of resultant, that has already
been used in a similar context in [34]. It is defined as follows. Given two polynomials (r, s)
in the variables (x, y), if (0, 0) is a zero of both polynomials, its degree is given by the order
of vanishing of the resultant h(y) := Resx (r, s) at y = 0.
This is a straightforward calculation when the variables (x, y) are pairs of the coefficients si . However, for more complicated loci we will need to treat full polynomials
(p1 , p2 ) as these variables, for example x = s̃7 , y = s̃9 or x = δ g6 , y = g9 . In this case we
have to solve for two coefficients si , s j from {p1 = x, p2 = y}, then replace them in (r, s)
and finally proceed to take the resultant in x and y.
There is one technical caveat, when we are considering polynomials (p1 , p2 ) that contain multiple different matter multiplets. We choose the coefficients si , s j in such a way
that the variables (x, y) only parametrize the locus of the hypermultiplets we are interested
in. This is achieved by choosing si , s j we are solving for so that the polynomials of the
locus we are not interested in appear as denominators and are, thus, forbidden. For example, let us look at the loci |M3Q | = |M3P | = 0. This complete intersection contains the loci of
the hypermultiplets with charges (0, 0, 2) at the generic point and with charges (0, 1, 2) at
the special locus s9 = s19 = 0, c.f. (5.82), respectively, (5.93). Let us focus on the former
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hypermultiplets. We set
|M3Q | = s18 s9 − s19 s8 ≡ x ,

|M3P | = s10 s19 − s20 s9 ≡ y ,

(5.106)

and solve for s8 and s20 to obtain

s8 =

(s18 s9 − x)
,
s19

s20 =

(s10 s19 + y)
.
s9

(5.107)

From this, it is clear the locus s9 = s19 = 0 corresponding to hypermultiplets with charges
(0, 1, 2) is excluded because of the denominators. Thus, (x, y) indeed parametrize the locus
of the hypermultiplets of charges (0, 0, 2).
We begin the computation of multiplicities with the simplest singularities in 5.3.1 located at the vanishing-loci of two coefficients si = s j = 0. Their multiplicities are directly
given by their homology classes, that are simply the product of the classes [si ], [s j ]. We
obtain
Loci

qQ

qR

qS

Multiplicity

s8 = s18 = 0

1

1

−1

[s8 ] · [s18 ]

s9 = s19 = 0

0

1

2

[s9 ] · [s19 ]

s10 = s20 = 0

1

0

2

[s10 ] · [s20 ]

(5.108)

Next we proceed to calculate the multiplicities of the loci given by the vanishing of three
minors given in (5.93). The most direct way of obtaining these multiplicities is by using
the Porteous formula to obtain the first Chern class of a determinantal variety. However,
we will use here a simpler approach that yields the same results.
It was noted in section 5.3.1, that the locus described by the vanishing of the three
minors can be equivalently represented as the vanishing of only two minors, after excluding
the zero locus from the vanishing of the two coefficients si , s j that appear in both two
minors. Thus, the multiplicities can be calculated by multiplying the homology classes of
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the two minors and subtracting the homology class [si ] · [s j ] of the locus si = s j = 0.
For example the multiplicity of the locus |M3Q | = |M2Q | = |M1Q | = 0 can be obtained
from multiplying the classes of |M3Q | = |M1Q | = 0 and subtracting the multiplicity of the
locus s8 = s18 = 0 that satisfies these two equations, but not M2Q = −s6 s19 + s9 s16 :
x(−1,0,1) = [|M3Q |] · [|M1Q |] − [s8 ] · [s18 ]

(5.109)

= ([p2 ]b )2 + [p2 ]b · (Ŝ7 + ·S̃7 − 3S̃9 ) + [KB−1 ] · S̃7 + S̃72 − Ŝ7 · S9 − 2S̃7 · S9 + 2S92 ,

Here we denote the multiplicity of hypermultiplets with charge (qQ , qR , qS ) by x(qQ ,qR ,qS ) ,
indicate homology classes of sections of line bundles by [·], as before, and employ (5.47),
(5.30) and the divisors defined in (5.49) to obtain the second line. Calculating the other
multiplicities in a similarly we obtain
Charges

Loci

Multiplicity

(−1, 0, 1)

|M3Q | = |M2Q | = |M1Q | = 0

x(−1,0,1) = [|M1Q |] · [|M3Q |] − [s8 ] · [s18 ]

(0, −1, 1)

|M3R | = |M2R | = |M1R | = 0

x(0,−1,1) = [|M1R |] · [|M3R |] − [s8 ] · [s18 ]

(−1, −1, −2)

|M3P | = |M2P | = |M1P | = 0

x(−1,−1,−2) = [|M2P |] · [|M3P |] − [s10 ] · [s20 ]

(0, 0, 2)

|M3P | = |M3Q | = |M3R | = 0

x(0,0,2) = [|M3Q |] · [|M3P |] − [s19 ][s9 ]
(5.110)

It is straightforward but a bit lengthy to use (5.47) in combination with (5.30), (5.36) to
obtain, as demonstrated in (5.109), the expressions for the multiplicities of all these matter fields explicitly. We have shown one possible way of calculating the multiplicities in
(5.110), i.e. choosing one particular pair of minors. We emphasize that the same results for
the multiplicities can be obtained by picking any other the possible pairs of minors.
Finally we calculate the hypermultiplets of the matter found in the WSF, as discussed
in section 5.3.2. In each case, in order to calculate the multiplicity of the matter located
at a generic point of the polynomials (5.104) we need to first identify all the loci, which
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solve one particular constraint in (5.104), but support other charged hypermultiplets. Then,
we have to find the respective orders of vanishing of the polynomial in (5.104) at these
special loci using the resultant technique explained below (5.105). Finally, we compute
the homology class of the complete intersection under consideration in (5.104) subtract the
homology classes of the special loci with their appropriate orders.
We start with the matter with charges (1, 1, 1) in (5.104) which is located at a generic
point of the locus h1 = h2 = 0. In this case, the degree of vanishing of the other loci are
given by
Charge
(1, 1, 1)

x(1,1,−1) x(0,1,2) x(1,0,2) x(−1,0,1) x(0,−1,1) x(−1,−1,−2) x(0,0,2)
0

1

1

0

0

4

(5.111)

0

Here we labeled the loci that are contained in h1 = h2 = 0 by the multiplicity of matter
which supported on them. We note that the other six matter fields in (5.104) do not appear
in this table, because the matter with charges (1, 1, 1) is contained in their loci, as we
demonstrate next. This implies that the multiplicity of the hypermultiplets with charge
(1, 1, 1) is given by

x(1,1,1) = [h1 ] · [h2 ] − x(0,1,2) − x(1,0,2) − 4x(−1,−1,−2) ,
= 4[KB−1 ]2 − 3([p2 ]b )2 − 2[KB−1 ]Ŝ7 − 3([p2 ]b ) · Ŝ7 − 2[KB−1 ] · S̃7 − 3([p2 ]b ) · S̃7
−2Ŝ7 · S̃7 + 2[KB−1 ]S9 + 9([p2 ]b )S9 + 5Ŝ7 · S9 + 5S̃7 · S9 − 8S92 ,

(5.112)

where the first term is the class of the complete intersection h1 = h2 = 0 and the three
following terms are the necessary subtractions that follow from (5.111). The homology
classes of h1 , h2 can be obtained by determining the class of one term in (5.102), respectively, (5.103) using (5.47).
Proceeding in a similar way for the hympermultiplets with charges (1, 0, 1), (0, 1, 1)
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and (1, 1, 0) we get the following orders of vanishing of the loci supporting the remaining
matter fields:
Charges

x(1,1,−1) x(0,1,2) x(1,0,2) x(−1,0,1) x(0,−1,1) x(−1,−1,−2) x(0,0,2) x(1,1,1)

(1, 0, 1)

0

0

4

0

0

4

0

1

(0, 1, 1)

0

4

0

0

0

4

0

1

(1, 1, 0)

1

0

0

0

0

1

0

1
(5.113)

We finally obtain the multiplicities of these matter fields by computing the homology class
of the corresponding complete intersection in (5.104) and subtracting the multiplicities
the matter fields contained in these complete intersections with the degrees determined in
(5.113). We obtain
x(1,0,1) = 2[KB−1 ]2 + 3([p2 ]b )2 + 2[KB−1 ]Ŝ7 + 3([p2 ]b )Ŝ7 − 3[KB−1 ]S̃7 + 3([p2 ]b )S̃7
+2Ŝ7 S̃7 + S̃72 + 2[KB−1 ]S9 − 9([p2 ]b )S9 − 5Ŝ7 S9 − 4S̃7 S9 + 6S92 ,
x(0,1,1) = 2[KB−1 ]2 + 3([p2 ]b )2 − 3[KB−1 ]Ŝ7 + 3([p2 ]b )Ŝ7 + Ŝ72 + 2[KB−1 ]S̃7
+3([p2 ]b )S̃7 + 2Ŝ7 S̃7 + 2[KB−1 ]S9 − 9([p2 ]b )S9 − 4Ŝ7 S9 − 5S̃7 S9 + 6S92 ,
x(1,1,0) = 2[KB−1 ]2 + 3([p2 ]b )2 + 2[KB−1 ]Ŝ7 + 3([p2 ]b )Ŝ7 + 2[KB−1 ]S̃7 + 3([p2 ]b )S̃7
+Ŝ7 S̃7 − 3[KB−1 ]S9 − 9([p2 ]b )S9 − 4Ŝ7 S9 − 4S̃7 S9 + 7S92 .

(5.114)

Finally for the hypermultiplets of charges (1, 0, 0), (0, 1, 0) and (0, 0, 1) we obtain the
following degrees of vanishing of the loci supporting the other matter fields:
Charges x(1,1,−1) x(0,1,2) x(1,0,2) x(−1,0,1) x(0,−1,1) x(−1,−1,−2) x(0,0,2) x(1,0,1) x(0,1,1) x(1,1,0) x(1,1,1)
(1, 0, 0)

1

0

1

1

0

1

0

1

0

1

1

(0, 1, 0)

1

1

0

0

1

1

0

0

1

1

1

(0, 0, 1)

1

16

16

1

1

16

16

1

1

0

1

(5.115)
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Again we first computing the homology class of the complete intersection in (5.104) supporting the hypermultiplets with charges (1, 0, 0), (0, 1, 0), respectively, (0, 0, 1) and subtracting the multiplicities the matter fields contained in these complete intersections with
the degrees determined in (5.115). We obtain
x(1,0,0) = 4[KB−1 ]2 − 3([p2 ]b )2 − 2[KB−1 ]Ŝ7 − 3([p2 ]b )Ŝ7 + 2[KB−1 ]S̃7 − 3([p2 ]b )S̃7
−Ŝ7 S̃7 − 2S̃72 − 2[KB−1 ]S9 + 9([p2 ]b )S9 + 4Ŝ7 S9 + 5S̃7 S9 − 6S92 ,
x(0,1,0) = 4[KB−1 ]2 − 3([p2 ]b )2 + 2[KB−1 ]Ŝ7 − 3([p2 ]b )Ŝ7 − 2Ŝ72 − 2[KB−1 ]S̃7
−3([p2 ]b )S̃7 − Ŝ7 S̃7 − 2[KB−1 ]S9 + 9([p2 ]b )S9 + 5Ŝ7 S9 + 4S̃7 S9 − 6S92 ,
x(0,0,1) = 4[KB−1 ]2 − 4([p2 ]b )2 + 2[KB−1 ]Ŝ7 − 4([p2 ]b )Ŝ7 − 2Ŝ72 + 2[KB−1 ]S̃7 − 4([p2 ]b )S̃7
−2Ŝ7 S̃7 − 2S̃72 + 2[KB−1 ]S9 + 12([p2 ]b )S9 + 6Ŝ7 S9 + 6S̃7 S9 s − 10S92 .

We conclude by showing that the spectrum of the theory we have calculated is anomalyfree, which serves also as a physically motivated consistency check for the completeness of
analysis of codimension two singularities presented in sections 5.3.1 and 5.3.2. We refer to
[45, 66] for a general account on anomaly cancellation and to [105, 97, 34] for the explicit
form of the anomaly cancellation conditions adapted to the application to F-theory, c.f. for
example Eq. (5.1) in [34]. Indeed, we readily check that the spectrum (5.108), (5.110),
(5.112), (5.114) and (5.116) together with the height pairing matrix bmn reading



−2[KB ]



bmn = −π(σ (ŝm )· σ (ŝn )) = 



−[KB ]

S9 − S̃7 − [KB ] 

.
−[KB ]
−2[KB ]
S9 − Ŝ7 − [KB ] 
 (5.116)

S9 − Ŝ7 − [KB ] S9 − Ŝ7 − [KB ] 2(S9 − [KB ])
mn

with m, n = 1, 2, 3 all mixed gravitational-Abelian and purely-Abelian anomalies in Eq.
(5.1) of [34] are canceled.
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Chapter

6

Compactifications on all Toric
Hypersurface Fibrations
By now, we have learned that the ambient space of the elliptic fiber has direct implication
on the low energy physics of the F-theory compactifications. We learned that the elliptic
fibrations with fibers in dP2 give U(1)2 theories and fibers in Bl3 P3 generate U(1)3 gauge
groups. That points to the following line of study: take a list of fiber ambient spaces, build
elliptic fibrations with them and study the low energy theory of the compactifications. The
natural question is: what list should we use? Well, that is the hard part. However, toric
geometry has been around with us, both dP2 and Bl3 P3 are toric geometries. Also this set
of varieties are finite and easy to construct.
Thus, in this chapter, we build elliptic fibrations using all 2D toric spaces as ambient
spaces, the 16 of them, and study their low energy physics: gauge group, matter content
and Yukawa couplings. We chose the 2D toric varietes only because the number of 3D toric
geometries is too big, already in the order of thousands.
We take the content of this chapter from [80]. The author of this dissertation is a coauthor of the mentioned article.
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In the months previous to the appearance of this work, interest on genus one compactification surged in the F-theory community. The papers that rekindled the interest were
[18], [3] and [99], with a few more following. What is interesting about these genus one
curves is that they do not possess a zero point, thus the fibration does not have a section.
To circumvent this problem, in [18] the authors use a closely related curve to the original
one, a curve that actually possesses a zero point: the Jacobian of the original curve. And
things get more interesting. There are different curves that have the same Jacobian, then,
there are multiple genus fibrations with exactly the same jacobian fibration. Can we make
sense of the low energy physics? Surprisingly, the answer is Yes. The key insights came
from [3] and [99], where they show that the multiple geometries are tightly related to the
appearances of discrete symmetries.
The machinery developed to study Jacobian fibrations is fundamental for this chapter
and the study of all 2D toric fibrations. In fact there are three toric geometries that do not
have sections, then we have to study them using their Jacobians. Not surprisingly, we find
discrete symmetries in those cases.
Besides the discrete symmetries, and almost by accident, we find for the first time
charge three matter under U(1). Explicit geometries with this matter content, to the best of
our knowledge, had never been constructed. We also find a web of relations beteween the
different geometries that can be understood from field theory as the Higgs mechanism and
from the geomtric point of view as conifold transitions.
The article [80] is 120 pages, single spaced. Copying the entire document here will
make this dissertation unnecessarily long. Thus, we decided to cherry-pick only some
sections of the article and invite the interested reader to the original source for more details.
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6.1

Introduction & Summary of Results

We study all F-theory compactifications on Calabi-Yau manifolds XFi with genus-one fiber
CFi given as a hypersurface in the toric varieties associated to the 16 2D reflexive polyhedra,
denoted by Fi , i = 1, . . . , 16.1 We refer to these Calabi-Yau manifolds as toric hypersurface
fibrations. We determine the generic and intrinsic features of these XFi that are relevant to
F-theory: the generic gauge group, the corresponding matter spectrum and the 4D Yukawa
couplings corresponding to the codimension one, two and three singularities of XFi . These
geometric results completely determine the 6D and non-chiral 4D SUGRA theories obtained by compactifying F-theory on Calabi-Yau threefolds and fourfolds without G4 -flux.
We prove completeness of our analysis of codimension one and two singularities by checking cancellation of all 6D anomalies. All these results are base-independent in the sense
that they follow directly from the geometry of the fiber CFi . The only dependence on the
base B enters through the choice of two divisors on B that label the possible Calabi-Yau
fibrations of CFi [34].
We highlight the following interesting geometrical findings of our analysis of F-theory
on the Calabi-Yau manifolds XFi :
• Every XFi has an associated minimal gauge group GFi that is completely determined
by the polyhedron Fi . In other words this gauge group is present without tuning
the complex structure of XFi by means of Tate’s algorithm [81, 112, 9] (see [75, 87]
for recent refinements) or upon addition of tops. The gauge groups GFi and GFi∗
associated to Fi and its dual polyhedron Fi∗ obey the rank relation

rk(GFi ) + rk(GFi∗ ) = 6 .
1 These

(6.1)

genus-one curves have also been used in [67, 68] as mirror curves for the computation of refined
stable pair invariants in the refined topological string.
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• We consider three Calabi-Yau manifolds XFi , i = 1, 2, 4, without section. Their fibers
are the general cubic in P2 , the general biquadric in P1 × P1 and the general quartic in P2 (1, 1, 2), respectively, where the latter is also studied in [18, 99, 3]. The
fibrations XFi , i = 1, 2, 4, only have a genus-one fibration with a three-, a two- and
a two-section, respectively. As a direct consequence of this absence of sections, Ftheory has discrete gauge group factors given by Z3 , Z2 and Z4 , respectively. We
show that these Calabi-Yau manifolds, most notably the fibration of the cubic, XF1 ,
have I2 -fibers at codimension two that support singlet matter with charge 1 under
the respective discrete gauge groups. We explain how the charge of all matter fields
under these discrete groups are computed from the intersections of the multi-sections
with the relevant codimension two fibers.
• We show that both XF2 and XF3 give rise to one U(1)-factor, namely GF2 = U(1) × Z2
and GF3 = U(1). To this end, we show that unlike XF2 , the Weierstrass form of the
Jacobian J(XF2 ) has one rational section, whereas already XF3 has two sections: a
toric and a non-toric one. In both cases, we determine the coordinates of all sections
explicitly.
• For the first time, we find F-theory compactifications with matter of U(1)-charge
three. This matter is supported at a codimension two locus of XF3 with an I2 -fiber
where both the zero section and the non-toric rational section are ill-behaved and
each “wrap” one irreducible fiber component.
We note that the 16 toric hypersurface fibrations XFi were considered in [19], were a
thorough classification of their toric MW-groups was carried out. Further specializations
of the XFi corresponding to toric tops [22, 15] (see [85] for a systematic approach based
on Tate’s algorithm for elliptic fibers in Bl1 P2 (1, 1, 2)) permitted the engineering of toric
F-theory models with certain gauge groups, in particular with an SU(5) GUT-group. Some
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4D examples of chiral SU(5) GUTs were constructed in this manner [30, 14]. Since we
determine here the intrinsic gauge groups and the non-toric MW-groups, as well as the full
matter spectrum and the Yukawa couplings of XFi , our approach is complementary to these
previous works.
We have to remark that none of the fibrations XFi yield an SU(5) gauge factor in their
low-energy effective theories. Hence, strictly speaking, the intrinsic gauge symmetries
associated to the toric hypersurface fibrations do not suffice to engineer SU(5) F-theory
GUTs. There are, however, some arguments that challenge the simplest GUT picture in Ftheory, and therefore, draw our attention towards alternative schemes which may be promising for particle physics models. In this spirit, we would like to briefly highlight some of the
effective theories we obtain, which can potentially be used to construct promising particle
physics models in F-theory. We find models with discrete symmetries and up to three U(1)
factors. These additional symmetries can be used in order to forbid dangerous operators
which would render the theory incompatible with observations, e.g. by mediating fast proton decay. In addition, we observe theories with interesting gauge groups and spectra. In
fact, XF11 precisely leads to an effective theory with the Standard Model gauge group and
the usual representations2 , and we further identify the trinification group for XF16 as well as
the Pati-Salam group for XF13 . As we demonstrate explicitly, the matter spectra we obtain
are very close to those one usually has in both of these theories.
In this paper we also work out the entire network of Higgsings relating the effective
theories of F-theory on the toric hypersurface fibrations XFi . It is well-known that the toric
varieties corresponding to the 16 2D reflexive polyhedra Fi are related by blow-downs.
Consequently, the Calabi-Yau manifolds XFi are related by the extremal transitions induced
by these birational maps and a subsequent toric complex structure deformation. These
transitions can be understood as Higgsings in the effective SUGRA theories arising from
2 See

[88] for a different realization of a standard model like theory based on tops of XF5 .
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F-theory on the XFi : given two polyhedra Fi and Fi0 related by a blow-down as Fi → Fi0 ,
we explicitly determine the Higgsing that relates the effective theory of F-theory on XFi to
that on XFi0 . The resulting diagram of all those Higgsings is given in Figure 6.1. Since this

6
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3

2

1

0
0

1

2

3

Figure 6.1: The network of Higgsings between all F-theory compactifications on toric
hypersurface fibrations XFi . The axes show the rank of the MW-group and the total rank
of the gauge group of XFi . Each Calabi-Yau XFi is abbreviated by Fi and its corresponding
gauge group is shown. The arrows indicate the existence of a Higgsing between two CalabiYau manifolds.
chain of Higgsings is only a sub-branch of the full Higgs branch of the effective SUGRA
theories of F-theory on XFi , we refer to it as the toric Higgs branch. We check that both the
charged and the neutral spectrum of the SUGRA theories in 6D match. This involves the
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computation of the number of neutral hyper multiplets, that in turn can be obtained from
the Euler numbers of all XFi , which we also compute explicitly.
We point out some interesting observations about the Higgsing diagram in Figure 6.1:
• All effective theories can be obtained by appropriately Higgsing the theories with
maximal gauge groups and matter spectra obtained from F-theory on XFi , i =
13, 15, 16. We note that these are precisely the theories with non-trivial Mordell-Weil
torsion.
• The network of Higgsings is symmetric around the horizontal line where the total
rank of the gauge group is 3. Reflection along this line exchanges the polyhedron
with its dual. This symmetry of Figure 6.1 reflects the rank condition (6.1). We emphasize that this symmetry maps theories with discrete gauge groups to theories with
non-simply connected group, suggesting that multi-sections are somehow “dual” to
MW-torsion.
• The three theories with discrete gauge groups arise by Higgsing theories with U(1)’s.
It is also remarkable that all discrete symmetries found are surviving remnants of
U(1) symmetries. It seems that discrete symmetries in F-theory are automatically in
agreement with the early observation [82, 5, 72] that in a consistent theory of gravity, discrete global symmetries must be always embeddable into a local continuous
symmetry.
• The toric Higgsings cannot change the rank of the F-theory gauge group by more
than 1. This explains why there are no arrows with slope below 45 degrees.
This rest of this chapter is organized as follows. Section 6.2 contains a summary of
the geometry of Calabi-Yau manifolds constructed as genus-one fibrations and the physics
of F-theory compactified on them. We also present a basic account on toric geometry.
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In Section 6.3 we discuss the construction and the different types of toric hypersurface
fibrations XFi . Their codimension one, two and three singularities are analyzed, and the
number of their complex structure moduli is computed. The F-theory gauge group, matter
spectrum and Yukawa couplings are extracted from these results.

6.2

Geometry & Physics of F-theory Backgrounds

In this section, we summarize the key geometrical properties of Calabi-Yau manifolds X
that are genus-one fibrations over a base B which are relevant for the study of F-theory compactifications, see Sections 6.2.1 and 6.2.2. The structure of the 6D effective SUGRA theories obtained by compactifying F-theory on these manifolds is discussed in Section 6.2.3.
Since we study in this work Calabi-Yau manifolds X with their genus-one fibers realized as
toric hypersurfaces, we introduce the necessary elements of toric geometry in Section 6.2.4.
Readers familiar with the tools and definitions presented here can safely skip this section and continue directly with Section 6.3.

6.2.1

Genus-one, Jacobian and elliptic fibrations with Mordell-Weil
groups

We consider a smooth Calabi-Yau manifold π : X → B with general fiber given by an
algebraic curve C of genus-one. C is a non-singular curve defined over a field K that is
not necessarily algebraically closed. In particular, we can think of the fibration X as an
algebraic curve C defined over the field K of meromorphic functions on the base B, which
is clearly in general not algebraically closed. Thus, there are two qualitatively different
situations to consider.
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Curves with points
First, if the curve C has points with coordinates in K, then it is called an elliptic curve, which
we denote by E, and X is called an elliptic fibration. The points on E form an Abelian group
under addition: one point can be chosen as the zero point, denoted by P0 , and the additional
points Pm , m = 1, . . . , r, (more precisely the differences Pm − P0 ) are the generators of the
Mordell-Weil group of rational points of E. The Mordell-Weil theorem states that this
group is finitely generated [111, 86]. Thus, it splits into a free part isomorphic to Zr and a
torsion subgroup, where the latter has been fully classified for K = Q by Mazur [95, 96], see
[111] for a review.3 Every point on E gives rise to a section of the fibration X, i.e. rational
maps from the base B into X. The section associated to P0 is the zero section, denoted by
ŝ0 : B → X, and the r rational points Pm induce the rational sections ŝm : B → X. The set
{ŝm } can be seen to form a group, the MW-group of rational sections of X, by defining the
addition of rational sections by addition of their corresponding points on E. The free part
of the MW-group gives rise to Abelian gauge symmetry in F-theory [101] and its torsion
part yields non-simply connected gauge groups [4], see also [92] for a recent discussion of
MW-torsion.
Every elliptic fibration X can be written in Weierstrass form (WSF) [103], i.e. as a
hypersurface in the weighted projective bundle P(1,2,3) (OB ⊕ L2 ⊕ L3 ) over B of the form
y2 = x3 + f xz4 + gz6 .

(6.2)

Here, OB is the trivial bundle on B and the line-bundle L is fixed by the Calabi-Yau condition of X as L = KB−1 , with KB denoting the canonical bundle of the base B. Then, the
coefficients f and g have to be sections of KB−4 and KB−6 , respectively. The map from the
canonical presentation of X inherited from the canonical presentation of the elliptic curve
3 For

the field of meromorphic functions on B, there are more torsion subgroups possible than for K = Q

[4].
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E to the Weierstrass form (6.2) is birational. The zero section ŝ0 of X maps to the holomorphic zero section [z : x : y] = [0 : λ 2 : λ 3 ] in (6.2) and the rational sections ŝm map to rational
sections in (6.2) with certain coordinates [zPm : xPm : yPm ], that are rational expressions in K
(we can clear denominators to obtain holomorphic coordinates).

Curves without points
Second, if the genus-one curve C does not have a point, the fibration π : X → B is without
section. Such a fibration is referred to as a genus-one fibration [18]. Given a genus-one
curve C, one can construct an associated elliptic curve E = J(C), that is the Jacobian of
the curve C, i.e. the group of degree zero line bundles on C. The zero point on J(C) is the
trivial line bundle. Thus, there exists an elliptic fibration π : J(X) → B associated to X with
general fiber given by J(C). This implies that J(X) can be represented as a Weierstrass
model (6.2). Furthermore, it is a key property for F-theory that the τ-function and the
discriminant of X and J(X) are identical [18].
In this work, we consider concrete genus-one curves C with K-rational divisors of degree n > 1, respectively.4 The corresponding fibration X does not have a section, but an
n-section, that we denote by ŝ(n) : B → X. Locally, at a point p on B, the function field K
reduces to C and the n-section ŝ(n) maps p to n points in the fiber C. Globally, however,
upon moving around branch loci in B the individual points are exchanged by a monodromy
action, so that only the collection of all n points together induce a well-defined divisor in
X.
As we will see explicitly for concrete genus-one fibrations X, the map from X to the
Weierstrass form (6.2) of J(X) can be obtained by an algebraic field extension L of K. This
field extension is only necessary as an intermediate step, i.e. the final WSF (6.2) of J(X) is
again defined over K. In Sections 6.4.1 and 6.4.2 we explicitly work out the maps from X to
4 We

expect that there always exists a degree n divisor on a given algebraic genus-one curve C.
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the WSF of their Jacobian fibrations J(X), namely for the fibration of the cubic in P2 , that
has a three-section, and the two fibrations of the biquadric curve in P1 × P1 and the quartic
curve in P2 (1, 1, 2), that both have a two-section.5 We note that genus-one fibrations X by
the quartic in P2 (1, 1, 2) have been considered recently in an F-theory context in [18, 99, 3].

6.2.2

Divisors on genus-one fibrations and their intersections

In F-theory we are particularly interested in Calabi-Yau manifolds X that arise as a crepant
resolution of singular genus-one or elliptic fibrations. These resolved manifolds exhibit
three different classes of divisors, that we discuss in the following.
The first set of divisors on X is formed by the vertical divisors, i.e. divisors that arise as
pullbacks of divisors on B under the projection map π : X → B. Hence, there are h(1,1) (B)
such divisors on X. We denote the preimage under π of a vertical divisor D on X by Db so
that D = π ∗ (Db ). Thus, D is a fibration of the curve C (or its degenerations) over the base
Db .
The second class of divisors are the exceptional divisors of X. In more detail, if the
discriminant ∆ = −16(4 f 3 + 27g2 ) of the WSF (6.2) of X or of its Jacobian J(X) vanishes
to order higher than 1 at one of its irreducible components

SGb I := {∆I = 0} ,

I = 1, . . . , N ,

(6.3)

in B, then the total space of the WSF is singular. These codimension one singularities are
classified in [81, 112]. In the resolution X the fiber over each SGb I splits into a number of
rational curves whose intersection pattern often agrees with the Dynkin diagram of a Lie
group GI .6 The shrinkable irreducible components of the fiber at SGb I represent the simple
I
roots of GI and are denoted by cG
−αi for i = 1, . . . , rk(GI ). Thus, X has a set of exceptional

5 These
6 The

examples have been considered in the mathematics literature in [2].
fibers that do not have an associated group GI are the unconventional fibers in Table 2 of [9].
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GI
b
I
divisors DG
i given as the fibration of c−αi over SGI for every I, to which we refer to as
GI
I
Cartan divisors of GI . The DG
i intersect the curves c−αi as

GJ
GI
I
DG
i · c−α j = −Ci j δIJ ,

(6.4)

where CiGj I denotes the Cartan matrix of GI . The F-theory gauge group is then given by the
product of all GI , as discussed in Section 6.2.3.
Finally, the third class of divisors is induced by the independent sections and n-sections
of the fibration of X. We denote the divisor classes of the zero section ŝ0 and the generators
of the MW-group of rational sections ŝm by S0 and Sm , respectively. The class of a multisection ŝ(n) is denoted by S(n) . Then, the intersections of these divisors with the fiber f ∼
= C,
E read
S0 · f = Sm · f = n1 S(n) · f = 1 .

(6.5)

The divisor classes that support Abelian gauge fields in F-theory [105, 97, 34], see also
[58, 53, 57], are obtained from the Shioda map σ of the rational sections ŝm . To a given
generator of the MW-group ŝm the Shioda map assigns the divisor
N

−1 i j GI
I
σ (ŝm ) := Sm − S0 + [KB ] − π(Sm · S0 ) + ∑ (Sm · cG
−αi )(CGI ) D j .

(6.6)

I=1

Here π(·) denotes the projection of a codimension two variety in X to a divisor in the
base B and [KB ] is the canonical bundle of B. The last term encodes contributions from
non-Abelian gauge groups GI in F-theory with (CG−1I )iI jI denoting the inverse of the Cartan
matrix CiGj I .
The Shioda map (6.6) enables us to define the Néron-Tate height pairing of two rational
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sections ŝm , ŝn as
GI
b
I
π(σ (ŝm ) · σ (ŝn )) = π(Sm · Sn ) + [KB ] − π(Sm · S0 ) − π(Sn · S0 ) + ∑(CG−1I )i j (Sm · cG
−αi )(Sn · c−α j )SGI ,
I

(6.7)

where CiGj I is the coroot matrix of GI . We note that for evaluating this pairing in a concrete
situation, the universal intersection relations
2
π(SP2 + [KB−1 ] · SP ) = π(Sm
+ [KB−1 ] · Sm ) = 0

(6.8)

prove useful (cf. [97, 31, 34, 30] for details), whereas π(Sm · Sn ) and π(Sm · S0 ) are modeldependent.
We note that in F-theory both the vertical divisor (6.3) and the matrix (6.7) of vertical divisors enter the coefficients of the Green-Schwarz terms [105, 57, 31] and are thus
essential for anomaly cancellation.

6.2.3

The spectrum of F-theory on genus-one fibrations

After the geometric preludes of sections 6.2.1 and 6.2.2, we are prepared to extract the
spectrum of F-theory on a genus-one fibration X. The following discussion applies most
directly to F-theory compactifications to 6D with effective theory given by an N = (1, 0)
SUGRA theory. However certain statements directly generalize to 4D F-theory vacua without G4 -flux.
For a more detailed derivation of some of the following results, that oftentimes require
M-/F-theory duality, we refer [41, 53, 113] and references therein.
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Codimension one singularities
All vector fields and certain hyper multiplets in F-theory arise from the singularities of the
WSF of X that are induced by codimension one singularities of its fibration. Over a given
irreducible discriminant component SGb I defined in (6.3), the fiber of X is reducible. We
assume that there is a Lie group GI associated to this codimension one fiber of X. Then,
b
I
the shrinkable holomorphic curves cG
−α in the fiber over SGI represent all the positive roots
I
of GI . By quantization of the moduli space of an M2-brane wrapping such a curve cG
−α

one finds BPS-states transforming in one charged vector multiplet and 2gI charged halfhyper multiplets with charge-vector −α [117, 76]. Another vector multiplet and 2gI halfI
hyper multiplets with charges +α are contributed by an M2-brane wrapping cG
−α with the

opposite orientation. Here gI is the genus of the curve SGb I in B, that is computed as
gI = 1 + 12 SGb I · (SGb I + [KB ]) .

(6.9)

All these charged states become massless in the F-theory limit, when the volume of the
class of the genus-one fiber of X is taken to zero. In this limit, these BPS-states fall into
representations of the group GI as follows.
First, we focus on the vector multiplets. All vector multiplets for every root α of GI
are completed into one massless vector multiplet transforming in the adjoint representation
adj(GI ) of GI . The additional vector multiplets are provided by the KK-reduction of the Mtheory three-form C3 along the harmonic (1, 1)-forms in X that are dual to the Cartan divisor
I
DG
I of GI . Thus, every irreducible component (6.3) of the discriminant with respective

codimension one fiber classified by a Lie group GI , I = 1, . . . , N, gives rise to a GI gauge
symmetry in F-theory [101, 102, 9]. Furthermore, if X has a MW-group of rank r, there
are additional (1, 1)-forms on X, which are the duals of the divisors (6.6), that give rise
to vector multiplets of Abelian gauge groups [102]. Thus, the total gauge group GX of
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F-theory on X is
N

GX = U(1)r × ∏ GI .

(6.10)

I=1

This discussion and the results of Section 6.2.2 imply further that the rank of GX can be
directly computed in terms of the Hodge numbers h(1,1) (X) and h(1,1) (B) of X and B, respectively, as
rk(GX ) = h(1,1) (X) − h(1,1) (B) − 1 .

(6.11)

These results (6.10) and (6.11) hold in compactifications to eight7 , six and four dimensions.
Second, we turn to the massless half-hyper multiplets over SGb I . In fact, also these fields
are completed into the adjoint representation adj(GI ) of GI . In order to see this, we first
note that there are neutral hyper multiplets induced by the complex structure moduli of
X. Their total number, denoted by Hneut , is computed by the Hodge number h(2,1) (X) (or
equivalently the Euler number χ(X)) of X as
1
Hneut = h(2,1) (X) + 1 = h(1,1) (B) + 2 + rk(GX ) − χ(X) .
2

(6.12)

Then, for every group GI , the 2gI half-hyper multiplets with charges −α for all roots of
GI combine with gI · rk(GI ) neutral hyper multiplets from (6.12) into gI hyper multiplets in
the adjoint adj(GI ) of GI . Thus, the number of hyper multiplets transforming in adj(GI ) is
given by (6.9) for every group GI .
Let us emphasize that this discussion implies that h(2,1) (X) contains information about
the gauge groups GI of X. Furthermore, also parts of the charged matter content from
codimension two fibers are counted by h(2,1) (X), however of another theory related to the
considered one by Higgsing.
7 In

8D vacua, no non-split fibers are possible, i.e. all gauge groups are of ADE-type [9].
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Codimension two singularities
The rest of the charged spectrum of F-theory on X is encoded in the codimension two
singularities of the WSF of X.
Non-Abelian charged matter is located at loci in SGb I , where the vanishing order of the
discriminant ∆ of X enhances. These loci are typically complete intersections of SGb I with
another divisor in B, that can be read off from ∆. The fiber of X at these codimension two
loci contains additional shrinkable rational curves c that are not present in codimension
one. These curves correspond to the weights of a representation Rq , under the gauge group
GX in (6.10), where q = (q1 , . . . , qr ) denotes the vector of U(1)-charges. The Dynkin labels
λiGI of R are computed according to
I
λiGI = DG
i ·c,

(6.13)

and the mth U(1)-charge qm is computed using (6.6) as [105, 97], c.f. 3.15,
−1 iI jI
qm = σ (ŝm ) · c = (Sm · c) − (S0 · c) + ∑(Sm · c−αiI )(C(I)
) (D jI · c) .

(6.14)

I

We emphasize that these charges are automatically quantized, but not necessarily integers
due to the usually fractional contribution form the last term in (6.14).
We note that in the presence of U(1)’s, we automatically have additional matter that
does not originate from intersections of codimension one discriminant components. In fact,
the WSF of X automatically has codimension two singularities for every rational section
ŝm with coordinates [zPm : xPm : yPm ] at the following locus in B:
yPm = f z4Pm + xP2m = 0 ,

m = 1, . . . , r .

(6.15)

This can be seen by inserting [zPm : xPm : yPm ] into (6.2), which implies a relation between
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f and g which allows for a factorization of (6.2) that reveals the presence of conifold
singularities in the WSF of X precisely at (6.15), see e.g. [97, 34] for details. In the crepant
resolution X, there is a reducible I2 -fiber with one isolated rational curve at the codimension
two loci (6.15). The matter at the loci (6.15) are charged singlets 1q with their U(1)-charges
computed according to (6.14). This is clear as generically (6.15) does not intersect any
I
discriminant component, which are the loci where the Cartan divisors DG
i are supported,

so that (6.13) is trivial.
In concrete applications, the complete intersection (6.15) describes a reducible variety
in B supporting multiple singlets with different charges. Matter at a generic point of (6.15)
has U(1)-charge one, whereas matter at non-generic points, i.e. points along which other,
oftentimes simpler constraints vanish, too, has different U(1)-charges. From a technical
point of view, we are interested in all prime ideals, denoted throughout the paper by I(k) , of
the loci (6.15) for every m. These are obtained by a primary decomposition of the complete
intersection (6.15), cf. [30] for details. The codimension two variety in B associated to I(k)
is denoted by V (I(k) ), which is the standard notation in algebraic geometry for an algebraic
set, i.e. the set of points in B so that all constraints in I(k) vanish. Then, we explicitly
analyze the I2 -fibers of X over all these irreducible varieties V (I(k) ) in order to compute the
respective U(1)-charges via (6.14).
In general, the multiplicity of matter in the representation Rq is given by the homology
class of the corresponding codimension two locus in B. If the base B is two-dimensional,
which is the case in compactifications to 6D, this is just a set of points and the multiplicity
is the number of these points. In F-theory compactifications to 4D, the homology class of
a codimension two locus is the class of the corresponding matter curve.
More specifically, the multiplicity of non-Abelian charged matter is computed easily
as the homology class of the complete intersection with SGb I . However, the determination
of the multiplicity of singlets 1q is more involved since they are located on the varieties
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V (I(k) ) associated to the usually very complex prime ideals I(k) of the complete intersection
(6.15). The respective matter multiplicities are then again given as the homology class of
the variety V (I(k) ). It can be computed by the following procedure, see [34, 30, 33] for
more details: we first compute the homology class of the reducible complete intersection
(6.15). Given the list of its associated prime ideals I(k) , we then subtract the multiplicities
(homology classes) of those matter loci V (I(k0 ) ), {k0 } ⊂ {k}, we already know. Here we
have to take into account the order nk0 of the matter locus V (I(k0 ) ) inside the complete
intersection (6.15). The order nk0 is computed using the resultant technique [34]. In all
the cases considered below in Section 6.3, this strategy yields the homology classes of all
singlets 1q .
In summary, the 6D N = (1, 0) SUGRA theory obtained by compactifying F-theory on
a Calabi-Yau threefold X has
• a total number of vector multiplets V reading

V = adj(GX ) = ∑ dim(adj(GI )) + r ,

(6.16)

I

where adj(GX ) and adj(GI ) denote the adjoint representations of GI and GX , respectively, and r denotes the MW-rank of X,
• a total number of hyper multiplets H given by
H = Hcodim=2 + Hcodim=1 + Hmod
n

= Hcodim=2 + ∑ gI (dim(adj(GI )) − rk(GI )) + h(2,1) (X) + 1 ,

(6.17)

I=1

where we split into contributions Hcodim=2 , Hcodim=1 and Hmod from codimension
two fibers, from codimension one fibers over higher genus Riemann surfaces in B
and from complex structure moduli of X (plus 1), respectively,
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• and a number of tensor multiplets T counted by
T = h(1,1) (B) − 1 = 9 − [KB−1 ]2 .

(6.18)

For the second equality in (6.18) we have employed the identity
[KB−1 ] · [KB−1 ] =

Z
B

c1 (B)2 = 10 − h(1,1) (B) .

(6.19)

Here we used in the last equality the Euler number χ(B) = (2 + h(1,1) (B)) of a simplyconnected base B with h(2,0) = 0 and the index formula for the arithmetic genus χ0 (B) = 1,

1 = χ0 (B) =

1
12

Z

(c2 (B) + c1 (B)2 ) =

(1,1)
1
(B) +
12 (2 + h

Z
B

c1 (B)2 ) ,

(6.20)

where ci (B), i = 1, 2, denote the Chern classes of B.
Codimension three singularities
For completeness we note that codimension three singularities of the WSF of a CalabiYau fourfold X support Yukawa points in F-theory compactifications to 4D. The codimension three singularities are at the points in the threefold base B of further enhancement of the vanishing order of the discriminant ∆. All such enhancement points are
given as intersections of three matter curves in B, including self-intersections. Technically,
given three matter curves V (I(1) ), V (I(2) ) and V (I(3) ) we have to check that the variety

V (I(1) ) ∩V I(2) ) ∩V (I(3) contains a codimension three component in B. This is achieved
by checking that the ideal I(1) ∪ I(2) ∪ I(3) is codimension three in the ring of appropriate
polynomials on B, where we used the well-known equality
family of algebraic sets V (I(k) ) [63].
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T

k V (I(k) )

S

= V(

k I(k) )

for a

As we see in Section 6.3, all gauge-invariant Yukawa couplings are realized for the case
of toric hypersurface fibrations XFi .

6.2.4

Explicit examples: Calabi-Yau hypersurfaces in 2D toric varieties

All Calabi-Yau manifolds X considered in this work are constructed as fibrations of genusone curves C that have a natural presentation as hypersurfaces in 2D toric varieties. These
fibrations are automatically smooth, if the toric ambient spaces of the fiber C are fully
resolved. In this section we present a very brief account on the construction of Calabi-Yau
hypersurfaces in 2D toric varieties that are the basis for the rest of this work. For a more
complete account, we refer to standard text books [46, 29].
A toric almost Fano surface is associated to each of the 16 two-dimensional reflexive
polyhedra Fi , i = 1, . . . , 16, in a lattice N = Z2 .8 These 16 reflexive polyhedra are given in
a convenient presentation in Figure 6.2 [49]. As indicated there, the polyhedra Fi and F17−i
for i = 1, . . . , 6 are dual to each other, Fi∗ = F17−i , and the Fi for i = 7, . . . , 10 are self-dual,
Fi = Fi∗ , where the dual polyhedron Fi∗ is defined in the dual lattice M = Z2 of N as
Fi∗ = {q ∈ M ⊗ R|hy, qi ≥ −1, ∀y ∈ Fi } ,

(6.21)

where h·, ·i is the pairing between N and M.
For a given polyhedron Fi , we denote the associated toric variety by PFi . Toric varieties are generalizations of weighted projective spaces [28]: to each integral point vk ,
k = 1, . . . , m + 2, except the origin of Fi , we associate a coordinate xk in C. Next, we
8 We

refrain from the common notation ∆ for a polyhedron in order to avoid confusion with the discrimi-

nant.
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introduce the lattice of relations between the vk with generators `(a) defined by
m+2

(a)

∑ `k

vk = 0 ,

a = 1, . . . , m .

(6.22)

k=1

Then, a smooth toric variety PFi is defined as the (C∗ )m -quotient

PFi =

m
(a)
Cm+2 \SR
`k
=
{x
∼
λ
k
∏ a xk | x ∈/ SR , λa ∈ C∗} ,
(C∗ )m
a=1

(6.23)

where the points x := (x1 , . . . , xm+2 ) are not allowed to lie in the Stanley-Reisner ideal SR.
The construction (6.23) provides a dictionary between the combinatorics of the polyhedron Fi and the geometry of PFi . For example, the toric divisor group on PFi is generated
by the divisors Dk = {xk = 0} and the intersections of the Dk are encoded in the SR ideal.
A full basis of the divisor group on PFi can be obtained using the linear equivalences between the Dk . Due to the relevance for the smoothness of a toric hypersurface fibration
X, we stress here that points that are not vertices in Fi correspond to exceptional divisors
resolving orbifold singularities in PFi .
The polyhedra F1 , F3 , F5 , F7 describe the generic del Pezzo surfaces P2 and dPi , i =
1, 2, 3, respectively, F2 yields P1 × P1 , F4 describes P2 (1, 1, 2) and F10 yields P2 (1, 2, 3). In
fact all other toric varieties PFi can be viewed as higher del Pezzo surfaces at a special point
in their respective complex structure moduli spaces.
Every toric variety PFi has an associated Calabi-Yau hypersurface, i.e. a genus-one
curve CFi . It is defined as the generic section of its anti-canonical bundle KP−1
. The CalabiF
i

Yau hypersurface in PFi is obtained by the Batyrev construction as the following polynomial
[7]
pFi =

∑∗

hv ,qi+1

q∈Fi ∩M

aq ∏ xk k

,

k

where q denotes all integral points in Fi∗ and the aq are coefficients in the field K.
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(6.24)

Figure 6.2: The 16 two dimensional reflexive polyhedra [49]. The polyhedron Fi and F17−i
are dual for i = 1 . . . 6 and self-dual for i = 7 . . . 10.
We note that points vi interior to edges in Fi are usually excluded in the product (6.24)
because the corresponding divisors do not intersect the hypersurface CFi . However, when
considering Calabi-Yau fibrations XFi of CFi , as in Section 6.3, these divisors intersect XFi
and resolve singularities of XFi induced by singularities of its fibration, i.e. these divisors
I
are related to Cartan divisors DG
i discussed above in Section 6.2.2.

6.3

Analysis of F-theory on Toric Hypersurface Fibrations

In this section we analyze the geometry of the Calabi-Yau manifolds XFi , that are constructed as fibration of the genus-one curves CFi over a generic base B. For each manifold
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we calculate the effective theory resulting from compactifying F-theory on it. We calculate
the gauge group, the charged and neutral matter spectrum and the Yukawa couplings.
We start with a quick summary of some interesting results of this study. There are three
polyhedra leading to manifolds XFi without a section: F1 , F2 and F4 , see sections 6.4.1
and 6.4.2. They yield the discrete gauge groups in F-theory. For three polyhedra we find
associated gauge groups with Mordell-Weil torsion, giving rise to non-simply connected
gauge groups: F13 , F15 and F16 . The analysis of the hypersurface XF3 and the corresponding
effective theory of F-theory, whose spectrum contains a charged singlet with U(1)-charge
three, can be found in section 6.4.3.
We obtain the following list of gauge groups GFi of F-theory on the XFi :
GF1

Z3

GF7

U(1)3

GF2

U(1)×Z2

GF8

SU(2)2 ×U(1)

GF13

(SU(4)×SU(2)2 )/Z2

GF3

U(1)

GF9

SU(2)×U(1)2

GF14

SU(3)×SU(2)2 ×U(1)

GF4

SU(2)×Z4

GF10

SU(3)×SU(2)

GF15

SU(2)4 /Z2 ×U(1)

GF5

U(1)2

GF11

SU(3)×SU(2)×U(1)

GF16

SU(3)3 /Z3

GF6

SU(2)×U(1)

GF12

SU(2)2 ×U(1)2

From this and as a simple consequence of (6.11), we see that there is the following rule
of thumb for computing the rank of a gauge group GFi : given a polyhedron Fi with 3 + n
integral points without the origin, we have a gauge group with total rank n.
Let us outline the structure of this section. In the first subsection 6.3.1 we briefly discuss
the three different representations of genus-one curves CFi realized as toric hypersurfaces:
the cubic, the biquadric and the quartic. There, we define the line bundles of the base B in
which the coefficients in these constraints have to take values in order to obtain a genus-one
fibered Calabi-Yau manifold. The functions f and g of the Weierstrass form (6.2) for the
cubic, the biquadric and the quartic can be found in the appendix of Appendix [80]. By
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appropriate specializations of the coefficients, one can obtain f , g and ∆ = 4 f 3 + 27g2 for
all toric hypersurface fibration XFi .
In sections 6.4 we proceed to describe in detail each Calabi-Yau manifold XFi . In each
case we first discuss the genus-one curve CFi realized as a toric hypersurface in PFi . We
then construct the corresponding toric hypersurface fibration XFi and analyze its codimension one and two singularities from which we extract the non-Abelian gauge group and
matter spectrum. If XFi has a non-trivial MW-group, we determine all its generators, their
Shioda maps and the height pairing. For genus-one fibrations, we determine their discrete
gauge groups. For completeness, we also determine the Yukawa couplings from codimension three singularities. In each case we show as a consistency check that the necessary
6D anomalies (pure Abelian, gravitational-Abelian, pure non-Abelian, non-Abelian gravitational, non-Abelian-Abelian and purely gravitational) are canceled implying consistency
of the considered effective theories.
We organize the Calabi-Yau manifolds XFi into five categories: those with discrete
gauge symmetries (Section 6.4), those with a gauge group of rank one and two but without
discrete gauge groups, those with a gauge group of rank three, whose fiber polyhedra happen to be also self-dual, those with gauge groups of rank four and five without MW-torsion
and those XFi with MW-torsion. This arrangement is almost in perfect agreement with the
labeling of the polyhedra Fi in Figure 6.2 which facilitates the navigation through this section. We name the subsection containing the analysis of the specific manifold XFi by its
corresponding fiber polyhedron Fi .
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6.3.1

Three basic ingredients: the cubic, biquadric and quartic

Constructing toric hypersurface fibrations
In this section we explain the general construction of the Calabi-Yau manifolds XFi with
toric hypersurface fiber CFi and base B. The following discussion applies to Calabi-Yau
n-folds XFi with a general (n − 1)-dimensional base B. The cases of most relevance for Ftheory and for this work are n = 3, 4. We refer to [34, 30] for more details on the following
discussion.
The starting point of the construction of the genus-one fibered Calabi-Yau manifold XFi
is the hypersurface equation (6.24) of the curve CFi . In order to obtain the equation of XFi ,
the coefficients aq and the variables xi of (6.24) have to be promoted to sections of appropriate line bundles of the base B. We determine these line bundles, by first constructing a
fibration of the 2D toric variety PFi , which is the ambient space of CFi , over the same base
B,
PFi

/

PBFi (D, D̃) .

(6.25)



B
Here PBFi (D, D̃) denotes the total space of this fibration. The structure of its fibration is
parametrized by two divisors in B, denoted by D and D̃. This can be seen by noting that all
m + 2 coordinates xk on the fiber PFi are in general non-trivial sections of line bundles on
B. Then, we can use the (C∗ )m -action of the toric variety PFi to set m variables to transform
in the trivial bundle of B. The divisors dual to the two remaining line bundles are precisely
D, D̃.
Next we impose equation (6.24) in PFi (D, D̃). Consistency fixes the line bundles in
which the coefficients aq have to take values in terms of the two divisors D and D̃. Then,
we require (6.24) to be a section of the anti-canonical bundle KP−1
B , which is the Calabi-Yau
Fi
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condition. In addition, equation (6.24) imposed in PBFi (D, D̃) clearly describes a genusone fibration over B, since for every generic point on B, the hypersurface (6.24) describes
exactly the curve CFi in PFi . The total Calabi-Yau space resulting from the fibration of the
toric hypersurface CFi is denoted by XFi in the following. It enjoys the fibration structure
/

CFi

XFi .

(6.26)



B
In principle, this procedure has to be carried out for all Calabi-Yau manifolds XFi associated to the 16 2D toric polyhedra Fi . However, we observe that all the hypersurface
constraints of the XFi , except for XF2 and XF4 , can be obtained from the hypersurface constraint for XF1 , after setting appropriate coefficients to zero. This is possible because if
F1 is a sub-polyhedron of Fi , then the corresponding toric variety PFi is the blow-up of
PF1 = P2 at a given number of points, with the additional rays in Fi corresponding to the
blow-up divisors. However, adding rays to the polyhedron F1 removes rays from its dual
polyhedron F1∗ = F16 . By means of (6.24), this removes coefficients from hypersurface
equation for XF1 , i.e. the hypersurface for XFi is a certain specialization of the hypersurface
of XF1 with some aq ≡ 0. We will be more explicit about this in the following subsection
(Section 6.3.1).
Thus, we only have to explicitly carry out the construction of the toric hypersurfaces
separately for the two Calabi-Yau manifolds XF2 and XF4 . The details of this are given in
Sections 6.3.1 and in the [80].

Fibration by cubic curves: XF1 and its specializations
We proceed to construct the Calabi-Yau manifold CF1 → XF1 → B with fiber given by the
curve CF1 in the toric variety PF1 . In addition, we argue how the Calabi-Yau manifolds XFi ,
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whose fiber polyhedron Fi contains F1 , can be obtained from XF1 .

Figure 6.3: Polyhedron F1 with choice of projective coordinates and its dual with corresponding monomials.
The polyhedron F1 and its dual are shown in Figure 6.3. The toric variety PF1 , constructed using (6.23), is the well-known projective space P2 . We introduce the projective
coordinates [u : v : w] on P2 . In terms of these coordinates, we can read off the SR-ideal
from Figure 6.3 as
SR = {uvw} .

(6.27)

The divisor group of P2 is generated by the hyperplane class H. The Calabi-Yau onefold in
P2 is the degree three CF1 in 3H. Its defining equation, constructed using (6.24) and Figure
6.3, is the most general cubic

pF1 = s1 u3 + s2 u2 v + s3 uv2 + s4 v3 + s5 u2 w + s6 uvw + s7 v2 w + s8 uw2 + s9 vw2 + s10 w3 ,
(6.28)
where the coefficients si take values in the field K.
Next, we follow the discussion of Section 6.3.1 to construct the toric hypersurface fibration XF1 . We first construct the ambient space (6.25), which in the case at hand is a
P2 -fibration over the base B,
P2

/

P2 (S7 , S9 ) .


B
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(6.29)

The two divisors parametrizing this fibration are S7 and S9 , cf. [34, 30]. Upon imposing
the constraint (6.28) and requiring the Calabi-Yau condition for XF1 , we see that these two
divisors are precisely the classes of the coefficients s7 and s9 , respectively. Indeed, as
mentioned above, we can use the C∗ -action on P2 to turn e.g. w into a section of the trivial
line bundle of the base. Then, we choose the variables u and v as sections of the bundles

u ∈ OB (S9 + [KB ]) ,

v ∈ OB (S9 − S7 ) .

(3.111)

This allows us to compute the anti-canonical bundle of the P2 -fibration (6.29) using adjunction as
KP−1
2 (S

7 ,S9 )

= O(3H + 2S9 − S7 ) .

(6.30)

Finally, we impose the Calabi-Yau condition on the constraint (6.28) for XF1 which fixes the
divisor classes of the coefficients si . We summarize the divisor classes of the homogeneous
coordinates [u : v : w] and the coefficients si in the following tables:

section

Divisor Class

u

H + S9 + [KB ]

v

H + S9 − S7

w

H
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section

Divisor Class

s1

3[KB−1 ] − S7 − S9

s2

2[KB−1 ] − S9

s3

[KB−1 ] + S7 − S9

s4

2S7 − S9

s5

2[KB−1 ] − S7

s6

[KB−1 ]

s7

S7

s8

[KB−1 ] + S9 − S7

s9

S9

s10

2S9 − S7

(6.31)

XFi as specialized cubics
As mentioned in the previous subsection, the equations of the Calabi-Yau manifolds XFi
with i 6= 2, 4 can be expressed as specialized versions of the cubic hypersurface equation
(6.28) of XF1 .
In order to find the hypersurface equation for an XFi we begin by calculating the anticanonical class of the fibration PBFi (D, D̃) defined in (6.25). To this end, we first note that
toric ambient spaces PFi are obtained from PF1 by a certain number of blow-ups at points
Pj . Assuming the number of blow-ups is k, we have

PFi = Bl P1 ,··· ,Pk PF1 .

(6.32)

Each blow-up adds a P1 with an associated new variable e j and divisor class E j . From the
combinatorial point of view, this means that there is an additional C∗ -action on PFi .
Next we note that the fibration PBFi (D, D̃) can be parametrized by the same base divisors
S7 and S9 as the fibration (6.29), i.e. we identify D = S7 and D̃ = S9 . Indeed, this is
possible since we can use (C∗ )-actions, including the new (C∗ )-actions from the k blowups, to make the variables w and e j transform in the trivial bundle on B while maintaining
the assignments (3.111) for u and v. Employing these results we calculate the anti-canonical
bundle of PBFi (S7 , S9 ), using the adjunction formula, yielding
KP−1
B (S
Fi

7 ,S9 )

= O(3H̃ − E1 − E2 − · · · − Ek + 2S9 − S7 ) .

(6.33)

Here, H̃ denotes the pull-back H̃ = π̃ ∗ (H) of the hyperplane class H on P2 under the blowdown map π̃ : PFi → P2 . By abuse of notation, we will denote it throughout this work
simply by H. It is to be observed that if the coefficient si is present in the constraint of XFi ,
i.e. if it is not removed by the k blow-ups, its corresponding class [si ] remains unaltered
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from the one given in Table (6.31).
This relation of the hypersurface constraints of the XFi for i 6= 2, 4 and all the bundles
entering it to the hypersurface equation (6.28) and bundles (6.31) of XF1 will facilitate our
following presentation. In particular, in the respective subsections on XFi for i 6= 2, 4 only
the classes for the variables u, v, w and e j have to be given explicitly.
Fibration by the biquadric: XF2
We construct the Calabi-Yau manifold CF2 → XF2 → B as the fibration of the curve CF2 in
the toric variety PF2 over B. As mentioned before, its hypersurface equation cannot be
described as a cubic. Thus, XF2 has to be analyzed separately.

Figure 6.4: Polyhedron F2 with choice of projective coordinates and its dual with corresponding monomials.
The polyhedron F2 and its dual are presented in Figure 6.4. The toric variety associated
to it is PF2 = P1 × P1 and we have introduced the projective coordinates [x : t] and [y : s] on
the two P1 ’s, respectively. The Stanley-Reisner ideal of PF2 is given by
SR = {xt, ys} .

(6.34)

There are two divisor classes on PF2 , that we denote by H1 and H2 with respective representatives {x = 0} and {y = 0}. The Calabi-Yau onefold in PF2 is the curve CF2 in the class
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2H1 + 2H2 . It is a biquadric of the form
pF2 = (b1 y2 + b2 sy + b3 s2 )x2 + (b5 y2 + b6 sy + b7 s2 )xt + (b8 y2 + b9 sy + b10 s2 )t 2 , (6.35)

as can be shown using (6.24) and Figure 6.4. Here the bi denote coefficients in the field K.
In order to find XF2 we proceed to construct PBF2 (D, D̃), the fibration of PF2 introduced
in (6.25). It is possible to consistently parametrize this fibration in terms of the same
divisor classes D = S7 and D̃ = S9 as in (6.29). In the hypersurface constraint (6.35), they
correspond to the classes of the coefficients b7 and b9 respectively.9 This will facilitate the
matching of the effective theories via Higgsings. Next, we use the (C∗ )2 -actions on PF2 to
achieve that the variables x and y transform in the trivial line bundle on B. The other two
variables s and t take values in the following line bundles on B:
t ∈ OB ([KB−1 ] − S9 ) ,

s ∈ OB ([KB−1 ] − S7 ) .

(6.36)

With this assignment of line bundles to the coordinates on PF2 , the anti-canonical class of
PBF2 (S7 , S9 ) is readily calculated as
−1
KP−1
B = O(2H1 + 2H2 + 3[KB ] − S7 − S9 ) .

(6.37)

F2

Finally, we require that the hypersurface (6.35) is Calabi-Yau, which fixes the divisor
classes of the coefficients bi in terms of S7 , S9 and [KB−1 ]. In summary, we obtain that
9 The

consistency of this assignment can be seen by noting that PF2 is related to P2 by the blow-up at
x = y = 0 setting b10 = 0 and the subsequent blow-downs x = y = 1. Then, (6.35) precisely yields (6.28).
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the coordinates on PF2 and the coefficients bi have the following divisor classes:

section

Divisor Class

x

H1

t

H1 + [KB−1 ] − S9

y
s

Section

Divisor Class

b1

3[KB−1 ] − S7 − S9

b2

2[KB−1 ] − S9

b3

[KB−1 ] + S7 − S9

b5

2[KB−1 ] − S7

b6

[KB−1 ]

b7

S7

b8

[KB−1 ] + S9 − S7

b9

S9

b10

S9 + S7 − [KB−1 ]

H2
H2 + [KB−1 ] − S7

(6.38)

We emphasize that the classes of the coefficients bi , except for b10 , agree with the classes
of si of the cubic XF1 , c.f. (6.31), as expected.

6.4

Fibration of the polyhedrons F1, F2 and F3

In this section we analyze the toric hypersurface fibrations based on the fiber polyhedra
F1 , F2 and F3 . Since the first two fibrations do not have a section, but only multi-sections,
they are genus-one fibrations. We analyze the codimension one, two and three singularities
of these models, employing also their respective associated Jacobian fibrations. We show
that the effective theories of F-theory on these Calabi-Yau manifolds exhibit discrete gauge
groups and include matter that is charged only under the respective discrete group.
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6.4.1

Polyhedron F1 : GF1 = Z3

We consider the genus-one fibration XF1 over an arbitrary base B with genus-one fiber CF1
realized as the Calabi-Yau hypersurface in PF1 = P2 . The toric data of PF1 = P2 and the
construction of the Calabi-Yau manifolds XF1 have been discussed in Section 6.3.1. The
hypersurface equation for XF1 is given by (6.28) with the relevant divisor classes of the
coordinates [u : v : w] and the coefficients si summarized in (6.31).
The fibration π : XF1 → B does not have a section, but only a three-section. Thus, XF1
is only a genus-one fibration, cf. the general discussion in Section 6.2.1. In order to obtain
the WSF of XF1 , given the absence of sections of its fibration, we have to calculate the associated Jacobian fibration J(XF1 ). The algorithm for computing J(XF1 ) is well known in the
mathematics literature, see for example [2], from where we calculate f and g, given explicitly in the appendix of [80], and subsequently the discriminant ∆. The discriminant does not
factorize, which shows the absence of codimension one singularities of XF1 and therefore,
the absence of non-Abelian gauge groups in the corresponding F-theory compactification.
The fibration XF1 has a three-section that is given by
ŝ(3) = XF1 ∩ {u = 0} : s4 v3 + s7 v2 w + s9 vw2 + s10 w3 = 0 ,

(6.39)

as follows from the Calabi-Yau constraint (6.28). We denote its divisor class, that agrees
with H + S9 + [KB ], by S(3) . Under the degree nine map from X1 to its Jacobian this threesection is mapped to the canonical zero section z = 0 in the WSF of J(XF1 ). However,
in XF1 , the three-section ŝ(3) locally maps a point on the base B to three points on the
fiber CF1 . Globally, there exists a monodromy group that interchanges these three points,
upon moving on the base B. This fact, together with the existence of I2 -fibers in XF1 at
codimension two on which the mondromy group acts non-trivially, as we present next, and
the results from Higgsing the U(1) gauge group in the effective theory associated to XF3
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leads us to postulate the following discrete gauge group of XF1 :

GF1 = Z3 .

(6.40)

In order to compute the charges of matter under this discrete group, we have to associate
a divisor class to the three-section. As certain models with multi-section are related to
models with multiple rational sections by conifold transitions, see [99, 3], a natural proposal
for such a divisor class is an expression similar to the Shioda map (6.6). We recall the three
defining properties of a Shioda map summarized on page 21 in [105]. Imposing these
conditions on the divisor class associated to (6.39), we obtain the following divisor class,

σZ3 (ŝ(3) ) = S(3) + [KB ] + 34 S9 − 23 S7 .

(6.41)

We propose that matter charges under the discrete group Z3 should be computed using this
class. In fact, we demonstrate next, that the class (6.41) allows us to compute Z3 -charges
of matter-representations on XF1 , that are consistent with 6D anomaly cancellation and the
Higgsing from the model XF3 , discussed in the next Section.
Charged and uncharged matter in XF1
We proceed with determining the codimension two singularities of the WSF of J(XF1 ). This
analysis is most easily carried out directly in the smooth fibration XF1 . The same techniques
presented here will also be used in a slightly modified form for the analysis of the fibration
XF2 , XF3 and XF4 . We note that the same technique has been used recently in [18] and [3].
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Finding the loci of I2 -fibers using elimination ideals
We are looking for loci of B that support I2 -fibers in XF1 . At these loci, the genus-one fiber
CF1 of XF1 has to degenerate into two P1 ’s, i.e. the hypersurface equation (6.28) has to factor
into two smooth polynomials. For a smooth cubic the only factorization with this property
is the one into a conic and a line, i.e. a factorization of (6.28) of the form
!

pF1 = s1 (u + α1 v + α2 w)(u2 + β1 v2 + β2 w2 + β3 uv + β4 vw + β5 uw) ,

(6.42)

where α j and βk are seven unknown polynomials on B. We note that we can assume
s1 6= 0, because otherwise we would obtain a locus of codimension three or higher. Making
a comparison of coefficients on both sides of (6.42), we obtain a set of constraints that
defines an ideal in the ring K[si , α j , βk ], where si are the coefficients in (6.28). We denote
this ideal by I(si ,α,β ) . We emphasize that there are two more constraints, namely nine, in
I(si ,α,β ,) than unknowns α j , βk , i.e. the system is over-determined. Thus, there only exists a
solution for α j , βk satisfying (6.42), if two additional constraints on the si are obeyed. This
implies that the ideal I(si ,α,β ,) describes a codimension two locus of the si .
In order to obtain the constraints that the si have to obey for the factorization (6.42) to
exist, we compute the elimination ideal I(si ) = I(si ,α,β ) ∩ K[si ],10 where K[si ] is the polynomial ring only in the variables si . We compute I(si ) , in the following abbreviated as
I(1) ≡ I(si ) , explicitly using Singular [40] and obtain an ideal with 50 generators. Furthermore, we calculate its codimension in the ring K[si ] to be two. Thus, its vanishing locus
V (I(1) ) describes a codimension two variety in B. In summary, we have shown that the factorization (6.42) corresponding to an I2 -fiber in XF1 happens at the codimension two locus
V (I(1) ) in B.
10 Here we deviate from the notation in mathematics literature,

indicate the eliminated variables.
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where the subscripts of the elimination ideal

Representation

Multiplicity

11


3 6[KB−1 ]2 − S72 + S7 S9 − S92 + [KB−1 ](S7 + S9 )

Fiber

Locus

V (I(1) )

Table 6.1: Charged matter representation under Z3 and corresponding codimension two
fiber of XF1 .

We note that (6.42) is the only type of factorization that can occur. Thus, we do not
expect any further codimension two fibers and corresponding matter representation in XF1 .
The spectrum of XF1 is summarized in Table 6.1. Next we argue how to compute the charge
of the matter located at V (I(1) ) under the discrete gauge group GF1 = Z3 . Due to the absence
of a zero section on XF1 , there is no preferred curve in the I2 -fiber in Table 6.1. As can be
observed from (6.42), the two P1 ’s in this I2 -fiber have intersection numbers one and two
(3)

with the three-section ŝ0 . By naively applying (6.14) using the divisor class (6.41), we
compute the charges q = 1 and q = 2 for the two rational curves, respectively. Thus, it
seems that there is no meaningful way to assign a discrete charge to the matter located
at V (I(1) ). However, this seeming contradiction is resolved by noting that a 6D hyper
multiplet of charge q = 1 is the same as one with charge q = −1. In addition, employing
the discrete Z3 symmetry, we have −1 = 2 mod 3, showing that a 6D hyper multiplet of
charge q = 1 under a Z3 symmetry is physically equivalent to one with charge q = 2. Thus,
the matter at V (I(1) ) has charge q = 1 which is the same as q = 2 under the discrete gauge
group GF1 = Z3 .
We proceed to calculate the multiplicity of V (I(1) ). Unfortunately given the size and
number of polynomials in the ideal I(1) , we are unable to obtain its multiplicity geometrically with the available computing power. Instead, we invoke the results for its multiplicity
using the Higgs transition XF3 → XF1 . It is shown in Table 6.1 for completeness.
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We complete the discussion of the matter spectrum of XF1 by calculating the number of
neutral hyper multiplets. We use (6.12) and the explicit expression for the Euler number
χ(XF1 ) of XF1 to obtain
Hneut = 12 + 11[KB−1 ]2 − 3[KB−1 ]S7 + 3S72 − 3[KB−1 ]S9 − 3S7 S9 + 3S92 .

(6.43)

Employing this together with the number of vector multiplets V = 0 and the charged spectrum in Table 6.1 we check cancellation of the 6D gravitational anomaly in (3.100).

Yukawa couplings in XF1
We conclude this section by noting that there is only one gauge-invariant Yukawa coupling
possible:
Yukawa

Locus

11 · 11 · 11

V (I1 ) ∩V (I1 ) ∩V (I1 )

(6.44)

Again, we cannot check for its presence explicitly due to the complexity of the ideal I(1) .11

6.4.2

Polyhedron F2 : GF2 = U(1) × Z2

Here, we analyze the genus-one fibration XF2 constructed as a fibration of the Calabi-Yau
onefold CF2 in PF2 = P1 × P1 . The toric data of P1 × P1 and the construction of the toric hypersurface fibration XF2 have been presented in Section 6.3.1. The hypersurface constraint
for XF2 is given in (6.35) and the relevant divisor classes are summarized in (6.38).
First, we note that the fibration π : XF2 → B does not have a section, i.e. it is a genusone fibration. We obtain its WSF by computing its associated Jacobian fibration J(XF2 ),
employing again the straightforward algorithms from the mathematics literature [2]. The
11 The presence of this coupling can be deduced considering the Higgsing from X to X . Decomposing
F3
F1
the states in XF3 in terms of states in XF1 , we observe that after Higgsing, the Yukawa coupling 11 · 11 12 in
XF3 (see Table 6.5) gives rise to 11 · 11 · 11 in XF3 .
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results for the functions f and g can be found in the appendix of [80], from which the
discriminant can be readily computed. The discriminant does not factorize, which again
shows the absence of codimension one singularities. Thus, there is no non-Abelian gauge
symmetry for this F-theory compactifcation.
The fibration of XF2 has two independent two-sections, that are given by
(2)

ŝ0 = XF2 ∩ {x = 0} : b8 y2 + b9 sy + b10 s2 = 0 ,
(2)

ŝ1 = XF2 ∩ {y = 0} : b3 x2 + b7 xt + b10t 2 = 0 ,

(6.45)

where we used the hypersurface constraint (6.35) and the SR-ideal (6.34). We denote the
(2)

(2)

two corresponding divisor classes, that agree with H1 and H2 , by S0 and S1 , respectively.
Analogous to the previous Section 6.4.1, we expect a discrete Z2 gauge group associated
(2)

to the two-section S0 , cf. the similar discussion in [99]. We will provide independent
evidence for this by the analysis of the Higgsing of the effective theory of F-theory on XF5 ,
that has a U(1)2 gauge group, to the one arising from XF2 .
(2)

The role of the other two-section ŝ1 , however, is less clear in the biquadric representation. Its meaning for F-theory is unraveled by transforming the biquadric (6.35) defining
XF2 into a cubic hypersurface and then by computing its Weierstrass form, which is precisely the WSF of the Jacobian fibration of XF2 , as we show. This detour via the cubic
yields a direct map to the Jacobian fibration J(XF2 ), which allows us to follow the two(2)

section ŝ1 in (6.45).
Map to the cubic in PF5 & the MW-group of J(XF2 )
The curve CF2 given as the biquadric (6.35) in PF2 can be treated as the cubic in PF5 after
an appropriate change of variables. Indeed, by applying the transformation x → x + αt or
y → y + β s, we can set the coefficient of the monomial s2t 2 (6.35) to zero for an appropriate
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α or β . We note that both α and β have to involve square roots of the coefficients bi in
(6.35), i.e. the two variable transformations are only defined in a field extension. As we
will see, this field extension will only be an intermediate step, since all square roots will
drop out in the final result of our computation. After the change of variables, we obtain a
polynomial of the following form:

p̃ = (s̃1 y2 + s̃2 sy + s̃3 s2 )x2 + (s̃5 y2 + s̃6 sy + s̃7 s2 )xt + (s̃8 y2 + s̃9 sy)t 2 ,

(6.46)

where the redefined coefficients s̃i depend on the variables bi . We note that p̃ is precisely
of the form of the cubic in PF5 after identifying
t → w,

s → v,

x → e2 ,

y → e1 ,

u = 1.

(6.47)

Since the curve p̃ = 0 is an elliptic curve, we can compute its WSF, in particular the functions f and g. Inserting the explicit expressions of the transformation for the sections s̃i
in (6.46) in terms of the bi in (6.35) into the expressions for f and g, we precisely recover
f and g obtained from the WSF of the Jacobian fibration J(XF2 ). Most notably, all square
roots in the coefficients s̃i have dropped out, as claimed.
(2)

Next, we note that the two-section ŝ1 in (6.45) formally maps to the section
s = 1,

t =−

s̃3
s̃7

y = 0,

x = 1,

(6.48)

in (6.46). Under the identification of coordinates (6.47), this is precisely the section ŝ1 of
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XF5 . Inserting the explicit expressions for the s̃i into the WS-coordinates of ŝ1 , we obtain
z1 =1 ,
1
x1 = 12
(8b1 b10 + b26 − 4b5 b7 + 8b3 b8 − 4b2 b9 ) ,

(6.49)

y1 = 12 (b10 b2 b5 − b1 b10 b6 + b3 b6 b8 − b2 b7 b8 − b3 b5 b9 + b1 b7 b9 ) .
We emphasize that all square roots in the coefficients bi in the transformation have dropped
(2)

out and we obtain completely rational WS-coordinates for the two-section ŝ1 . We doublecheck that (6.49) solves the WSF of the Jacobian J(XF2 ).
In summary, we have shown for the first time that the associated Jacobian fibration
J(XF2 ) exhibits a rank one MW-group of rational sections generated by the section in (6.49),
(2)

which is precisely the image of the two-section ŝ1 in XF2 under the map XF2 → J(XF2 ). This
means that there is an associated Abelian gauge field in the F-theory compactified on XF2 .
(2)

We note that application of the same logic to the two-section ŝ0 , which formally maps
to the section ŝ2 defined in XF5 , does not lead to a rational section of the Jacobian J(XF2 )
(2)

since its WS-coordinates still contain square roots. Hence, ŝ0 does not yield an additional
U(1)-factor, but corresponds to a discrete group Z2 , as claimed.
Having proven the presence of a MW-group on J(XF2 ), we compute the Shioda map
(2)

of its generator. We note that the usual expression (6.6) has to be modified since ŝ1 is a
two-section. It can be shown that the following expression obeys all conditions listed in
[105] that have to be obeyed by a Shioda map:
(2)

(2)

(2)

σ (ŝ1 ) = S1 − S0 + 12 ([KB ] − S7 + S9 )

(6.50)

Then we obtain the corresponding height pairing, using (6.7), as
(2)

(2)

b11 = −π(σ (ŝ1 ) · σ (ŝ1 )) = 2[KB−1 ] .
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(6.51)

Here, we used the following intersections
(2)

π (S0 )2 ) = −2([KB−1 ] − S9 ) ,

(2)

π (S1 )2 ) = −2([KB−1 ] − S7 ) ,

(2)

(2)

π S0 · S1 ) = S7 + S9 − [KB−1 ] .
(6.52)

The first two equalities are just a translation of the SR-ideal (6.34) into intersection relations
of divisor classes on XF2 , employing (6.38) and (6.5) for n = 2. The third relation follows
(2)

(2)

by noting that according to (6.45) the two two-sections ŝ0 and ŝ1 intersect precisely at
b10 = 0, whose class is [b10 ] = S7 + S9 − [KB−1 ], cf. (6.38).
We conclude by summarizing the full gauge group of the theory:

GF2 = U(1) × Z2 .

(6.53)

We highlight again that the U(1) corresponds to a rational section in the Jacobian fibration
(2)

J(XF2 ), that is the image of the two-section ŝ1 under the degree four map XF2 → J(XF2 ).
As mentioned before, the discrete gauge Z2 symmetry is induced by the two-section
(2)

ŝ0 . For the computation of charges of matter w.r.t. the Z2 , we have to associate a divisor
class to it. Imposing conditions on this divisor class similar to the one that have lead to the
Shioda map (6.6) [105], we obtain
(2)

(2)

σZ2 (ŝ0 ) = S0 + [KB−1 ] − S9 .

(6.54)

We use this divisor class to successfully compute the Z2 -charges of matter in the following.
Charged and uncharged matter in XF2
Now that we know the gauge group of the theory, we proceed to derive first the matter representation and then the corresponding 6D matter multiplicities. As in Section 6.4.1, we use
the elimination ideal technique to show directly the presence of three matter representations
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in XF2 , namely 1(1,+) , 1(1,−) and 1(0,−) , where ± denote the two possible Z2 -eigenvalues.
Then, we compute their multiplicities, where we also invoke the equivalent presentation of
XF2 as a quartic.
In order to find the three I2 -fibers at codimension two in XF2 , we first note that there are
three different possible ways to factorize the biquadric (6.35), that correspond to the three
inequivalent ways to split its degree (2, 2) w.r.t. the classes H1 and H2 in P1 × P1 , namely
as (2, 2) = (1, 1) + (1, 1), (2, 2) = (1, 0) + (1, 2) and (2, 2) = (0, 1) + (2, 1) respectively.
The first type of factorization of (6.35) corresponding to (2, 2) = (1, 1) + (1, 1) is given
by



!
pF2 = b1 (y + α1 s)x + (α2 y + α3 s)t (y + β1 s)x + (β2 y + β3 s)t .

(6.55)

Clearly, both factors are bilinear in [x : t] and [y : s], respectively, as required. As before, we
can factor out b1 because it must not vanish at a codimension two locus. We note that there
are six unknown polynomials α j and βk and eight non-trivial constraints, as can be seen by
a comparison of coefficients on both sides. Thus, the ideal of constraints is over-determined
and imposes a codimension two condition on the coefficients bi for a solution to (6.55) to
exist. The elimination ideal, that we call I(1) , obtained by eliminating the unknowns α j
and βk from the ideal of constraints is generated by 50 polynomials. It is checked to be
codimension two in the ring, as expected, proving the existence of the factorization (6.55)
at codimension two. We denote the zero set of I(1) by V (I(1) ), which is the geometric
codimension two locus in B.
Next, we note that each curve of the I2 -fiber described by (6.55) has intersection one
(2)

(2)

with both two-sections ŝ0 and ŝ1 . The U(1)-charge computed using (6.14) and (6.50)
is zero. We also note that the representation has charge (−) under the discrete symmetry
(2)

because the two intersection points of ŝ0 with the fiber are interchanged under a monodromy action. Formally, the charge under Z2 is computed using (6.14) together with the
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Representation

Multiplicity

Fiber

Locus

1(0,−)

6[KB−1 ]2 + 4[KB−1 ](S7 + S9 ) − 2S72 − 2S92

V (I(1) )

1(1,−)

6[KB−1 ]2 + 4[KB−1 ](S9 − S7 ) + 2S72 − 2S92

V (I(2) )

1(1,+)

6[KB−1 ]2 + 4[KB−1 ](S7 − S9 ) − 2S72 + 2S92

V (I(3) )

Table 6.2: Charged matter representations under U(1)×Z2 and corresponding codimension
two fibers of XF2 .

divisor class (6.54), showing that both curves in the I2 -fiber have Z2 -charge (−). Thus, the
representation at the locus V (I(1) ) is 1(0,−) as shown in Table 6.2.
The second type of factorization of (6.35) into two polynomials of degrees (1, 0) and
(1, 2), respectively, takes the following explicit form



!
pF2 = b1 y + α1 s (y + β1 s)x2 + (β2 y + β3 s)xt + (β4 y + β5 s)t 2 ,

(6.56)

where α1 and the βk are six unknown polynomials. We compute again the elimination ideal,
denote I(2) , that is generated by eight polynomials in the bi and check that it is codimension
two in the ring. The corresponding codimension two locus in B supporting this type of
I2 -fiber is denoted by V (I(2) ). The intersection pattern of the two-sections with the I2 -fiber
is shown in the second entry of Table 6.2. The U(1)- and Z2 -charges readily follow as
discussed before and we find the representation at this locus to be 1(1,−) .
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Finally, the last type of factorization corresponds to a split of (6.35) into two polynomials of degrees (0, 1) and (2, 1). It can be written down explicitly and takes a similar form as
(6.56). The codimension two elimination ideal corresponding to this factorization, denoted
by I(3) , is generated by eight polynomials and its vanishing set is denoted by V (I(3) ). The
intersection pattern of the two-sections with this type of I2 -fiber is shown in the last entry
of Table 6.2. Using the charge formula (6.14) and the Shioda map (6.50), as well as (6.54)
we show that the representation at V (I(3) ) is 1(1,+) .
As a confirmation of the completeness of our analysis of codimension two singularities
of XF2 supporting U(1)-charged matter, we recall that the codimension two locus supporting
all I2 -singularities associated to a U(1) is given by (6.15). In the case at hand we have to
evaluate this constraint for the rational sections of J(X2 ) with coordinates [x1 : y1 : z1 ] given
in (6.49). We calculate all associated prime ideals of the obtained complete intersection
using Singular [40] and indeed find precisely the two prime ideals I(2) and I(3) corresponding to the two representations 1(1,−) and 1(1,+) found previously using the elimination ideal
technique.
As a next step, we calculate the homology classes in B for the three codimension two
loci supporting the I2 -fibers, which determine, according to Section 6.2.3, the multiplicities
of 6D charged hyper multiplets in the corresponding representations. We begin with the variety V (I(3) ), whose multiplicity we denote by x1(1,+) , supporting the representation 1(1,+) .
Its homology class is computed by taking two constraints of the ideal I(3) and computing
the homology class of the complete intersection described by them. Then, we subtract (with
their corresponding orders) those components that are inside this complete intersection but
do not satisfy the other generators of the ideal I(3) . We obtain:
x1(1,+) =[b22 b210 ] · [b10 b2 b5 ] − 2([b2 b10 ] · [b2 b7 ] − [b2 ] · [b3 ]) ,
=6[KB−1 ]2 + 4[KB−1 ](S7 − S9 ) − 2S72 + 2S92 .
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(6.57)

The multiplicity of V (I(2) ), denoted by x1(1,−) , can be calculated in a similar way. It is
given in the third row of Table 6.2. As a consistency check, we calculate the sum of both
multiplicities and it agrees with [y1 ] · [ f z41 ] as it should, because the I(2) and I(3) are the two
associated prime ideals of (6.15) for the section (6.49).
For the computation of the multiplicity of the variety V (I(1) ), denoted by x1(0,−) , we
cannot carry out the previously mentioned algorithm, due to the size and complexity of
the ideal I(1) . Instead, x1(0,−) is obtained by first calculating the multiplicity of all hyper
multiplets charged under the discrete symmetry, namely the 1(0,−) and 1(1,−) , and then
subtracting the number of hyper multiplets in the representation 1(1,−) , that we already
know.
We begin by noting that the total number of charge (−) hyper multiplets under the Z2
symmetry was calculated geometrically in [99, 3] for a genus-one fibration given by the
quartic curve in P2 (1, 1, 2). Indeed, we can directly use their results since we can transform
the biquadric (6.35) to a quartic presentation. This quartic is to be obtained by taking the
discriminant of the biquadric (6.35) with respect to y. To this end, we rewrite the biquadric
in the suggestive form
p = A(x,t)y2 + B(x,t)ys +C(x,t)s2

(6.58)

and then take the discriminant of this quadric in y (we also set s = 1). We construct a
genus-one curve as the double cover over this discriminant, which is then a quartic in [x : t]
and a new variable w of weight two of the form

w2 = B(x,t)2 − 4A(x,t)C(x,t) ≡ e0 x4 + e1 x3t + e2 x2t 2 + e3 xt 3 + e4t 4 .

(6.59)

Here we used the conventions of [99] in the last equality. The coefficients ei can be expressed in terms of the bi in (6.35) by a comparison of coefficients.
In this form the reason for choosing the quadric w.r.t. to y in order to construct the
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(2)

quartic (6.59) is evident, because the two-section ŝ0 = XF2 ∩ {x = 0} is mapped to the twosection x = 0, w2 = e4t 4 in (6.59). Using the results in [99, 3], we calculate the multiplicities
of all charge (−) hyper multiplets, both 1(0,−) , 1(1,−) , using the one-to-one correspondence
between the loci of I2 -fibers in (6.59) with the following complete intersection, c.f. equation
(2.22) in [99],
{e41 − 8e0 e21 e2 + 16e20 e22 − 64e30 e4 = 0} ∩ {e3 = 0} .

(6.60)

Its homology class is readily given as [4e1 ] · [e3 ], which has to agree as mentioned before
with the sum x1(1,−) + x1(0,−) . Thus, the multiplicity x1(0,−) follows by subtracting the multiplicity x1(1,−) calculated previously from [4e1 ] · [e3 ]. The result is given in the second row
of Table 6.2.
To complete the matter spectrum we calculate the number of neutral hyper multiplets.
Using (6.12) and the explicit formula for the Euler number of XF2 , we obtain
Hneut = 13 + 11[KB−1 ]2 − 4[KB−1 ]S7 + 2S72 − 4[KB−1 ]S9 + 2S92 .

(6.61)

Using this together with the charged matter spectrum in Table 6.2, the number of vector
multiplets V = 1 and the height pairing (6.51) we confirm that all anomalies, including the
purely gravitational one, are canceled.

Yukawa couplings in XF2
We conclude this section by stating the geometrically realized Yukawa couplings. We find
the single Yukawa coupling in Table 6.3, by checking explicitly that the corresponding
varieties intersect at codimension three, i.e. that the ideal I(1) ∪ I(2) ∪ I(3) is codimension
three in the ring generated by the coefficients bi .
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6.4.3

Polyhedron F3 : GF3 = U(1)

We construct a Calabi-Yau manifold, denoted XF3 , as a fibration of the toric hypersurface in
PF3 = dP1 over a base B. The polyhedron of F3 along with a choice of projective coordinates
as well as its dual polyhedron are depicted in Figure 6.5. The coordinate e1 vanishes on

Figure 6.5: Polyhedron F3 with a choice of projective coordinates and its dual F14 with the
corresponding monomials. We have set e1 = 1 for brevity of our notation. The zero section
is indicated by the dot.
the exceptional divisor E1 of dP1 and [u : v : w] are the pullback under the blow-down map
dP1 → P2 of the P2 -coordinates. The SR-ideal of dP1 reads

SRF3 = {uv, we1 } .

(6.62)

Using (6.24) we construct the Calabi-Yau manifold XF3 as the hypersurface
pF3 = s1 u3 e21 + s2 u2 ve21 + s3 uv2 e21 + s4 v3 e21 + s5 u2 we1 + s6 uvwe1 + s7 v2 we1 + s8 uw2 + s9 vw2 , (6.63)

in the ambient space (6.25), that in the case at hand is a dP1 -fibration over B. The coordinates [u : v : w : e1 ] and the coefficients si take values in the line bundles in (6.31).
The Calabi-Yau manifold XF3 is an elliptic fibration. This is clear because for a generic
point on B there is one marked point P0 on its fiber, which is the intersection of e1 = 0 with
(6.63). This point gives rise to a section of XF3 , which we choose as the zero section. Its
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generic coordinates read

ŝ0 = XF3 ∩ {e1 = 0} : [s9 : −s8 : 1 : 0] .

(6.64)

There always exists a second section of XF3 , which generates a rank one MW-group.12 We
emphasize that this second section is not toric, i.e. not given as the intersection of a toric
divisor in the fiber PF3 with the hypersurface (6.63), in contrast to the zero section (6.64).
This can be seen as follows. Without loss of generality, set e1 = 1 in (6.63) and consider
it as an elliptic curve E over a field K. Then construct the tangent tP to the point P0 which
now is at [u : v : w] = [0 : 0 : 1]. It is determined by requiring that along tP both pF3 and
its first derivative vanish at P0 , i.e. that P0 is a point of intersection two of E and tP . It is
described by
tP = s8 u + s9 v .

(6.65)

Since (6.63) is a curve of degree three, every line has to intersect it at three points. Thus,
tP = 0 intersects E at a third point, denoted by P1 , which is automatically rational. It gives
rise to a rational section of XF3 , with generic coordinates
ŝ1 = XF3 ∩ {tP = 0} : [−s9 : s8 : s1 s39 − s4 s38 + s3 s9 s28 − s2 s29 s8 : s7 s28 − s6 s9 s8 + s5 s29 ] . (6.66)

Thus, the elliptic fibration XF3 indeed has a rank one MW-group with a non-toric generator,
as claimed. The Shioda map (6.6) of the section ŝ1 reads

σ (ŝ1 ) = S1 − S0 + 3[KB ] + S7 − 2S9 ,

(6.67)

where S1 , S0 are the divisor classes of the rational sections ŝ1 and ŝ0 .
12 We

note that this is not in contradiction with the results of [19]. There the toric Mordell-Weil group is
computed, which is indeed trivial.
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This result allows us to compute the height pairing of the section ŝ1 . We obtain

b11 = −2(3[KB ] + S7 − 2S9 ) ,

(6.68)

where we employed (6.7) along with the self-intersection (6.8) for the section ŝ1 as well as
π(S1 · S0 ) = [z1 ] = 2[KB−1 ] + 2S9 − S7 .

(6.69)

This follows by noting that π(S0 · S1 ) is the locus in B where the coordinates (6.64) and
(6.66) of the two sections agree, which happens at z1 := s7 s28 − s6 s8 s9 + s5 s29 = 0, that is
precisely the z-coordinate of ŝ1 in the WSF, cf. (6.70). The divisor class of z1 is read off
from (6.31).

Weierstrass form and gauge group
We can apply Nagell’s algorithm to the cubic (6.63) with respect to the point P0 to obtain
a birational map to its WSF. We plug the coordinates of the rational section (6.66) into this
map to obtain its coordinates in WSF,

z1 = s7 s28 − s6 s8 s9 + s5 s29 ,

x1 = s24 s68 + . . . = p8 (s) ,

y1 = −s34 s98 + . . . = p12 (s) . (6.70)

Here p8 (s) and p12 (s) are two homogeneous polynomials in the coefficients si of degree
eight and twelve, respectively. We have written out only one monomial in xQ1 and yQ1 ,
respectively, in order to be able to determine their divisor classes. We refer the reader to
the Appendix in [80] for the explicit and lengthy expressions for p8 (s) and p12 (s).
Furthermore, we determine the functions f , g and the discriminant ∆ of the WSF for
XF3 . They are given by specializing the cubic as s10 = 0. We observe that there is no factorization of ∆ indicating the absence of codimension one singularities and a non-Abelian
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gauge group. Thus, the full gauge group on XF3 is given by the single U(1) associated to its
rank one MW-group,
GF3 = U(1) .

(6.71)

We emphasize again that the generator (6.66) of the MW-group of XF3 is not toric.
Charged and uncharged matter
Since the Calabi-Yau manifold XF3 has a non-trivial MW-group, it automatically has I2 fibers at codimension two in B, that support U(1)-charged matter.
We first summarize the charged matter spectrum of XF3 before we discuss its derivation in detail. The full charged matter spectrum is shown in Table 6.4, which includes the
U(1)-charges and the multiplicities of 6D charged hyper multiplets, as well as a schematic
presentation of the corresponding reducible fibers and the full expressions for the codimension two loci.
The starting point for the derivation of the matter spectrum of XF3 is, as discussed in
Section 6.2.3, the complete intersection (6.15) in B with the WS-coordinates (6.66) of the
section ŝ1 inserted:
y1 = f z41 + 3x12 = 0 .

(6.72)

We show that (6.72) is a reducible variety with three irreducible components supporting
matter with charges one, two and three. The corresponding codimension two loci are denoted V (I(1) ), V (I(2) ) and V (I(3) ), respectively, with I(1) , I(2) and I(3) denoting the corresponding prime ideals, cf. Table 6.4. In order to strictly prove that these three varieties
are all irreducible components of the complete intersection (6.72), we have to compute all
its associated prime ideals. Unfortunately, this is unfeasible with the available computing
power and computer algebra programs, due to the high degree of the two polynomials in
(6.72). However, we explain that XF3 has three possible types of I2 -fibers corresponding to
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the three possible factorizations of (6.63) and that these factorization happen precisely at
the codimension two loci V (I(1) ), V (I(2) ) and V (I(3) ). Thus, we claim that the corresponding ideals I(1) , I(2) and I(3) are the only associated prime ideals of (6.72). We will further
substantiate this claim by checking 6D anomaly cancellation at the end of this section as
well as by reproducing the spectrum of XF3 by Higgsing the effective theories of XF5 and
XF6 .
We begin by analyzing the fiber at the first two codimension two loci in Table 6.4.
These are precisely the loci where the coordinates (6.66) of the section ŝ1 are ill-defined,
since they are forbidden by the SR-ideal (6.62). This indicates, that the section ŝ1 does
not mark a point on the elliptic fiber of XF3 , but does wrap an entire P1 . Since the rational
section is non-toric, determining the wrapped P1 is slightly more involved than usual, as
we demonstrate next.
First, we consider the locus V (I(3) ) = {s8 = s9 = 0}, which we readily check to obey
(6.72). At this locus the constraint (6.63) factorizes as

pF3

s8 =s9 =0

= e1 (s1 u3 e1 + s2 u2 ve1 + s3 uv2 e1 + s4 v3 e1 + s5 u2 w + s6 uvw + s7 v2 w) . (6.73)

Clearly, V (I(3) ) is the only codimension two locus where this factorization can occur. We
immediately observe that the zero section ŝ0 defined by (6.64) has wrapped the entire rational curve e1 = 0 in (6.73). The rational section ŝ1 can be identified at this locus by recalling
the definition of the point (6.66) as the second intersection point of the tangent to P0 with
E. However, at s8 = s9 = 0 the curve (6.73) is singular (after setting e1 = 1) precisely at
P0 . Thus, every line through P0 is automatically tangential at P0 . This simply means that
P1 has become the entire singular fiber at s8 = s9 = 0, since given any point on (6.73) (for
e1 = 1) we can construct a tangent at P0 that passes through that point. Thus, at s8 = s9 = 0
the section ŝ1 wraps the rational curve described by the parenthesis in (6.73). The resulting
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fiber at V (I(3) ) is shown in the second column of Table 6.4. We readily compute using the
charge formula (6.14) that the U(1) charge of the matter is indeed q = 3 and its multiplicity
is given by [s8 ] · [s9 ], which after using (6.31), yields the result shown in Table 6.4. We emphasize that this is the first occurrence of matter with charge q > 2 in models with Abelian
gauge symmetry in F-theory.
Second, we consider the locus V (I(2) ). The complete intersection in V (I(2) ) shown in
Table 6.4 has two irreducible components, one of which given by V (I(3) ), that we forbid
by requiring (s8 , s9 ) 6= (0, 0), and a second one described by a prime ideal I(2) with ten
generators.13 The variety V (I(2) ) supports matter of charge two. We can check this locally by solving the complete intersection inside V (I(2) ) e.g. for s3 and s6 and by plugging
this solution into (6.63). Indeed, the fiber splits into a line and a non-singular quadric
q2 (e1 u, e1 v, w),
pF3 → (s8 u + s9 v)q2 (e1 u, e1 v, w) .

(6.74)

Furthermore, we prove that V (I(2) ) is the only locus that can yield an I2 -fiber of this type by
computing the elimination ideal of the ideal of constraints necessary for the factorization
(6.74). We see that the zero section (6.64) is well-defined at V (I(2) ) and passes through the
line. However, the rational section (6.66) is ill-defined. This is clear because the line in
(6.74) is precisely the tangent tP at P0 defined in (6.65) and since the section ŝ1 is defined as
the intersection of tP with E. Thus, the section ŝ1 at V (I(2) ) wraps the entire rational curve
given by the line in (6.74). Again we use (6.14) to show that the U(1)-charge is q = 2, as
claimed in Table 6.4. The multiplicity of a 6D hyper multiplet in the representation 12 is
given by the homology class of V (I(2) ). It is computed by first computing the homology
class of the complete intersection in V (I(2) ) in Table 6.4 using (6.31) and by subtracting the
class of the unwanted component V (I(3) ) with the appropriate order. We determine it to be
six using the resultant technique of [34], which precisely yields the multiplicity in the third
13 As

all prime ideals in this work, it is computed by the primary decomposition function in Singular [40].
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row of Table 6.4.
Finally, we turn to the codimension two locus V (I(1) ) supporting matter of charge one.
In order for the charge formula (6.14) to produce charge one for an I2 -fiber, both ŝ0 and ŝ1
have to be regular and pass through different rational curves in the I2 -fiber. This can only
happen for a factorization of (6.63) of the form (we can set e1 = 1)

pF3 → (d1 u + d2 v + d3 w)q2 (u, v, w) ,

(6.75)

with q2 (u, v, w) denoting a quadric without the monomial w2 . We note that all coefficients
di , i = 1, 2, 3, have to be non-vanishing since d1 = 0, d2 = 0 or d3 = 0 lead to a factorization
in (6.75) that cannot happen at codimension two. We see that ŝ0 intersects the quadric
q2 = 0 and ŝ1 intersects the line, as required for matter with charge one. Furthermore, we
compute the elimination ideal, denoted by I(1) , of the ideal of constraints necessary for the
factorization (6.75). It is prime and of codimension two in the ring, that means that the
factorization (6.75), indeed, occurs in codimension two in B. In addition, we check that the
complete intersection (6.15) is inside the ideal I(1) and that I(1) is in turn not contained in
I(3) or I(2) , as required. Thus, we identify I(1) as the third and last associated prime ideal of
(6.72).
Under the well-motivated assumption that I(3) , I(2) and I(1) are the only associated prime
ideals of (6.72), we determine the multiplicity of the 11 -matter as follows. First, we determine the orders of the loci V (I(3) ) and V (I(2) ) in the complete intersection (6.14). Using
the resultant technique of [34] and random integers for some of the si we find the orders 81
and 16 for these loci, respectively. Then, we subtract their multiplicities with these orders
from the class of the complete intersection (6.72) and obtain, using (6.31), the multiplicity
in the last row of Table 6.4.
The matter spectrum of XF3 is completed by the number of neutral hyper multiplets
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Hneut . Employing (6.12) and the Euler number χ(XF3 ) of XF3 , we obtain
Hneutral = 13 + 11[KB−1 ]2 − 3[KB−1 ]S7 + 3S72 − 4[KB−1 ]S9 − 2S7 S9 + 2S92 . (6.76)

Finally, we check anomaly-freedom of the full 6D SUGRA theory. To this end we use
(6.68), the charged spectrum in Table 6.4 and (6.76), together with V = 1, to show that all
relevant anomalies of the 6D SUGRA theory in (3.100) are canceled.
There is another quantum consistency condition the spectrum in Table 6.4 has to pass.
In order to have an effective theory that makes sense also in a quantum gravity model, it has
been argued in [6] that all charges allowed by Dirac quantization have to be present in the
spectrum. Indeed, it is clear from the multiplicity formulas in Table 6.4 (e.g. by evaluation
for a concrete base B, that if matter with a maximal charge q is present in the spectrum,
also matter with all lower charges q0 < q is automatically there, as required.
For completeness, we include a discussion of the Yukawa couplings. Forming the union
of the ideals and computing their codimension to be three in the polynomial ring K[si ], we
find the two Yukawa couplings given in Table 6.5.

An alternative perspective: XF3 from XF5 by an extremal transition
There is a second perspective on XF3 that provides an alternative explanation for the presence of the rational point (6.66) and that will be useful for the understanding of the Higgs
transition. The following can be skipped on a first reading, as it is not important for the
main thread of this work.
We begin by noting that (6.63) becomes singular if we tune the complex structure so
that s4 ≡ 0. The induced I2 -singularities occur at codimension two and can be resolved
by the blow-up in the fiber at u = w = 0. The Calabi-Yau manifold after this extremal
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transition is precisely XF5 . It has been shown that XF5 has a rank two Mordell-Weil group
[74, 34].
In the singular fibration with all exceptional divisors blown down, the three rational
points on the fiber CF5 are the three intersection points with the line u = 0. One point agrees
with the origin (6.64) of XF3 . We denote the other two points by Q1 , Q2 . This implies that
the point Q1 + Q2 is precisely given by (6.66), in the limit s4 ≡ 0. Indeed, the group law
on a cubic curve is defined so that the point Q1 + Q2 is found by first constructing the third
intersection point of the line through Q1 and Q2 and then by forming the line through that
point and the origin P0 . This line again has a third intersection point with the curve, which
is defined to be Q1 + Q2 In our situation, the line through Q1 and Q2 is u = 0. Thus, the
third intersection point of u = 0 with E is the origin P0 . Consequently, the point Q1 + Q2 is
the second intersection point of the tangent through P0 with the elliptic curve. In fact, it can
be checked by performing this addition on the fiber of XF5 explicitly that the coordinates
of the point Q1 + Q2 on the fiber of XF3 agree with the coordinates (6.66) after setting
s4 ≡ 0. Furthermore, we compute the Weierstrass coordinates of Q1 + Q2 that also agree
with (6.70) after setting s4 ≡ 0.14
This is not surprising since we recall that the P1 in XF3 has been constructed as the
second intersection of the tangent (6.65) to P0 . Thus, we see that the section ŝ1 can be
understood as the sum of the sections ŝ1 + ŝ2 on XF5 , which survives the extremal transition
XF5 ↔ XF3 , i.e. the complex structure deformation associated to switching on s4 . In contrast, the individual sections ŝ1 and ŝ2 on XF5 do not map to rational sections on XF3 . As
consequence, the U(1)-charges of matter in XF3 are given by the sum of the U(1)-charges
q1 + q2 on XF5 .
14 The coordinates of Q

1 + Q2 in WSF are obtained by inserting its coordinates into the birational map from
XF5 to its WSF. We note that the result agrees with the WS-coordinates of Q1 + (−Q2 ), not Q1 + Q2 , where
‘+’ denotes here the addition in the WSF of XF5 .
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We can make these statements even more explicit by mapping XF3 to XF5 . The shift

w 7→ w −

s7 +

q
s27 − 4s4 s9
2s9

(6.77)

e1 v

precisely cancels the monomial proportional to s4 in (6.63). Clearly, this requires an extenq
sion of the field of meromorphic functions on B by the square root s27 − 4s4 s9 . Thus, this
map is certainly not birational. After this shift, we precisely obtain the hypersurface of XF5 ,
for e2 = 1. Due to the shift (6.77), the coefficients si in XF5 have to be replaced by

s2 7→ s2 − s5

s6 7→ s6 − s8

s7 +

q

s27 − 4s4 s9

2s9
q
s7 + s27 − 4s4 s9
s9

s4 s8
+
s9

q
(s7 s8 − s6 s9 )(s7 + s27 − 4s4 s9 )

,

s3 7→ s3 −

,

q
s7 7→ − s27 − 4s4 s9 ,

s29

,

(6.78)

with s1 , s5 , s8 and s9 unchanged. If we insert this variable transformation into the expressions for ŝ1 or ŝ2 in the F5 section of [80], we introduce square roots, i.e. these sections do
not map to rational sections on XF3 . However, if we insert (6.78) into the coordinates for
ŝ1 + ŝ2 on XF5 , we precisely reproduce (6.66), i.e. all square roots cancel.
Furthermore, we can re-derive the Weierstrass coordinates (6.70) of ŝ1 on XF3 by first
computing the Weierstrass coordinates of Q1 + Q2 and then inserting (6.78). In addition, f
and g of the WSF of XF3 can be obtained from the WSF for XF5 by insertion of (6.78).
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Yukawa

Locus

1(1,−) · 1(1,+) · 1(0,−)

V (I(1) ) ∩V (I(2) ) ∩V (I(3) )

Table 6.3: Codimension three locus and corresponding Yukawa coupling for XF2 .

Representation

Multiplicity

Fiber

Locus

13

S9 ([KB−1 ] + S9 − S7 )

V (I(3) ) := {s8 = s9 = 0}

12

6[KB−1 ]2 +[KB−1 ](4S9 −5S7 )
+S72 + 2S7 S9 − 2S92

V (I(2) ) :=
{s4 s38 −s3 s28 s9 +s2 s8 s29 −s1 s39
= s7 s28 + s5 s29 −s6 s8 s9 = 0
with (s8 , s9 ) 6= (0, 0)}

11

12[KB−1 ]2 + [KB−1 ](8S7 −S9 )
−4S72 + S7 S9 − S92

V (I(1) ) :=
{(6.72)}\ (V (I(2) ) ∪V (I(3) ))

Table 6.4: Charged matter representation under U(1) and codimension two fibers of XF3 .

Yukawa
11 · 11 · 12
11 · 12 · 13

Locus
V (I(1) ) ∩V (I(2) )
V (I(1) ) ∩V (I(2) ) ∩V (I(3) )

Table 6.5: Codimension three loci and corresponding Yukawa couplings for XF3 .
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Chapter

7

Vacua with Z3 Gauge Symmetry
In the previous chapter we discovered compactifications that support the discrete Z3 gauge
group. They are the elliptic fibrations where the ambient space of the fiber is P2 or XF1 .
Although we did a thorough study of the physics of the compactification, there were some
loose ends. Specifically, the underlying Tate-Shafarevich group was not computed. Even
worse, three different geometries are supposed to be the three different elements of this
Tate-Shafarevich group. However, only two of them were known, the cubic curve and the
jacobian fibrations.
In this chapter, that follows [36] closely, we solve the mystery of the third geometry.
We make use of the 6D/5D F- M-theory duality and the Higgs mechanism.

7.1

Introduction

Discrete symmetries play a key rôle for constructing extensions of the standard model of
particle physics. In particular, discrete symmetries are used to forbid terms in the MSSM
superpotential that would allow for fast proton decay or other processes which are highly
suppressed in the standard model. Well known examples are provided by R-parity (Z2 ),
baryon triality (Z3 ) and proton hexality (Z6 ) [70, 71, 44]. Conceptually, these discrete
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symmetries must be realized as discrete gauge symmetries arising, for example, as remnants of a broken U(1) symmetries because global discrete symmetries cannot exist in a
theory of quantum gravity [6].
The understanding of the geometrical origin of discrete gauge symmetries in F-theory
compactifications is therefore of crucial interest both for conceptual as well as for phenomenological reasons. Here, discrete gauge symmetries arise from Calabi-Yau geometries which are only genus-one fibrations without section, in contrast to elliptic fibrations
with sections. Recently, there has been progress in understanding the physics of such compactifications, starting with [18] and followed by [99, 3, 48, 21, 93, 94, 80]. A natural
object which is attached to this kind of compactifications is given by the Tate-Shafarevich
(TS) group of the genus-one fibration which is a discrete group that organizes inequivalent
genus-one geometries which share the same associated Jacobian fibration. An F-theory
compactification on a genus-one fibration does only depend on the Weierstrass equation,
that is the Jacobian fibrations, and is, thus, insensitive to the chosen element of the TSgroup. The TS-group determines the resulting discrete gauge symmetries of the F-theory
compactification. In contrast, M-theory compactifications on different elements in the TSgroup of the genus-one fibration are physically distinct. This is consistent with M-/F-theory
duality due to the additional degree of freedom of the Wilson line of the discrete group in
the circle compactification from F-theory to M-theory [39].
Genus-one fibrations do not posses a section, but only multi-sections. A multi-section
defining an n-fold branched cover over the base of the genus-one fibration is referred to
as a n-section. The moduli space of F-theory compactifications on genus-one fibrations
with an n-section is connected by an extremal transition to that of compactifications on
elliptic fibrations with n sections. Explicit models with up to three U(1) factors have been
systematically constructed and analyzed for F-theory in [74, 34, 33, 35]. This allows an
analysis of the physics using the two dual pictures before and after the transition. This
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transition has been identified in the analyzed situations and for Calabi-Yau threefolds as a
conifold transition [3, 48]. The vanishing cycles in this transition are rational curves that
appear as components of I2 -fibers which occur at certain codimension two loci in the base
of the elliptic fibration. The resulting singular geometry is deformed by a three-sphere S3
which glues several sections into a multi-section [99]. From the effective field theory point
of view, in the blow-down appear a number of massless fields from M2-branes wrapping
the vanishing cycle, that acquire a vacuum expectation value (VEV) corresponding to the
deformation. In particular, the Higgsing of a U(1)n symmetry to Zn symmetry requires for
the final step in the chain of Higgsings with a single remaining U(1) a massless scalar field
of charge n. When compactifying on a circle to M-theory, there is a choice of Wilson line
for this U(1). There are n different choices to turn on a Wilson line along the compactification circle yielding n different vacua of M-theory. Indeed, as this Wilson line also affects
the mass formula for the Kaluza-Klein modes one can see that there will be n inequivalent
Kaluza Klein towers that can arise in five dimensions. Notably for each choice of Wilson
line, there is one Kaluza-Klein mode within each tower that becomes massless and serves
as five-dimensional Higgs field which - once they acquire a vacuum expectation value lead to n different five-dimensional vacua. These are to be compared with the n different
M-theory compactifications on the respective elements of the TS group. Geometrically, one
thus has to identify n different vanishing curves that correspond to these n Kaluze Klein
modes of the Higgs field.
Most of the recent works have focused on the case of the gauge group Z2 which is the
simplest case to consider as the TS-group consists in this case only of the genus one fibration (realized as a hypersurface in P[1, 1, 2]) and its Jacobian. Accordingly, it is possible to
identify the two corresponding Higgs fields as arising from the two rational components of
the same I2 -fiber [93, 94].
In this note we extend the above analysis beyond Z2 concentrating mainly on the case of
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Z3 which arises from the most general cubic admitting a trisection only, although we expect
our findings will also have to play a key role for the understanding of TS-groups of higher
order. In the case of Z3 , there are three different M-theory vacua. We pursue the strategy to
geometrically identify three different curves that give rise to the three different 5D Higgs
fields in M-theory that lead to these inequivalent vacua. The main obstacle in identifying
these curves is the fact all three curves should be located in the reducible I2 -fiber at the
same codimension two locus in the two-dimensional base. However, an I2 -fiber naively has
only two rational curves, so that the presence of the wanted third curve is elusive. The key
result of this note is to identify the third rational curve inside the I2 -fiber.
We will use two different methods to demonstrate its existence. As a first evidence, we
compute a non-zero Gromov-Witten invariant for the elliptic fibration in the class of the
purported third curve, that, as expected, agrees with the number of the relevant I2 -loci. As
a stronger check, we consider two different phases of the resolution of the elliptic fibration
before the Higgsing. The corresponding geometry is the dP1 -elliptic fibration considered in
[80]. In other words, we extend the above conifold picture by also taking flop transitions1
into account2 . In one resolution phase, we are able to manifestly see two curves of the
I2 -fiber leading to two inequivalent vacua after the transition, while the third curve remains
invisible. In the second resolution phase, we see again two curves in the I2 -fiber, however,
one of which was not present in the first phase and leading to the third vacuum, while one
of the original two curves in the first resolution has become invisible. In addition, we argue
that there are also in the case of TS-group Z3 just two different geometries, namely the most
general cubic and its Jacobian. However, the former can be equipped with two different
actions of the Jacobian which make them differ as elements of the Tate Shafarevich group,
1 It

is worth mentioning that we have to consider a non-toric flop.
similar phenomenon has already been observed in [117] in the context of tensionless strings in six and
five dimensions. In that case too, M-theory is able to see the different phases of the theory arising from flop
transitions, while these coincide in the six-dimensional F-theory compactification.
2A
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thereby yielding the claimed three different M-theory vacua.
This note consists of two sections. In Section 7.2 we review some aspects of the TSgroup and its appearance in M- and F-theory. In particular, we review how the different
M-theory vacua can be obtained from a circle compactification with discrete choices for
the Wilson line from the unique F-theory compactification, both before and after Higgsing.
Then, in Section 7.3, we focus on the explicit construction of the three different curves
supporting the Higgses which lead to the three different M-theory vacua. For this analysis
we discuss two different resolution phases of the dP1 geometry.

7.2

The Tate-Shafarevich group in M- and F-theory

In this section we discuss some background material that is necessary for our geometrical
analysis in section 7.3. We start by elaborating on some mathematical facts about the TateShafarevich group. Then, we continue with a review and slight clarification of the field
theory formalisms in 6D and 5D developed in [94, 93, 3, 48].
As already discussed in the introduction, discrete groups naturally arise in F-theory
compactifications on genus-one fibered Calabi-Yau manifolds X that admit instead of a
globally well-defined section just an n-section. To every such genus-one fibration one can
associate its corresponding Jacobian fibration J(X), whose fibers are the Jacobian J(C) of
the genus one curve C. The Jacobian J(C) is given by the degree zero part of the Picard
group Pic(C) which has a distinguished point given by the trivial line bundle. Thus, J(C) is
an elliptic curve and J(X) an elliptic fibration. In addition, the Jacobian J(C) equips C with
the structure of a homogeneous space over J(C). This additional structure is crucial for the
notion of the TS-group X(J(X)) associated to the Jacobian fibration which comprises all
genus one fibrations that share the same Jacobian. While the latter statement describes the
TS-group only as a set, the group structure is related to the Jacobian action on the different
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genus one fibrations X(J(X)) and is discussed in further detail in the appendix of . Since
the discriminant locus and τ function of every element X in X(J(X)) are identical to
those of J(X), their corresponding F-theory compactifications are identical. The TS-group
X(J(X)) is manifest in the corresponding F-theory compactification as its discrete gauge
group. In particular, we expect Zn ⊂ X(J(X) for a genus-one fibration X with only an
n-section and the discrete gauge group of F-theory to contain a Zn -factor.
A different point of view on a genus-one fibration admitting an n-section is to start
with an elliptic fibration with n rational sections. Then, one performs a chain of complex
structure deformations that merge the n sections into a single n-section. Technically, if
we define the n sections as the n rational roots of a polynomial, we can understand this
deformation as introducing additional terms to the polynomial so that its roots are no longer
rational, but involve taking roots. In other words, the sections can only be defined over a
certain field extension3 . Upon considering a family of these polynomials parametrized
by the base of the elliptic fibration, the n individual roots are not well-defined anymore
due to branch cuts around which they are exchanged by monodromies. Only monodromyinvariant combinations are globally well-defined in the fibration, giving rise to the n-section
which is an appropriate union of the original roots.
In contrast to the F-theory picture, one obtains different vacua by compactifying the
dual M-theory on the corresponding elements of the Tate-Shafarevich group. These are
related to the F-theory vacuum by an additional S1 -compactification in which we in addition
specify a certain flux choice along the compactification circle. This flux choice introduces
the sought for additional degree of freedom, that is needed to reproduce the different lowerdimensional M-theory vacua starting from a unique F-theory compactifcation before circle
compactification, as we explain next.
3 In general, given a field K with closure K̄, a divisor D is defined over K, if σ (D) = D for all elements σ
in the absolute Galois group GK̄/K . Also note that, as we are dealing with a function field associated to the
two-dimensional base, the notion of roots refers to taking suitable covers of the base.
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The following, purely field theoretical analysis of the emergence of the different Mtheory vacua has been proposed in [94, 93, 3, 48]. Here, we review the aspects essential to
our discussion and elucidate some additional important insights. Although the following
similarly applies to four-dimensional F-theory compactification, we focus here on F-theory
in 6D with an M-theory dual in 5D for clarity of our discussion. The crucial point in the
following is the fundamental difference between the Higgs effect in 6D and in 5D due to
the presence of another U(1) gauge field in 5D, that is the Kaluza-Klein U(1).
The starting point is a six-dimensional U(1)6d gauge theory that we want to break by a
Higgs field Φ of charge q to Zq . As a next step, we compactify this theory on a circle S1 .
The Higgs field enjoys accordingly an expansion of the form

Φ(x, y) =

∑ φn(x)e2πiny .

(7.1)

n∈Z

In addition, one can turn on a flux (Wilson line) ξ =

R

S1 A6d

along the S1 . The full mass

formula for the nth KK-mode then reads

mqn = |qξ + n| ,

(7.2)

where q and n refer to the charges under U(1)6d and U(1)KK , the Kaluza-Klein (KK) U(1)
gauge field, respectively.
It is crucial to note that these gauge groups and their corresponding charges are only
well-defined up to unimodular transformations that act on the charge vector (q, n) and the
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two U(1) fields as




 d −b
,
q n 7−→ q n 
−c a





 U(1)6d 
a b  U(1)6d 

 7−→ 

,
U(1)KK
c d
U(1)KK












a b 

 ∈ SL(2,Z) .
c d

These transformations allow us to identify different 5D KK-towers that arise from different
choices for the flux ξ . Indeed, if one re-defines the five-dimensional U(1) fields according
to











 U(1)6d  1 −r  U(1)6d 

 7→ 


U(1)KK
0 1
U(1)KK

(7.3)

while shifting ξ 7→ ξ + r at the same time, the mass formula (7.2) is invariant. Thus, one
obtains again the same KK-tower.
Varying the circle-flux ξ , we see that we have phase transitions at ξ = qk for k ∈ Z since
the KK-tower gets shifted, according to (7.2). For a given flux ξ , the mode φn triggering
the Higgsing in 5D, which has to be chosen so that its mass in (7.2) vanishes, is changed.
Each different choice for the 5D Higgs yields a different theory after Higgsing. Thus, we
see that there are q inequivalent Higgses (for each different value of ξ ) and corresponding
five-dimensional vacua after Higgsing. These q different vacua precisely correspond to the
different M-theory compactifications obtained from the different elements of the TS-group.
As a concrete example, let us focus on the case of interest, which is 6D F-theory compactification with one U(1)6d with a Higgs Φ of charge q = 3. This is realized by F-theory
compactified on dP1 -elliptic fibrations [80] and the Higgsed theory has a Z3 discrete group.
In 5D, one obtains the following gauge groups depending on the KK-charge of the 5D
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Higgs:



U(1) × Z3 ,

if n = 0 mod 3



U(1),

if n 6= 0 mod 3

.

(7.4)

By the above discussion, we expect q = 3 M-theory vacua with massless Higgses fixed by
(7.2) for ξ = 0, 31 , 23 , respectively. By (7.4) we see that only one of which has discrete gauge
group Z3 and two of which have no discrete gauge group. Geometrically, this is expected
as the TS-group of the cubic, which is the geometry obtained by deforming the dP1 -elliptic
fibration in the Higgsing [80], contains Z3 , see Appendix in . The geometric identification
of these three Higgs field in terms of holomorphic curves wrapped by M2-branes is the
subject of Section 7.3.
Before turning to this discussion, we would like to briefly mention a dual reformulations
of the above picture in terms of a Stückelberg mechanism [3, 48]. We identify an axion as
the phase of the six-dimensional Higgs field Φ = heic . In the circle compactification from
6D to 5D, the axion c can acquire a vacuum expectation value
Z

n=

S1

hdci

(7.5)

along the circle. Clearly, the VEV (7.5) signals a non-trivial profile of c along the S1 ,
so that the flux (7.5) agrees with the KK mode number n of c. In this flux background,
the surviving massless U(1) is a linear combination of the two 5D U(1) fields U(1)6d and
U(1)KK . Geometrically, a non-trivial vacuum expectation value of the axion is exactly
expected to arise in compactifications involving multi-sections and takes into account the
generalized T-duality transformation rules that govern the physics in the presence of offdiagonal terms in the metric [3].
This picture is dual to the above discussion with a corresponding Wilson line ξ that has
to be chosen so that the massless Higgs by (7.2) yields precisely the same linear combina251

tion of U(1)6d and U(1)KK of the remaining massless U(1) determined by the Stückelberg
mechanism of the 5D axion c.

7.3

Identifying 5D Higgs Fields for the Z3 TateShafarevich group

In this section we construct explicitly the different Higgs fields that lead to the three inequivalent five-dimensional M-theory vacua corresponding to the three different elements
of the Tate-Shafarevich group of the most general cubic. These Higgs fields are obtained
from M2-branes wrapping three different holomorphic curves in I2 -fibers of the elliptic fibration with fiber in dP1 , that we identify explicitly. F-theory compactifications both on
Calabi-Yau fibrations with the most general cubic and the elliptic curve in dP1 have been
studied recently in [80] to which we refer for further details.
A genus-one fibration by the most general cubic in P2 is defined by the hypersurface
pcub = s1 u3 + s2 u2 v + s3 uv2 + s4 v3 + s5 u2 w + s6 uvw + s7 v2 w + s8 uw2 + s9 vw2 + s10 w3 = 0 .
(7.6)
Here the si are polynomials of appropriate degree of the coordinates on B or, more generally, sections of appropriate line bundles on B. By making specific choices for these line
bundles and taking general sections, we obtain a genus one fibered Calabi-Yau threefold
X pcub . Clearly, for generic si this genus one-fibration admits only a tri-section only.
Our strategy is to start in a six-dimensional F-theory compactification with a U(1) gauge
group that we want to break down to Z3 by a Higgsing. Such a geometry is provided by
the dP1 -elliptic fibration which has been considered in great detail in [80]. It is related to
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the geometry of the cubic by the tuning and resolution of the form
s10 →0

blowing up e1

cubic −−−−−−−−→ singular dP1 −−−−−−−−→ resolved dP1 ,

(7.7)

which is geometrically a conifold transition. Thus, the singular dP1 model is given (7.6)
for s10 = 0,
psdP1 = s1 u3 + s2 u2 v + s3 uv2 + s4 v3 + s5 u2 w + s6 uvw + s7 v2 w + s8 uw2 + s9 vw2 = 0 . (7.8)
One observes that it has conifold singularities at co-dimension two in the base at s8 = s9 =
0 = u = v. In the following two subsections, we argue that this singularity admits two
different resolutions related by a flop. These resolutions lead to the same F-theory vacuum,
but the corresponding M-theory vacua are different as we demonstrate by analysing the
charges of the corresponding I2 -fibers in the respective resolutions.
The crucial point is that in the first resolution two holomorphic curves are manifest
that correspond to two of the three wanted 5D Higgs fields, whereas the curve supporting
the third Higgs is obscured. In contrast, in the second resolution, again two curves are
manifest that, however, correspond to the third wanted 5D Higgs field, while one of the
curves manifest in the first resolution is obscured now. Thus, we see that by using different
phases of the resolution of the singularity at s8 = s9 = 0 in the dP1 -elliptic fibration, we
can indeed manifestly see three different holomorphic curves to be used as the 5D Higgses
yielding the three different M-theory vacua from compactification on the three elements of
the TS-group of the cubic (7.6).
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7.3.1

Resolving by the toric blow-up

The obvious resolution of the singularities in elliptic fibration (7.8) is obtained by performing the toric blow-up in the ambient space of the elliptic fiber defined by

u −→ e1 u,

v −→ e1 v ,

(7.9)

where the coordinate e1 vanishes at the exceptional divisor. This is precisely toric dP1 ,
which yields a resolution of the singular fibration with the cubic (7.8). The corresponding
smooth elliptic fibration has been extensively studied in [80] and we just summarize the
most important results here. First of all the toric data of dP1 is given by


0
 1

 −1 1


 −1 0


0 −1

1

0

w

U





0 1 u U −S 

.
1 −1 e1
S 


0 1 v U −S

(7.10)

Here the first two columns display the points of the toric diagram, written as row vectors,
followed by the generators of the Mori cone in the third and fourth column, while the last
two colums refer to the coordinates and the corresponding divisor classes being assigned to
the rays of the diagram, respectively. The fan of the toric variety dP1 is obtained by a fine
star-triangulation of the polytope defined by (7.10), from which one immediately obtains
the Stanley Reisner ideal as well as the intersection numbers

SR = {uv, e1 w},

U 2 = 1,
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S2 = −1,

U ·S = 0.

(7.11)

The resolved curve takes the form
prdP1 = s1 u3 e21 + s2 u2 ve21 + s3 uv2 e21 + s4 v3 e21 + s5 u2 we1 + s6 uvwe1 + s7 v2 we1 + s8 uw2 + s9 vw2 = 0 .
(7.12)

Over the locus defined by s8 = s9 = 0, the fiber degenerates as

e1 s1 u3 e1 + s2 u2 ve1 + s3 uv2 e1 + s4 v3 e1 + s5 u2 w + s6 uvw + s7 v2 w = 0 ,
|{z} |
{z
}
c1

(7.13)

c2

which is a smooth I2 -fiber. Here c1 and c2 denote the two P1 components of the resulting
I2 -fiber which have classes S and 3U − 2S.
Next, we investigate the sections, starting from the singular model before the blow-up
(7.9). It has two sections which take the form
"

S0 = [0 : 0 : 1] ,

s4 s38 − s3 s28 s9 + s2 s8 s29 − s1 s39
S1 = −s9 : s8 :
−s7 s28 + s6 s8 s9 − s5 s29

#
(7.14)

in terms of the projective coordinates [u : v : w] on P2 . While the first section is toric
and taken to define the zero-point O on the elliptic curve, the second section is found by
constructing the tangent line
tO : s8 u + s9 v = 0

(7.15)

to the origin O which has to intersect the cubic in precisely one third point, provided s8 6= 0
or s9 6= 0. This third intersection point is rational and defines the section S1 . In contrast,
at the singular locus s8 = s9 = 0, the curve becomes singular precisely at O which implies
that any line through O is tangent and therefore S1 degenerates to the whole singular curve.
The two curves c1 and c2 support the Higgs field in question.
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Passing to the resolved geometry, the two sections (7.14) lift to
S̃0 = [s9 : −s8 : 1 : 0] ,



S̃1 = −s9 : s8 : s4 s38 − s3 s28 s9 + s2 s8 s29 − s1 s39 : −s7 s28 + s6 s8 s9 − s5 s29 .
(7.16)

Note that these expressions are only valid away from the locus s8 = s9 = 0. In fact, S̃0 as
well as S̃1 are rational sections that wrap the components c1 and c2 completely, respectively.
We note that the classes of the divisors associated to the sections are given by
[S̃0 ] ∼
= S,

[S̃1 ] ∼
= U − 2S ,

(7.17)

where, by abuse of notation, we denoted the divisors S and U, defined in (7.10), on the
ambient space by the same symbols as their intersections with the Calabi-Yau hypersurface
(7.12). While the class of the zero section is obvious, the class of the second section is
obtained by noting that the tangent line defines a tri-section. Subtracting from its class two
times the class of the zero section4 , one is left with U − 2S.
Knowing the classes of the sections as well as those of the fiber components c1 , c2 , one
can evaluate the corresponding charges w.r.t. the U(1)6d and the KK U(1)-field U(1)KK .
Recalling that the charge under U(1)6d is computed from the intersection of the Shioada
map for S̃0 , that is S̃1 − S̃0 , with the respective curve ci while the KK-charge is given by
the intersection number with the zero section S̃0 , we obtain the charges summarized in
Table 7.1. One observes that the shrinking of c1 and c2 gives massless states with charges
(−3, −1) and (3, 2), respectively. According to (7.2), these states are massless for the
associated (inverse) choices of flux ξ1 = − 13 mod 1 and ξ2 = − 23 mod 1. By (7.4) the
remaining gauge group in 5D after Higgsing is U(1).
Geometrically, we have to shrink the respective curves c1 and c2 and deform the arising
4 Recall

that the tangent line was defined in the singular geometry, where the class of u reads U instead of

U − S.
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S̃0
S̃1
S̃1 − S̃0

c1
−1
2
3

c2
2
−1
−3

Table 7.1: Intersection numbers of the sections S̃0 , S̃1 with the curves in the I2 -fiber at
s8 = s9 = 0 and corresponding U(1)6d charges in the toric resolution of the dP1 -model.

singularity, cf. the inverse process of (7.7). While the shrinking of the first component c1
is performed by taking the blow-down e1 → 1, the shrinking of the second component c2
is more elaborate. Instead of describing this directly, we choose the following short-cut.
Observe that the charges in Table 7.1 are symmetric in the curves c1 and c2 as well as in
S̃0 and S̃1 . Therefore, we can also change the roles of S̃0 and S̃1 , i.e. we take S̃1 to be
the zero section5 . Then, we obtain the second vacuum again by blowing down e1 → 1.
Geometrically, this gives the same cubic after Higgsing which corresponds to switching on
a non-zero value for s10 , However, this is precisely what we expect. The two non-trivial
elements of the Tate Shafarevich group are given by the same cubic that only differs through
inverse actions of the Jacobians, cf. Appendix of .
It remains to show how to obtain the massless mode of the Higgs that yields the third
vacuum which must correspond to the Jacobian. The relevant Higgs field has to have charge
(3, 0) with ξ = 0, so that the gauge group is Z3 , according to (7.4). However, the associated curve is not manifest in the Calabi-Yau manifold (7.12). Nevertheless, one can argue
for its existence by studying the enumerative geometry of the dP1 -fibration, which can be
accomplished evaluating the non-perturbative part of the prepotential of the topological
string,
0
Fnon-pert
= ∑ Nβ0 Qβ ,

(7.18)

β
5 As

shown in [55], such a change of the choice of zero section is always possible in an anomaly-free
theory, which is the case for the theory at hand, cf. [80].
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analogously to the analysis performed in [78]. Here, Nβ0 denote the (genus zero) GromovWitten invariants of the classes β .
To this end, we construct explicitly all Calabi-Yau manifolds (7.12) with base B = P2
following the algorithm in Appendix G of [30] and compute all Gromov-Witten invariants
up to a suitable degree. We find that in all these cases the invariant N[c1 +T 2 ] = [s8 ] · [s9 ],
i.e. agrees precisely with the number of I2 -fibers at s8 = s9 = 0. This is a strong indication
that there exists a third holomorphic curve of genus zero inside the I2 -fiber (7.13) at s8 =
s9 = 0, that is harder to manifestly see in geometry. In fact, using the classes (7.17) we
check that this curve has precisely the right charges, (q, n) = (3, 0), that are required for
obtaining the third geometry according to (7.4).
Next we consider a different resolution which makes the curves in the classe [c1 + T 2 ]
directly manifest in the geometry.

7.3.2

Resolving by a complete intersection resolution

Let us begin by noting that in the toric blow-up (7.9), the zero section is ill-behaved,
i.e. wraps a fiber component, precisely at the I2 -locus of interest at s8 = s9 = 0. Therefore, the two manifest curves c1 and c2 in (7.13) have to have a non-trivial KK-charge by
construction. One way to manifestly see the third curve at s8 = s9 = 0 with KK-charge zero
is to consider a different phase of the resolution of the dP1 -elliptic fibration (7.8) where the
zero section remains holomorphic. In the following, we construct this resolution explicitly
and show the existence of the desired curve with KK-charge zero. We note that such a
resolution has been considered in a different context in [16, 14].
To get started, we rewrite the singular dP1 geometry (7.8) in the form of a determinental
variety,
psdP1 = uP1 − vP2 .
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(7.19)

Here we have defined the two summands as

P1 = s1 u2 + s2 uv + s3 v2 + s5 uw + s6 vw + s8 w2 ,


P2 = − s4 v2 + s7 vw + s9 w2 . (7.20)

For a variety of the form (7.19), we can perform a small resolution. This means we introduce the coordinates λ1 , λ2 parameterizing a P1 and impose

uλ1 = λ2 P2 .

(7.21)

The proper transform of the dP1 geometry (7.8) is accordingly given by

vλ1 = λ2 P1 .

(7.22)

In contrast to the toric blow-up in (7.9) that does not change the dimension of the ambient
space, the two equations (7.21) and (7.22) define the resolved fiber as a complete intersection in a three-dimensional ambient space that can be torically characterized as


−1 −1 −1 0



 −1


 0



 0

1

1

u

L

0

0

1 −1 λ2

H

0

1

0

1

v

L

1

0

0

1

w

L

0

0

1

0

λ1 H + L







.






(7.23)

Again, the first three columns specify the points of the toric diagram, written as row vectors,
followed by the two generators of the Mori cone. The last two columns display the coordinates and the divisor classes which are associated to the rays, respectively. From the toric
data one obtains immediately the Stanley Reisner ideal as well as the triple intersection
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numbers as

SR = {λ1 λ2 , uvw},

L3 = 0,

L2 · H = 1,

L · H 2 = −1,

H3 = 1 .

(7.24)

The evaluation of the irreducible components of the I2 -fiber is slighly more involved in this
case and is best performed using a primary decomposition. At the locus s8 = s9 = 0 we
find that the two rational components of the I2 fiber are given by

c+ = V (u, v) ,

(7.25)

c− = V s4 v2 λ2 + s7 vwλ2 + uλ1 , s1 u2 λ2 + s2 uvλ2 + s3 v2 λ2 + s5 uwλ2 + s6 vwλ2 − vλ1 ,
s1 u3 + s2 u2 v + s3 uv2 + s4 v3 + s5 u2 w + s6 uvw + s7 v2 w, s1 s4 uvλ22 + s1 s7 uwλ22

+s4 s5 vwλ22 + s5 s7 w2 λ22 − s2 uλ1 λ2 − s3 vλ1 λ2 − s6 wλ1 λ2 + λ12 .
Here, V (I) denotes the zero set of the ideal I and (p1 , · · · , pk ) denotes the ideal generated
bythe polynomials p1 , . . . , pk . Applying again prime ideal techniques, one determines their
respective homology classes of the curves c+ and c− as
[c+ ] = L2 ,

[c− ] = (2L + H)(2L + H) − L2 .

(7.26)

Next, we turn to the analysis of the sections (7.14). Outside s8 = s9 = 0 the simultaneous
vanishing of u and v implies that λ2 = 0 as well. Thus, we identify the coordinates [u : v :
w : λ1 : λ2 ] of the zero section and its homology class as
S00 = [0 : 0 : 1 : 1 : 0] ,

[S00 ] = H .

(7.27)

In contrast to the toric blow-up, S00 is also well-defined at the singular locus and defines,
therefore. a holomorphic zero section. In order to find the second section, we note that
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away from the singular locus there is a unique solution for λ1 and λ2 if one plugs the
coordinates of the section S1 given in (7.14) into (7.21) and (7.22). Its coordinates are
given by
S10 = [s9 : −s8 :

−s4 s38 + s9 (s3 s28 + s9 (−s2 s8 + s1 s9 ))
: − s4 s6 s7 s58 + s3 s27 s58 + s24 s68 + s4 s26 s48 s9
s7 s28 + s9 (−s6 s8 + s5 s9 )

+ s4 s5 s7 s48 s9 − s3 s6 s7 s48 s9 − s2 s27 s48 s9 − 2s3 s4 s58 s9 − 2s4 s5 s6 s38 s29 + s3 s5 s7 s38 s29 + s2 s6 s7 s38 s29
+ s1 s27 s38 s29 + s23 s48 s29 + 2s2 s4 s48 s29 + s4 s25 s28 s39 − s2 s5 s7 s28 s39 − s1 s6 s7 s28 s39 − 2s2 s3 s38 s39 + s21 s69

− 2s1 s4 s38 s39 + s1 s5 s7 s8 s49 + s22 s28 s49 + 2s1 s3 s28 s49 − 2s1 s2 s8 s59 : (s7 s28 + s9 (s5 s9 − s6 s8 ))2 ]. (7.28)

A slightly alternative way to obtain this section is to compute the intersection of the hyperplane given by
s8 u + s9 v = 0

(7.29)

with the complete intersection manifold specified by (7.21) and (7.22). Analogous to the
case of the toric blow-up, its class is computed as
[S10 ] = [u] − 2[S̃0 ] = L − 2H .

(7.30)

Finally, we compute the one finds the charges to the two rational curves c+ , c− in the I2 fiber at s8 = s9 = 0 in this resolution. Here, we use their homology classes in (7.26) and the
homology classes of the zero and rational sections in (7.27) and (7.30) to obtain the charges
summarized in Table 7.2. In particular, we observe that one obtains a mode with KK-charge
zero by shrinking the component c− . It supports precisely the third Higgs necessary to
obtain the third 5D M-theory vacuum with U(1) × Z3 gauge group in (7.4). We emphasize
that the curve c− has precisely the same charges as the curve in the class [c1 + T 2 ] for
whose existence we argued in the last subsection by computing the corresponding GromovWitten invariants. In analogy to the analysis performed in [93, 94], it is expected that the
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S00
S10
S10 − S00

c+
1
−2
−3

c−
0
3
3

Table 7.2: Intersection numbers of the sections S00 , S10 with the curves in the I2 -fiber at
s8 = s9 = 0 and corresponding U(1)6d charges in the complete intersection resolution of
the dP1 -model.

corresponding geometry after the deformation is given by the Jacobian of the most general
cubic (7.6).
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Chapter

8

Concluding Remarks
In this dissertation we have expanded our understanding of F-theory compactifications in
diverse directions. Our main line of research was inspired in abelian and discrete symmetries, however, the contributions go well beyond those topics. Let us summarize the main
results of this dissertation:
• We have expanded the understanding of the abelian sector in F-theory in three directions: rank, dimensions and representations. We explicitely constructed geometries
that supported abelian groups of ranks bigger than one. In chapters 3 and 4 we engineered rank 2 abelian groups and in chapter 5 geometries supporting U(1)3 . We
studied in detail the low energy spctrum and the Yuwawa couplings of the theories.
We also studied compactifications of different dimensions: see 3 and 4 for six and
four compactifications respectively. Finally, in terms of the abelian sector, in this
dissertation we studied examples with higher representations under U(1). In chapter
see 6, we explicitly constructed geometries that supported novel charge three matter.
• We explicitely constructed geometries that supported discrete symmetries. See chapter 6 for the gauge groups Z3 and U(1) × Z2 . We study in detail the mathematical
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structure, the Tate–Shafarevich group, that give rise to the Z3 gauge symmetry in
F-theory, see chapter 7.
• We found, studied and emphasized the importance of non-holomorphic rational sections in F-theory compactifications, see chapters 3, 4, 5 , 6 and 7. We find its
connection to the realization of higher charges. We also studied the effect of nonholomorphic sections in the F- M- theory duality and its consequences in the 3D
Chern Simons terms of the low energy theory, see chapter 4.
• We unveiled connections between different geometries using the Higss mechanism,
see 6. The conection between geometric transitions and the Higss mechanism was
also studied in chapters 6 and 7.
• Finally, we reminded some mathematical results, particularly from algebraic geometry, to the F-theory community. Among them, the resultant technique are, the use of
ideals and their decomposition and the power of toric geometry.
As further directions of research, we believe that more exciting connections between
geometry and physics are still unveiled and waiting to be discovered, and, F-theory will
play a central role in it. In fact, we think that there are some topics where we are already seeing the tip of the iceberg: higher representations and higher abelian ranks. From
the phenomenology perspective, we also believe that F-theory provides the most complete
framework to build and study particle phenomenology models. Thus, we encourage new
and current scientists to continue pursuing research in the fascinating topic of F-theory
compactifications.
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